
ÐÎÑÑÈÉÑÊÎ-ÀÐÌßÍÑÊÈÉ (ÑËÀÂßÍÑÊÈÉ)
ÓÍÈÂÅÐÑÈÒÅÒ

Òóìàíÿí Àíè Ãàãèêîâíà

Èññëåäîâàíèå í¼òåðîâîñòè è èíäåêñà

ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ

Äèññåðòàöèÿ

Íà ñîèñêàíèå ó÷åííîé ñòåïåíè

êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê

ïî ñïåöèàëüíîñòè 01.01.02 - Äèôôåðåíöèàëüíûå óðàâíåíèÿ

Íàó÷íûé ðóêîâîäèòåëü:

äîêòîð ôèç.-ìàò. íàóê, ïðîôåññîð

Êàðàïåòÿí Ãàðíèê Àëüáåðòîâè÷

Åðåâàí - 2018



Îãëàâëåíèå

ÂÂÅÄÅÍÈÅ 3

ÎÑÍÎÂÍÛÅ ÎÁÎÇÍÀ×ÅÍÈß È ÎÏÐÅÄÅËÅÍÈß 17

1 ÀÏÐÈÎÐÍÛÅ ÎÖÅÍÊÈ Â ÀÍÈÇÎÒÐÎÏÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ 20

1.1 Àïðèîðíûå îöåíêè â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ . . . . . . . . 20

1.2 Àïðèîðíûå îöåíêè â àíèçîòðîïíûõ âåñîâûõ ïðîñòðàíñòâàõ . . . . . . . . . . 30

1.3 Íåêîòîðûå ïðèëîæåíèÿ àïðèîðíûõ îöåíîê äëÿ í¼òåðîâîñòè . . . . . . . . . . 39

2 ÈÑÑËÅÄÎÂÀÍÈÅ ÑÒÀÁÈËÜÍÎÑÒÈ ÈÍÄÅÊÑÀ 44

2.1 Èíâàðèàíòíîñòü èíäåêñà äëÿ îïåðàòîðîâ, äåéñòâóþùèõ âî âëîæåííûõ ãèëü-

áåðòîâûõ ïðîñòðàíñòâàõ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.2 Èíâàðèàíòíîñòü èíäåêñà íà øêàëå àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâ . 54

2.3 Ñòàáèëüíîñòü èíäåêñà îòíîñèòåëüíî âîçìóùåíèé ìëàäøèìè ÷ëåíàìè äèô-

ôåðåíöèàëüíîãî âûðàæåíèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3 ÓÑËÎÂÈßÍ�ÒÅÐÎÂÎÑÒÈ ÄËßÏÎËÓÝËËÈÏÒÈ×ÅÑÊÈÕ ÎÏÅÐÀ-

ÒÎÐÎÂ 66

3.1 Í¼òåðîâîñòü è èíäåêñ îïåðàòîðîâ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè . . . . . . 66

3.2 Í¼òåðîâîñòü è èíäåêñ îïåðàòîðîâ ñî ñïåöèàëüíûìè ïåðåìåííûìè êîýôôè-

öèåíòàìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

ÇÀÊËÞ×ÅÍÈÅ 85

ËÈÒÅÐÀÒÓÐÀ 86

2



ÂÂÅÄÅÍÈÅ

Â 1921 ã. Ô. Í¼òåðîì (ñì. [1]) áûëî îáíàðóæåíî, ÷òî ÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé

îäíîðîäíîãî è ñîïðÿæåííîãî îäíîðîäíîãî óðàâíåíèé ìîãóò áûòü ðàçëè÷íûìè äëÿ îïðå-

äåë¼ííîãî êëàññà ñèíãóëÿðíûõ èíòåãðàëüíûõ (ÑÈ) óðàâíåíèé, îäíàêî ïðè ýòîì óñëîâèÿ

Ôðåäãîëüìà î ðàçðåøèìîñòè ñîîòâåòñòâóþùèõ íåîäíîðîäíûõ óðàâíåíèé îñòàþòñÿ â ñèëå.

Èì æå áûëè íàéäåíû àëãåáðàè÷åñêèå óñëîâèÿ, ïðè êîòîðûõ îäíîìåðíîå ÑÈ óðàâíåíèå

ÿâëÿåòñÿ â ñîâðåìåííîé òåðìèíîëîãèè í¼òåðîâûì1, è áûëà ïîëó÷åíà ÿâíàÿ ôîðìóëà äëÿ

âû÷èñëåíèÿ åãî èíäåêñà � ðàçíîñòè ÷èñëà ëèíåéíî íåçàâèñèìûõ ðåøåíèé îäíîðîäíîãî è

ñîïðÿæåííîãî îäíîðîäíîãî óðàâíåíèÿ. Îáîáùåíèÿ äëÿ ñèñòåì ÑÈ óðàâíåíèé áûëè ïîëó-

÷åíû â 40-õ ãã. â ðàáîòàõ Í. È. Ìóñõåëèøâèëè è Í. Ï. Âåêóà (ñì. êíèãó [2]). Äàëåå ìíîãèìè

àâòîðàìè èññëåäîâàíû óñëîâèÿ êîíå÷íîñòè èíäåêñà äëÿ îáùèõ ëèíåéíûõ îïåðàòîðîâ â áà-

íàõîâûõ ïðîñòðàíñòâàõ, â ÷àñòíîñòè, â ðàáîòàõ Ô. Â. Àòêèíñîíà (ñì. [3]), È. Ö. Ãîõáåðãa,

Ì. Ã. Êðåéíà (ñì. [4]) èññëåäîâàíû âîïðîñû îá óñòîé÷èâîñòè èíäåêñà îãðàíè÷åííîãî îïå-

ðàòîðà, äåéñòâóþùåãî â ïðîèçâîëüíûõ áàíàõîâûõ ïðîñòðàíñòâàõ è èíäåêñå ïðîèçâåäåíèÿ

îïåðàòîðîâ. Òåîðèÿ í¼òåðîâûõ îïåðàòîðîâ, êàê âàæíàÿ ãëàâà ôóíêöèîíàëüíîãî àíàëèçà,

ðàçâèëàñü óñèëèÿìè ìíîãèõ ìàòåìàòèêîâ (ñì. [4] è ïðèâåä¼ííóþ òàì ëèòåðàòóðó). Èññëå-

äîâàíèå í¼òåðîâîñòè è èíäåêñà îïåðàòîðîâ èìååò âàæíîå çíà÷åíèå äëÿ òàêèõ âîïðîñîâ

êàê ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé, óñëîâèÿ ðàçðåøèìîñòè ñîîòâåòñòâóþùèõ

óðàâíåíèé, ñïåêòðàëüíûå ñâîéñòâà îïåðàòîðîâ è ò. ä. (ñì. [4]).

Äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âàæíîå ìåñòî çàíèìàåò èññëåäîâàíèå í¼òåðîâîñòè ñî-

îòâåòñòâóþùèõ îïåðàòîðîâ. Âîïðîñàì í¼òåðîâîñòè è èíäåêñà ýëëèïòè÷åñêèõ îïåðàòîðîâ

ïîñâÿùåíî ìíîæåñòâî ðàáîò. Îòìåòèì íåêîòîðûå èç íèõ.

Â êîíöå 1930-õ ãã. â ðàáîòàõ Ñ. Ë. Ñîáîëåâà áûëè èññëåäîâàíû ñïåöèàëüíûå ôóíê-

öèîíàëüíûå ïðîñòðàíñòâà W l
p (ñì. êíèãó [5]). Òåîðèÿ ýòèõ ïðîñòðàíñòâ è åå äàëüíåéøèå

îáîáùåíèÿ ñïîñîáñòâîâàëè ïðèìåíåíèþ ìåòîäîâ ôóíêöèîíàëüíîãî àíàëèçà ê ýëëèïòè÷å-

1Â ëèòåðàòóðå òàêæå âñòðå÷àåòñÿ òåðìèí ôðåäãîëüìîâîñòü â àíàëîãè÷íîì ñìûñëå. Çäåñü æå ôðåäãîëü-

ìîâûì îïåðàòîðîì íàçîâ¼ì í¼òåðîâûé îïåðàòîð ñ èíäåêñîì ðàâíûì íóëþ.
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ñêèì óðàâíåíèÿì.

Â 1948 ã. À. Â. Áèöàäçå (ñì. [6]) ïðèâ¼ë ïðèìåð ýëëèïòè÷åñêîé çàäà÷è, äëÿ êîòîðîé

çàäà÷à Äèðèõëå íå ÿâëÿåòñÿ í¼òåðîâîé. Ì. È. Âèøèêîì â 1950ã. áûëî äàíî îïðåäåëåíèå

ñèëüíî ýëëèïòè÷åñêèõ ñèñòåì, äëÿ êîòîðûõ â ðàáîòàõ Ì. È. Âèøèêà, Ë. Ãîðäèíãà è äðóãèõ

ìàòåìàòèêîâ áûëà äîêàçàíà í¼òåðîâîñòü è ðàâåíñòâî íóëþ èíäåêñà çàäà÷è Äèðèõëå è

íåêîòîðûõ äðóãèõ çàäà÷ (ñì. ðàáîòó[7] Ì. È. Âèøèêà è Î. À. Ëàäûæåíñêîé).

Ñâåäåíèå íåêîòîðûõ ýëëèïòè÷åñêèõ óðàâíåíèé è ñèñòåì âòîðîãî ïîðÿäêà ê ÑÈ óðàâ-

íåíèÿì îïèñàíî â ðàáîòå È. Í. Âåêóà (ñì. [8]). Òàêîé ïîäõîä ïîçâîëèë ïîëó÷èòü àëãåáðà-

è÷åñêèå óñëîâèÿ, ïðè êîòîðûõ ðàññìàòðèâàåìûå çàäà÷è ÿâëÿþòñÿ í¼òåðîâûìè, è ÿâíóþ

ôîðìóëó äëÿ âû÷èñëåíèÿ èíäåêñà.

Òåîðèÿ äâóìåðíûõ ýëëèïòè÷åñêèõ çàäà÷ ñâî¼ äàëüíåéøåå ðàçâèòèå ïîëó÷èëà â ðàáîòàõ

È. Í. Âåêóà, À. È. Âîëüïåðòà è äðóãèõ àâòîðîâ (ñì. [9, 10, 11] è ïðèâåä¼ííóþ òàì ëèòå-

ðàòóðó). Ïóò¼ì ñâåäåíèÿ ê ñèñòåìàì ÑÈ óðàâíåíèé À. È. Âîëüïåðòîì áûëè ïîëó÷åíû

íîðìàëüíàÿ ðàçðåøèìîñòü è ôîðìóëû äëÿ èíäåêñà îáùèõ ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷

â îãðàíè÷åííûõ äâóìåðíûõ îáëàñòÿõ (ñì. ðàáîòó [11]), òåì ñàìûì â çíà÷èòåëüíîé ñòåïåíè

äâóìåðíàÿ òåîðèÿ áûëà çàâåðøåíà ê 1961 ãîäó.

Ïðîäâèæåíèÿ â ìíîãîìåðíîé òåîðèè èìåëè ìåñòî â óñòàíîâëåíèè àïðèîðíûõ îöåíîê

äëÿ ðåøåíèé ýëëèïòè÷åñêèõ çàäà÷. Óñòàíîâëåíèå ñïåöèàëüíûõ àïðèîðíûõ îöåíîê ïîçâî-

ëÿåò èññëåäîâàòü ãëàäêîñòü ðåøåíèé, à òàêæå èç èõ âûïîëíåíèÿ âûâîäèòñÿ íîðìàëüíàÿ

ðàçðåøèìîñòü è êîíå÷íîìåðíîñòü ÿäðà ðàññìàòðèâàåìîãî îïåðàòîðà. Îòìåòèì çäåñü ðà-

áîòû Ì. Øåõòåðà [12], Ë. Í. Ñëîáîäåöêîãî (ñì. [13, 14]), Ô. Áðàóäåðà (ñì. [15, 16]) Ø.

Àãìîíà, À. Äóãëèñà, Ë. Íèðåíáåðãà (ñì. [17, 18] è ïðèâåä¼ííûå òàì ññûëêè). Ì. Øåõòåð

â ðàáîòå [12] äîêàçûâàåò í¼òåðîâîñòü îïðåäåë¼ííûõ ýëëèïòè÷åñêèõ çàäà÷ ïóò¼ì óñòàíîâ-

ëåíèÿ àïðèîðíûõ îöåíîê â ñïåöèàëüíûõ ïðîñòðàíñòâàõ òàêæå è äëÿ ñîïðÿæ¼ííîé çàäà÷è.

Â ðàáîòå [19] À. Ñ. Äûíèía äîêàçàòåëüñòâî í¼òåðîâîñòè ýëëèïòè÷åñêîãî îïåðàòîðà íà

êîìïàêòíîì ìíîãîîáðàçèè ïðîâîäèòñÿ ñ ïîìîùüþ ïîñòðîåíèÿ ðåãóëÿðèçàòîðà. Â ñëó÷àå

îáùèõ ýëëèïòè÷åñêèõ ñèñòåì àíàëîãè÷íàÿ êîíñòðóêöèÿ ðåãóëÿðèçàòîðà èñïîëüçîâàíà â

ðàáîòàõ [20] Ì. Ñ. Àãðàíîâè÷à è À. Ñ. Äûíèíà (ñëó÷àé ñèñòåì ñ îäèíàêîâûì ñòàðøèì

ïîðÿäêîì âî âñåõ ýëåìåíòàõ õàðàêòåðèñòè÷åñêîé ìàòðèöû) è [21] Ë. Ð. Âîëåâè÷à (ñëó÷àé

ñèñòåì, ýëëèïòè÷åñêèõ ïî À. Äóãëèñó è Ë. Íèðåíáåðãó).

Äëÿ îáùèõ ñèíãóëÿðíûõ èíòåãðî-äèôôåðåíöèàëüíûõ ýëëèïòè÷åñêèõ ñèñòåì â ðàáîòå

[22] Ì. Ñ. Àãðàíîâè÷à ïðèâîäèòñÿ äîêàçàòåëüñòâî í¼òåðîâîñòè â îïðåäåë¼ííûõ ñîáîëåâ-

ñêèõ ïðîñòðàíñòâàõ äëÿ êîìïàêòíûõ ìíîãîîáðàçèé ñ êðàåì è áåç êðàÿ.
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Â ìíîãîìåðíîì ñëó÷àå Ì. Ñ. Àãðàíîâè÷åì è À. Ñ. Äûíèíûì (ñì. ðàáîòó [20]) áûëà

äîêàçàíà í¼òåðîâîñòü ýëëèïòè÷åñêèõ çàäà÷ â îãðàíè÷åííîé îáëàñòè, ãäå âû÷èñëåíèå èõ

èíäåêñà ñâîäèëîñü ê âû÷èñëåíèþ èíäåêñà íåêîòîðîé ñèñòåìû ÑÈ óðàâíåíèé.

Âûðàæåíèÿ èíäåêñà ýëëèïòè÷åñêèõ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ (ÏÄÎ) ÷å-

ðåç òîïîëîãè÷åñêèå èíâàðèàíòû ñèìâîëà îïåðàòîðà è ìíîãîîáðàçèÿ, íà êîòîðîì îí çà-

äàí, ïîëó÷åíû â ðàáîòàõ Ì. Ô. Àòüè è È. Ì. Çèíãåðà â ñëó÷àå çàìêíóòûõ ìíîãîîáðàçèé

(ñì. [23]) è â ðàáîòå [24] Ì. Ô. Àòüè è Ð. Áîòòà äëÿ êîìïàêòíûõ ìíîãîîáðàçèé ñ êðàåì.

Óñòàíîâëåíèå ôîðìóëû èíäåêñà ñïîñîáñòâîâàëî ðàçâèòèþ ñîâðåìåííûõ ìåòîäîâ àíàëèçà

è òîïîëîãè, à òàêæå èõ âçàèìîäåéñòâèþ. Äàëüíåéøåå ðàçâèòèå òåîðèÿ èíäåêñà ýëëèïòè-

÷åñêèõ ÏÄÎ ïîëó÷èëà â ðàáîòàõ Á.-Â. Øóëüöå, Ñ. Ðåìïåëÿ è äðóãèõ àâòîðîâ (ñì. ðàáîòû

[25, 26, 27]).

Èññëåäîâàíèþ èíäåêñà ñïåöèàëüíûõ êðàåâûõ çàäà÷ ïîñâÿùåíû ðàáîòû À. Î. Áàáàÿíà

(ñì. [28]).

Â ñëó÷àå äèôôåðåíöèàëüíûõ îïåðàòîðîâ, äåéñòâóþùèõ â ñîáîëåâñêèõ ïðîñòðàíñòâàõ â

íåîãðàíè÷åííûõ îáëàñòÿõ, óñëîâèå ýëëèïòè÷íîñòè íå ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ åãî í¼òå-

ðîâîñòè. Èññëåäîâàíèþ í¼òåðîâîñòè ýëëèïòè÷åñêèõ îïåðàòîðîâ â Rn è â íåîãðàíè÷åííûõ

îáëàñòÿõ ïîñâÿùåíû ðàáîòû Ý. Ì. Ìóõàìàäèåâà (ñì. [29, 30]) è Â. È. Âîëüïåðòà (ñì.

[31]), â êîòîðûõ óñëîâèÿ í¼òåðîâîñòè ñôîðìóëèðîâàíû â òåðìèíàõ ïðåäåëüíûõ îïåðàòî-

ðîâ. Âîïðîñàì í¼òåðîâîñòè è èíäåêñà ýëëèïòè÷åñêèõ îïåðàòîðîâ â ñïåöèàëüíûõ âåñîâûõ

ïðîñòðàíñòâàõ ñîáîëåâñêîãî òèïà ïîñâÿùåíû ðàáîòû Ë. À. Áàãèðîâa (ñì. [32]), Ë. Íèðåí-

áåðãa, À. Óàëêåðà (ñì. [33]), Ð. Á. Ëîêêàðäà, Ð. Ê. ÌàêÎóåíà (ñì. [35, 36]). Â ðàáîòàõ Ý.

Øðîý (ñì. [37, 38]) è À. À. Àðóòþíîâa, À. Ñ. Ìèùåíêî [39] èññëåäîâàíû í¼òåðîâîñòü è

ôîðìóëû äëÿ èíäåêñà ýëëèïòè÷åñêèõ ÏÄÎ â íåîãðàíè÷åííûõ îáëàñòÿõ.

Ïîëóýëëèïòè÷åñêèå îïåðàòîðû, êàê ïîäêëàññ ãèïîýëëèïòè÷åñêèõ îïåðàòîðîâ, áûëè

ââåäåíû Ë. Õåðìàíäåðîì (ñì. [40]) ïðè èçó÷åíèè ñîîòâåòñòâóþùåé òåîðèè. Îäíèìè èç

ïåðâûõ ðàáîò, ïîñâÿù¼ííûõ ïîëóýëëèïòè÷åñêèì óðàâíåíèÿì, ÿâëÿþòñÿ ðàáîòû Ë. Ð. Âî-

ëå÷à [41], ãäå ðàññìàòðèâàþòñÿ âîïðîñû ãëàäêîñòè ðåøåíèé è ïðèíàäëåæíîñòè ðåøåíèé

ê êëàññàì Æåâðå. Â äàëüíåéøåì Ñ. Ì. Íèêîëüñêèé (ñì. [42]) è Â. Ï. Ìèõàéëîâ (ñì. [43])

ââåëè êëàññ ðåãóëÿðíûõ ãèïîýëëèïòè÷åñêèõ îïåðàòîðîâ. Â ðàáîòàõ Ã. Ã. Êàçàðÿíà (ñì.

íàïðèìåð [44]) èññëåäîâàí êëàññ íåðåãóëÿðíûõ ãèïîýëëèïòè÷åñêèõ îïåðàòîðîâ.

Áîëüøóþ ðîëü ïðè èçó÷åíèè òåîðèè òàêèõ îïåðàòîðîâ èãðàþò ñîîòâåòñòâóþùèå àíèçî-

òðîïíûå ïðîñòðàíñòâà. Èñòîðèÿ âîïðîñà è ñâîéñòâà àíèçîòðîïíûõ ïðîñòðàíñòâ ïîäðîáíî

èçëîæåíû â ìîíîãðàôèè Î. Â. Áåñîâà, Â. Ï. Èëüèíà, Ñ. Ì. Íèêîëüñêîãî [45]; ðàçëè÷íûì
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îáîáùåíèÿì ïîñâÿùåíû ðàáîòû [46, 47].

Äàëåå îòìåòèì èçâåñòíûå ðåçóëüòàòû â òåîðèè í¼òåðîâûõ îïåðàòîðîâ, äåéñòâóþùèõ â

àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ. Â ðàáîòå [48] Ã. À. Êàðàïåòÿíà è À. À. Äàðáèíÿ-

íà äîêàçàíà í¼òåðîâîñòü ïîëóýëëèïòè÷åñêîãî îïåðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ñîáîëåâà â îãðàíè÷åííîé îáëàñòè, a â ðàáîòå [49] òåõ æå

àâòîðîâ àíàëîãè÷íûé ðåçóëüòàò óñòàíîâëåí äëÿ ðåãóëÿðíûõ ãèïîýëëèïòè÷åñêèõ îïåðàòî-

ðîâ, äåéñòâóþùèõ â ìóëüòèàíèçîòðîïíûõ ïðîñòðàíñòâàõ. Âîïðîñàì í¼òåðîâîñòè ïîëóýë-

ëèïòè÷åñêèõ îïåðàòîðîâ â ñïåöèàëüíûõ âåñîâûõ ïðîñòðàíñòâàõ ïîñâÿùåíû ðàáîòû Ë. À.

Áàãèðîâà (ñì. [50]), Ã. À. Êàðàïåòÿíà è À. À. Äàðáèíÿíà (ñì. [51, 52]). Äëÿ ïîëóýëëèï-

òè÷åñêîãî îäíîðîäíîãî óðàâíåíèÿ è ñèñòåì óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â

ðàáîòàõ Ã. Â. Äåìèäåíêî [53, 54] óñòàíîâëåíû èçîìîðôíûå ñâîéñòâà íà ñïåöèàëüíîé øêàëå

âåñîâûõ ïðîñòðàíñòâ â Rn. Ïðèìåíåíèþ ìåòîäîâ ÏÄÎ äëÿ èññëåäîâàíèÿ ïîëóýëëèïòè÷å-

ñêèõ, à òàêæå ðåãóëÿðíûõ ãèïîýëëèïòè÷åñêèõ (ìóëüòè-êâàçèýëëèïòè÷åñêèõ) óðàâíåíèé ñ

ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè ïîñâÿù¼í ðÿä ðàáîò [55, 56].

Îäíàêî òåîðèÿ í¼òåðîâîñòè è èíäåêñà òàêèõ îïåðàòîðîâ, ñîñòîÿùàÿ èç èññëåäîâàíèÿ

óñëîâèé, ïðè êîòîðûõ èíäåêñ ðàññìàòðèâàåìûõ îïåðàòîðîâ êîíå÷åí è, â ñëó÷àå êîíå÷íîñòè

èíäåêñà, ïîëó÷åíèÿ âûðàæàþùèõ åãî ôîðìóë, èçó÷åíà íå ïîëíîñòüþ. Äàííàÿ äèññåðòàöè-

îííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ í¼òåðîâîñòè è èíäåêñà îáùèõ ïîëóýëëèïòè÷åñêèõ

îïåðàòîðîâ â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ â Rn. Àêòóàëüíîñòü íàñòîÿùåé ðà-

áîòû ñâÿçàíà ñ âàæíîñòüþ ðàññìàòðèâàåìîãî êëàññà îïåðàòîðîâ è ñâîéñòâà í¼òåðîâîñòè

äëÿ íèõ.

Öåëü ðàáîòû.

1. Èññëåäîâàíèå í¼òåðîâîñòè è èíäåêñà ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ ñ ïîñòîÿííûìè

è ñïåöèàëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè â Rn.

2. Èññëåäîâàíèå óñòîé÷èâîñòè èíäåêñà ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ íà øêàëå àíè-

çîòðîïíûõ ïðîñòðàíñòâ Ñîáîëåâà è îòíîñèòåëüíî âîçìóùåíèé ìëàäøèìè ÷ëåíàìè

äèôôåðåíöèàëüíîãî âûðàæåíèÿ.

3. Èññëåäîâàíèå âûïîëíåíèÿ ñïåöèàëüíûõ àïðèîðíûõ îöåíîê äëÿ äèôôåðåíöèàëüíûõ

îïåðàòîðîâ â àíèçîòðîïíûõ âåñîâûõ ïðîñòðàíñòâàõ è â ïðîñòðàíñòâàõ Ñîáîëåâà áåç

âåñà.
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Íàó÷íàÿ íîâèçíà.

Â ðàáîòå ïîëó÷åíû ñëåäóþùèå îñíîâíûå ðåçóëüòàòû:

1. Óñòàíîâëåíû óñëîâèÿ íà ñèìâîë îïåðàòîðà, íåîáõîäèìûå äëÿ âûïîëíåíèÿ àïðèîð-

íûõ îöåíîê ñïåöèàëüíîãî âèäà â àíèçîòðîïíûõ âåñîâûõ ïðîñòðàíñòâàõ, à òàêæå â

ïðîñòðàíñòâàõ áåç âåñà. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ äëÿ âûïîëíåíèÿ àïðèîðíûõ

îöåíîê äëÿ ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ â ñïåöèàëüíûõ âåñîâûõ ñîáîëåâñêèõ ïðî-

ñòðàíñòâàõ. Â òåðìèíàõ âûïîëíåíèÿ ñïåöèàëüíûõ àïðèîðíûõ îöåíîê óñòàíîâëåíû

óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè÷åñêîãî îïåðàòîðà.

2. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ äëÿ ñòàáèëüíîñòè èíäåêñà ïîëóýëëèïòè÷åñêîãî îïå-

ðàòîðà íà øêàëå àíèçîòðîïíûõ ïðîñòðàíñòâ è îòíîñèòåëüíî âîçìóùåíèé ìëàäøèìè

÷ëåíàìè äèôôåðåíöèàëüíîãî âûðàæåíèÿ.

3. Â òåðìèíàõ îïðåäåë¼ííûõ óñëîâèé íà ñèìâîë îïåðàòîðà îïèñàí êëàññ í¼òåðîâûõ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, äåéñòâóþùèõ â

àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ â Rn.

4. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè÷åñêèõ

îïåðàòîðîâ ñî ñïåöèàëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè, èìåþùèìè îïðåäåë¼í-

íîå ïîâåäåíèå íà áåñêîíå÷íîñòè, äåéñòâóþùèõ â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðî-

ñòðàíñòâàõ â Rn, óñòàíîâëåíî ðàâåíñòâà íóëþ èíäåêñà òàêèõ îïåðàòîðîâ.

5. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè÷åñêîãî

îïåðàòîðà ño ñïåöèàëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè, äåéñòâóþùèõ â àíèçî-

òðîïíûõ âåñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ â Rn.

Âñå îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû ÿâëÿþòñÿ íîâûìè.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ öåííîñòü.

Ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû

â òåîðèè ãèïîýëëèïòè÷åñêèõ óðàâíåíèé, â ÷àñòíîñòè, äëÿ èññëåäîâàíèÿ çàäà÷ â íåîãðàíè-

÷åííûõ îáëàñòÿõ è ðåãóëÿðíûõ ãèïîýëëèïòè÷åñêèõ îïåðàòîðîâ.
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Ìåòîäû èññëåäîâàíèÿ.

Â äèññåðòàöèîííîé ðàáîòå èñïîëüçîâàíû ìåòîäû ôóíêöèîíàëüíîãî àíàëèçà è òåîðèè äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ.

Ïî òåìå äèññåðòàöèè áûëè ñäåëàíû äîêëàäû íà ñëåäóþùèõ ñåìèíàðàõ è êîíôåðåíöèÿõ:

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ-ñåìèíàð "Workshop on Analysis and PDE. Leibniz

Universit�at Hannover"(îêòÿáðü 4-6 2017, Ãàííîâåð, Ãåðìàíèÿ). Òåìà äîêëàäà: "On the

Fredholm property of di�erential operators in anisotropic spaces".

• Ñåìèíàð "Äèíàìè÷åñêèå ñèñòåìû è äèôôåðåíöèàëüíûå óðàâíåíèÿ"ìåõàíèêî-

ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà â ðàìêàõ ìåæäóíàðîäíîé

íàó÷íîé êîíôåðåíöèè "Ëîìîíîñîâ-2016"(àïðåëü 2016, Ìîñêâà, Ðîññèÿ). Ðóêîâîäèòå-

ëè ñåìèíàðà: À. À.Äàâûäîâ, À. Ì. Ñòåïèí. Òåìà äîêëàäà: "Î ñòàáèëüíîñòè èíäåêñà

äèôôåðåíöèàëüíûõ îïåðàòîðîâ â àíèçîòðîïíûõ ïðîñòðàíñòâàõ".

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ "Young Women in Harmonic Analysis and PDE" Ìà-

òåìàòè÷åñêèé öåíòð Õàóñäîðôôà è Èíñòèòóò Ìàòåìàòèêè Áîííñêîãî Óíèâåðñèòå-

òà (äåêàáðü 2016, Áîíí, Ãåðìàíèÿ). Òåìà äîêëàäà: "On index stability of di�erential

operators in anisotropic spaces".

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ "International Conference Harmonic Analysis

and Approximations, VI"(ñåíòÿáðü 2015, Öàõêàäçîð, Àðìåíèÿ). Òåìà äîêëàäà:

"Interpolation of noethericity and index invariance on the scale of anisotropic spaces".

• Ãîäè÷íûå êîíôåðåíöèè àðìÿíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà (2015, 2017).

• Ãîäè÷íûå íàó÷íûå êîíôåðåíöèè ÐÀÓ. Ñåêöèÿ: Ìàòåìàòèêà è ìåõàíèêà (2014-2017).

• Ñåìèíàðû êàôåäðû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÐÀÓ (2015-2017).

Ïóáëèêàöèè.

Îñíîâíûå ðåçóëüòàòû ïî òåìå äèññåðòàöèè èçëîæåíû â 5 ñòàòüÿõ, êîòîðûå èçäàíû â æóð-

íàëàõ, ðåêîìåíäîâàííûõ ÂÀÊ, èç êîòîðûõ 2 ñòàòüè - â èçäàíèè, èíäåêñèðîâàííîì â Scopus,
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10 ïóáëèêàöèé - â òåçèñàõ äîêëàäîâ. Èõ ïåðå÷åíü ïðèâåä¼í â êîíöå äèññåðòàöèè.

Ñòðóêòóðà è îáúåì äèññåðòàöèè.

Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, òð¼õ ãëàâ, çàêëþ÷åíèÿ è ñïèñêà ëèòåðàòóðû, âêëþ÷àþ-

ùåãî 64 íàèìåíîâàíèÿ. Â êîíöå äèññåðòàöèè ïðèâåä¼í ñïèñîê ñòàòåé è òåçèñîâ êîíôåðåí-

öèé. Îáùèé îáúåì äèññåðòàöèè ñîñòàâëÿåò 94 ñòðàíèöû.

Êðàòêîå ñîäåðæàíèå ðàáîòû.

Âî ââåäåíèè ïðèâîäèòñÿ îáçîð èññëåäîâàíèé, ïîñâÿù¼ííûõ èçó÷åíèþ í¼òåðîâîñòè äèô-

ôåðåíöèàëüíûõ îïåðàòîðîâ, îáîñíîâûâàåòñÿ àêòóàëüíîñòü è íàó÷íàÿ íîâèçíà. Òàêæå, âî

ââåäåíèè ïðåäñòàâëåí êðàòêèé îáçîð ñîäåðæàíèÿ äèññåðòàöèè. Íóìåðàöèÿ ðåçóëüòàòîâ âî

ââåäåíèè ñîâïàäàåò ñ íóìåðàöèåé â ñîîòâåòñòâóþùèõ ãëàâàõ.

Ïåðâàÿ ãëàâà ïîñâÿùåíà àïðèîðíûì îöåíêàì ñïåöèàëüíîãî âèäà äëÿ äèôôåðåíöè-

àëüíûõ îïåðàòîðîâ, äåéñòâóþùèõ â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ â Rn. Â

ñèëó âçàèìîñâÿçè âûïîëíåíèÿ ñïåöèàëüíûõ àïðèîðíûõ îöåíîê è n�íîðìàëüíîñòè îïåðà-

òîðà, ðåçóëüòàòû äàííîé ãëàâû èñïîëüçîâàíû äàëåå ïðè èññëåäîâàíèè óñëîâèé í¼òåðîâîñòè

ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ.

Â ïåðâîì ïàðàãðàôå ïåðâîé ãëàâû èññëåäóåòñÿ âûïîëíåíèå ñïåöèàëüíûõ àïðèîð-

íûõ îöåíîê â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ è óñòàíàâëèâàþòñÿ íåîáõîäèìûå

äëÿ èõ âûïîëíåíèÿ óñëîâèÿ íà ñèìâîë îïåðàòîðà.

Ïóñü n ∈ N. Äëÿ r ∈ Z+, ν ∈ Nn îáîçíà÷èì

Cr,ν (Rn) :=

{
a(x) : Dβa(x) ∈ C(Rn), sup

x∈Rn
|Dβa(x)| <∞,∀β ∈ Zn+,

n∑
i=1

βi
νi
≤ r

}
.

Ïóñòü s, k ∈ N, k ≥ s. Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x,D) =
∑

(α:ν)≤s

aα(x)Dα, (1)

ãäå s ∈ N, α ∈ Zn+, ν ∈ Nn, (α : ν) = α1

ν1
+ · · · + αn

νn
, Dα = Dα1

1 . . . Dαn
n , Dj = i−1 ∂

∂xj
, x =

(x1, . . . , xn) ∈ Rn, aα(x) ∈ Ck−s,ν (Rn) .

Äëÿ k ∈ Z+, ν ∈ Nn è ïîëîæèòåëüíîé ôóíêöèè q(x) îáîçíà÷èì ÷åðåç Hk,ν(Rn) è
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Hk,ν
q (Rn) ìíîæåñòâà èçìåðèìûõ ôóíêöèé {u} ñî ñîîòâåòñòâóþùèìè íîðìàìè

‖u‖k,ν =
∑

(α:ν)≤k

‖Dαu‖L2(Rn) <∞,

‖u‖k,ν,q =
∑

(α:ν)≤k

‖Dαu · qk−(α:ν)‖L2(Rn) <∞.

Òåîðåìà 1.1.1. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) .

Toãäà P (x,D) ïîëóýëëèïòè÷åí â Rn.

Â äàëüíåéøåì ðåçóëüòàò òåîðåìû 1.1.1 áûë óñèëåí.

Òåîðåìà 1.1.1′. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) .

Toãäà P (x,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí â Rn.

Äëÿ λ ∈ R+, k ∈ Z+, ν ∈ Nn îáîçíà÷èì

‖u‖k,ν,λ =
∑

(α:ν)≤k

λk−(α:ν)‖Dαu‖L2(Rn).

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x, λ,D) =
∑

(α:ν)≤s

aα(x)λs−(α:ν)Dα, (2)

ãäå aα(x) ∈ Ck−s,ν(Rn).

Òåîðåìà 1.1.4. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x, λ,D) âèäà (2) ñ íåêîòîðîé

ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν,λ ≤ C
(
‖Pu‖k−s,ν,λ + ‖u‖L2(Rn)

)
, ∀u ∈ Hk,ν(Rn), λ > 0.

Òîãäà P (x, λ,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí îòíîñèòåëüíî ïàðàìåòðà λ: ñóùåñòâóåò

ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî

|P (x, λ, ξ)| ≥ δ(λ+ |ξ|ν)s, ∀ξ, x ∈ Rn, λ > 0.

10



Âî âòîðîì ïàðàãðàôå ïåðâîé ãëàâû èññëåäóþòñÿ àïðèîðíûå îöåíêè â ñîîòâåòñòâó-

þùèõ âåñîâûõ ïðîñòðàíñòâàõ.

Òåîðåìà 1.2.1. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν

q (Rn) .

Toãäà P (x,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí â Rn.

Â äàííîì ïàðàãðàôå ïðè äîïîëíèòåëüíûõ óñëîâèÿõ íà âåñîâóþ ôóíêöèþ è êîýôôè-

öèåíòû äèôôåðåíöèàëüíîé ôîðìû P (x,D) óñòàíîâëåíî, ÷òî èç âûïîëíåíèÿ ñïåöèàëüíîé

àïðèîðíîé îöåíêè ñëåäóåò áîëåå ñèëüíîå óñëîâèå, ÷åì ðàâíîìåðíàÿ ïîëóýëëèïòè÷íîñòü â

Rn.

Äëÿ r ∈ Z+ è ν ∈ Nn îáîçíà÷èì

Qr,ν :=

{
g(x) ∈ C(Rn) : g(x) > 0,∀x ∈ Rn;Dβg(x) ∈ C(Rn) è

1

g(x)
⇒ 0,

lim
|x|→∞

max
|x−y|≤1

|g(x)− g(y)|
g(y)

= 0,
|Dβg(x)|
g(x)1+(β:ν)

⇒ 0 ïðè |x| → ∞,∀β ∈ Zn+, 0 < (β : ν) ≤ r

}
.

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x,D) =
∑

(α:ν)≤s

aαq(x)s−(α:ν)Dα, (3)

ãäå aα � ïîñòîÿííûå ÷èñëà, q ∈ Qk−s,ν .

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) è λ ∈ R+ âèäà (3) îáîçíà÷èì

P (λ,D) =
∑

(α:ν)≤s

aαλ
s−(α:ν)Dα.

Òåîðåìà 1.2.2. Ïóñòü q ∈ Qk−s,ν è äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (3) ñ

íåêîòîðîé ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν

q (Rn).

Òîãäà P (λ,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí îòíîñèòåëüíî ïàðàìåòðà λ: ñóùåñòâóåò

ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

aαλ
s−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0.
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Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x,D) =
∑

(α:ν)≤s

aα(x)Dα =
∑

(α:ν)≤s

(
a0
α(x)q(x)(s−(α:ν)) + bα(x)

)
Dα, (4)

ãäå a0
α(x) ∈ Ck−s,ν(Rn), q ∈ Qk−s,ν è Dβ(bα(x)) = o(q(x)s−(α:ν)+(β:ν)) ïðè |x| → ∞ äëÿ âñåõ

(α : ν) ≤ s, (β : ν) ≤ k − s.

Òåîðåìà 1.2.3. Ïóñòü q ∈ Qk−s,ν è P (x,D) äèôôåðåíöèàëüíàÿ ôîðìà âèäà (4) ñ êîýô-

ôèöèåíòàìè óäîâëåòâîðÿþùèìè lim
|x|→∞

max
|x−y|≤1

|a0
α(x) − a0

α(y)| = 0 ïðè α ∈ Zn+, (α : ν) ≤ s.

Ïóñòü ñ íåêîòîðîé ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν

q (Rn).

Òîãäà P (x, λ,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí îòíîñèòåëüíî ïàðàìåòðà λ: ñóùåñòâóåò

ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

a0
α(x)λs−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0, |x| ≥M,

ãäå M ∈ R+ íåêîòîðîå ÷èñëî.

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (4) è x0 ∈ Rn îáîçíà÷èì

∆(P, q) := max
(α:ν)≤s,

(β:ν)≤k−s

sup
x∈Rn
|Dβ

(
a0
α(x)− a0

α(x0)
)
q(x)−(β:ν)|.

Óñëîâèå 1.2.1. Ïóñòü ∑
(α:ν)≤s

a0
α(x0)λs−(α:ν)ξα 6= 0, ∀ξ ∈ Rn, λ > 0.

Òåîðåìà 1.2.4. Ïóñòü q ∈ Qk−s,ν è P (x,D) ïîëóýëëèïòè÷åñêàÿ â Rn äèôôåðåíöèàëüíàÿ

ôîðìà âèäà (4), óäîâëåòâîðÿþùàÿ óñëîâèþ 1.2.1. Òîãäà ñóùåñòâóåò η0 = η0(k) > 0, òà-

êîå, ÷òî ïðè ∆(P, q) < η0 äëÿ îïåðàòîðà P (x,D) : Hk,ν
q (Rn) → Hk−s,ν

q (Rn) ñ íåêîòîðîé

ïîñòîÿííîé C > 0 è ÷èñëîì M > 0 âûïîëíÿåòñÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(KM )

)
,∀u ∈ Hk,ν

q (Rn) .

Â òðåòüåì ïàðàãðàôå ïåðâîé ãëàâû èññëåäóåòñÿ ïðèìåíåíèå àïðèîðíîé îöåíêè äëÿ

óñòàíîâëåíèÿ í¼òåðîâîñòè ðàññìàòðèâàåìûõ îïåðàòîðîâ.

12



Òåîðåìà 1.3.1. Ïóñòü P (x,D) äèôôåðåíöèàëüíàÿ ôîðìà âèäà (1) òàêàÿ, ÷òî êîýôôè-

öèåíòû aα(x) ïðè (α : ν) = s ïîñòîÿííûå äåéñòâèòåëüíûå ÷èñëà, a ïðè (α : ν) < s

aα(x) ∈ Ck,ν(Rn) âåùåñòâåííîçíà÷íûå ôóíêöèè òàêèå, ÷òî Dβaα(x) ⇒ 0 ïðè |x| → ∞

äëÿ âñåõ β ∈ Zn+, 0 < (β : ν) ≤ k, (α : ν) < s.

Òîãäà îïåðàòîð P (x,D) : Hk,ν(Rn)→ Hk−s,ν(Rn) ÿâëÿåòñÿ í¼òåðîâûì òîãäà è òîëüêî

òîãäà, êîãäà ñóùåñòâóþò ïîñòîÿííàÿ C > 0 è ÷èñëî M > 0 òàêèå, ÷òî âûïîëíÿåòñÿ

îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(KM )

)
, ∀u ∈ Hk,ν (Rn) .

Âî âòîðîé ãëàâå èññëåäóþòñÿ âîïðîñû ñòàáèëüíîñòè èíäåêñà íà øêàëå àíèçîòðîïíûõ

ïðîñòðàíñòâ è îòíîñèòåëüíî âîçìóùåíèé ìëàäøèìè ÷ëåíàìè äèôôåðåíöèàëüíîãî âûðà-

æåíèÿ.

Ïåðâûé ïàðàãðàô âòîðîé ãëàâû ïîñâÿù¼í èíâàðèàíòíîñòè èíäåêñà ëèíåéíîãî îïå-

ðàòîðà, äåéñòâóþùåãî âî âëîæåííûõ ãèëüáåðòîâûõ ïðîñòðàíñòâàõ. Ýòîò ïàðàãðàô âñïî-

ìîãàòåëüíûé äëÿ äàëüíåéøåãî èññëåäîâàíèÿ èíäåêñà ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ íà

øêàëå ïðîñòðàíñòâ ñîáîëåâñêîãî òèïà.

Ïóñòü Hi, H
′
i(i = 1, 2) � ãèëüáåðòîâû ïðîñòðàíñòâà òàêèå, ÷òî H2 ⊂ H1, H

′
2 ⊂ H

′
1, H2

âñþäó ïëîòíî â H1, à H
′
2 â H

′
1, è H2 âëîæåíî â H1, a H

′
2 â H

′
1.

Ïóñòü A : Hi → H
′
i ëèíåéíûé îãðàíè÷åííûé îïåðàòîð ñ Dom(A)|Hi = Hi. Îáîçíà÷èì

òàêæå ÷åðåç (A;Hi), (i = 1, 2).

Òåîðåìà 2.1.1. Ïóñòü A : Hi → H
′
i í¼òåðîâûé îïåðàòîð (i = 1, 2). Äëÿ òîãî, ÷òîáû

ind(A;H1) = ind(A;H2) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàë ëèíåéíûé îãðàíè-

÷åííûé îïåðàòîð R : H
′
i → Hi (i = 1, 2) òàêîé, ÷òî (RA− I) êîíå÷íîìåðíûé îïåðàòîð â

H1.

Ñëåäñòâèå 2.1.2. Ïóñòü A : Hi → H
′
i í¼òåðîâûé îïåðàòîð (i = 1, 2). Äëÿ òîãî, ÷òîáû

ind(A;H1) = ind(A;H2) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàë ëèíåéíûé îãðà-

íè÷åííûé îïåðàòîð R̃ : H
′
i → Hi (i = 1, 2) òàêîé, ÷òî (R̃A − I) ÿâëÿåòñÿ ëèíåéíûì

îãðàíè÷åííûì îïåðàòîðîì èç H1 â H2.

Èññëåäîâàíèþ í¼òåðîâîñòè è èíäåêñà ýëëèïòè÷åñêèõ îïåðàòîðîâ íà ñïåöèàëüíûõ øêà-

ëàõ ñîáîëåâñêèõ ïðîñòðàíñòâ ïîñâÿùåíû ðàáîòû Ì. Ñ. Àãðàíîâè÷à, À. Ñ. Äûíèíà (ñì.

[20]), Ý. Øðîý [38] è Ð. Á. Ëîêêàðäà, Ð. Ê. ÌàêÎóåíà [35] è ìíîæåñòâî äðóãèõ ðàáîò, ãäå

â îñíîâíîì çàâèñèìîñòü èíäåêñà ýëëèïòè÷åñêîãî îïåðàòîðà îò ïàðàìåòðîâ øêàëû ìîæíî

íàáëþäàòü ïðè ïîìîùè ïîëó÷åííûõ ÿâíûõ ôîðìóë äëÿ èíäåêñà îïåðàòîðà.
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Â ïàðàãðàôå äâà ãëàâû äâà óñòàíàâëèâàþòñÿ äîñòàòî÷íûå óñëîâèÿ äëÿ èíâàðèàíò-

íîñòè èíäåêñà ïîëóýëëèïòè÷åñêîãî îïåðàòîðà íà øêàëå àíèçîòðîïíûõ ïðîñòðàíñòâ.

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (1) è x0 ∈ Rn îáîçíà÷èì

∆ (P ) := max
(α:ν)=s

sup
x∈Rn
|aα (x)− aα (x0)| , δ := min

|ξ|ν=1
|Ps(x0, ξ)| .

Òåîðåìà 2.2.1. Ïóñòü P (x,D) ïîëóýëëèïòå÷åñêàÿ â Rn äèôôåðåíöèàëüíàÿ ôîðìà âèäà

(1) è k0 ∈ R+ . Òîãäà ñóùåñòâóåò η0 = η0(k0, δ) > 0 òàêîå, ÷òî ïðè ∆ (P ) < η0 äëÿ

ïðîèçâîëüíûõ k1 è k2 ∈ [−k0, k0] èìååò ìåñòî ñëåäóþùåå ñîîòíîøåíèå:

åñëè P (x,D) : Hk1+s,ν (Rn) → Hk1,ν (Rn) í¼òåðîâûé, òî P (x,D) : Hk2+s,ν (Rn) →

Hk2,ν (Rn) òàêæå í¼òåðîâûé, ïðè ýòîì

dim Ker
(
P ;Hk1,ν

)
= dim Ker

(
P ;Hk2,ν

)
,

dim coker
(
P ;Hk1,ν

)
= dim coker

(
P ;Hk2,ν

)
,

ind
(
P ;Hk1,ν

)
= ind

(
P ;Hk2,ν

)
.

Ïàðàãðàô òðè ãëàâû äâà ïîñâÿù¼í èçó÷åíèþ óñëîâèé äëÿ ñòàáèëüíîñòè èíäåêñà

îòíîñèòåëüíî âîçìóùåíèé ìëàäøèìè ÷ëåíàìè äèôôåðåíöèàëüíîãî âûðàæåíèÿ.

Îáîçíà÷èì

T (x,D) =
∑

(α:ν)<s

bα(x)Dα,

ãäå bα(x) ∈ Ck−s,ν (Rn), ìëàäøèå ÷ëåíû äèôôåðåíöèàëüíîãî âûðàæåíèÿ, à ÷åðåç

P̃ (x,D) = P (x,D) + T (x,D)

âîçìóù¼ííûé ìëàäøèìè ÷ëåíàìè îïåðàòîð.

Ïóñòü (P ;Hk,ν) è (P ;Hk,ν
q ) îãðàíè÷åííûå ëèíåéíûå îïåðàòîðû, äåéñòâóþùèå èç

Hk,ν(Rn) â Hk−s,ν(Rn), è ñîîòâåòñòâåííî, èç Hk,ν
q (Rn) â Hk−s,ν

q (Rn), ïîðîæä¼ííûå äèô-

ôåðåíöèàëüíîé ôîðìîé P (x,D).

Îáîçíà÷èì

Q̃ :=

{
g(x) ∈ C∞ (Rn) : g(x) > 0,∀x ∈ Rn;

|Dβg(x)|
g(x)

⇒ 0 ïðè |x| → ∞,

∀β ∈ Zn+, β 6= 0

}
.

Òåîðåìà 2.3.1. Ïóñòü ôóíêöèÿ q ∈ Q̃ òàêàÿ, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞, îïåðàòîðû(
P ;Hk,ν

)
è
(
P̃ ;Hk,ν

)
ÿâëÿþòñÿ í¼òåðîâûìè, è îïåðàòîð

(
P ;Hk,ν

q

)
íîðìàëüíî ðàçðåøè-

ìûé. Òîãäà èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî:

ind
(
P̃ ;Hk,ν

)
= ind

(
P ;Hk,ν

)
.
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Â òðåòüåé ãëàâå èññëåäîâàíà í¼òåðîâîñòü ïîëóýëëèïòè÷åñêîãî îïåðàòîðà ñ ïîñòîÿí-

íûìè è ïåðåìåííûìè êîýôôèöèåíòàìè, èìåþùèìè îïðåäåë¼ííîå ïîâåäåíèå íà áåñêîíå÷-

íîñòè. Ïîëó÷åíû óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ ñî ñïåöèàëüíû-

ìè êîýôôèöèåíòàìè â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ñîáîëåâà.

Â ïåðâîì ïàðàãðàôå òðåòüåé ãëàâû èññëåäóåòñÿ í¼òåðîâîñòü ïîëóýëëèïòè÷åñêîãî

îïåðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â Rn. Äëÿ òàêîãî îïåðàòîðà ðàííåå èçâåñòíûå

ðåçóëüòàòû áûëè ïîëó÷åíû â ñïåöèàëüíûõ âåñîâûõ ïðîñòðàíñòâàõ â ðàáîòå À. À. Äàðáè-

íÿíà (ñì. [52]), à èçîìîðôíûå ñâîéñòâà äëÿ îäíîðîäíîãî ïîëóýëëèïòè÷åñêîãî îïåðàòîðà ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè ïîëó÷åíû â ðàáîòå Ã. Â. Äåìèäåíêî (ñì. [53]).

Â ïåðâîì ïàðàãðàôà òðåòüåé ãëàâû äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà, óñòàíàâëè-

âàþùàÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ í¼òåðîâîñòè îïåðàòîðà ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè.

Òåîðåìà 3.1.2. Äëÿ îïåðàòîðà P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) ñëåäóþùèå óñëîâèÿ ýêâèâà-

ëåíòíû:

1. îïåðàòîð P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) í¼òåðîâûé;

2. îïåðàòîð P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) îáðàòèìûé;

3. ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî

|P (ξ)| ≥ δ (1 + |ξ|ν)s ,∀ξ ∈ Rn.

Âî âòîðîì ïàðàãðàôå ãëàâû òðè óñòàíàâëèâàþòñÿ óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëó-

ýëëèïòè÷åñêèõ îïåðàòîðîâ ñî ñïåöèàëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè.

Óñëîâèå 3.2.1. Ïóñòü äëÿ êîýôôèöèåíòîâ aα (x) äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà

(1) ñóùåñòâóþò ïîñòîÿííûå ãα òàêèå, ÷òî Dβ(aα (x) − ãα) ⇒ 0 ïðè |x| → ∞ äëÿ âñåõ

β, α ∈ Zn+, (β : ν) ≤ k − s, (α : ν) ≤ s.

Òåîðåìà 3.2.4. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D), êîýôôèöèåíòû êîòîðîé óäîâëå-

òâîðÿþò óñëîâèþ 3.2.1 ïîëóýëëèïòè÷íà â Rn. Òîãäà
(
P ;Hk,ν

)
í¼òåðîâ òîãäà è òîëüêî

òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

ãαξ
α

∣∣∣∣∣∣ ≥ δ(1 + |ξ|ν)s,∀ξ ∈ Rn,

ïðè ýòîì ind(P ;Hk,ν) = 0.
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Äëÿ ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ ñî ñïåöèàëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè

â ðàáîòå ïîëó÷åíû óñëîâèÿ í¼òåðîâîñòè â îïðåäåëåííûõ âåñîâûõ ïðîñòðàíñòâàõ â Rn.

Òåîðåìà 3.2.5. Ïóñòü q ∈ Qk−s,ν è P (x,D) ïîëóýëëèïòè÷åñêàÿ â Rn äèôôåðåíöèàëüíàÿ

ôîðìà êîýôôèöèåíòû êîòîðîé ïðåäñòàâëÿþòñÿ â âèäå aα(x) = a0
α(x)q(x)s−(α:ν) + a1

α(x) è

óäîâëåòâîðÿþò óñëîâèÿì:

1. Dβ(a1
α(x)) = o(q(x)s−(α:ν)+(β:ν)) ïðè |x| → ∞ äëÿ âñåõ α, β ∈ Zn+, (α : ν) ≤ s, (β : ν) ≤

k − s;

2. a0
α(x) ∈ Ck−s,ν(Rn) è ñóùåñòâóþò ãα òàêèå, ÷òî a0

α(x) ⇒ ãα äëÿ âñåõ α ∈ Zn+,

(α : ν) ≤ s.

Òîãäà
(
P ;Hk,ν

q

)
í¼òåðîâ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ δ > 0

òàêàÿ, ÷òî ∣∣∣∣∣∣
∑

(α:ν)≤s

ãαλ
s−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0.

Â ðàáîòå ïîëó÷åíî îáîáùåíèå òåîðåìû 3.2.5.

Òåîðåìà 3.2.6. Ïóñòü q ∈ Qk−s,ν è P (x,D) ïîëóýëëèïòè÷åñêàÿ â Rn äèôôåðåíöèàëüíàÿ

ôîðìà êîýôôèöèåíòû êîòîðîé ïðåäñòàâëÿþòñÿ â âèäå aα(x) = a0
α(x)q(x)s−(α:ν) + a1

α(x) è

óäîâëåòâîðÿþò óñëîâèÿì:

1. Dβ(a1
α(x)) = o(q(x)s−(α:ν)+(β:ν)) ïðè |x| → ∞ äëÿ âñåõ α, β ∈ Zn+, (α : ν) ≤ s, (β : ν) ≤

k − s;

2. a0
α(x) ∈ Ck−s,ν(Rn) è lim

|x|→∞
max
|x−y|≤1

|a0
α(x)− a0

α(y)| = 0 ïðè α ∈ Zn+, (α : ν) ≤ s.

Òîãäà
(
P ;Hk,ν

q

)
í¼òåðîâ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ δ > 0

òàêàÿ, ÷òî ∣∣∣∣∣∣
∑

(α:ν)≤s

a0
α(x)λs−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0, |x| ≥M,

ãäå M ∈ R+ íåêîòîðîå ÷èñëî.
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ÎÑÍÎÂÍÛÅ ÎÁÎÇÍÀ×ÅÍÈß È

ÎÏÐÅÄÅËÅÍÈß

Îïðåäåëåíèå 0.0.1. Îãðàíè÷åííûé ëèíåéíûé îïåðàòîð A, îïðåäåë¼ííûé íà âñåì áà-

íàõîâîì ïðîñòðàíñòâå X è äåéñòâóþùèé â áàíàõîâî ïðîñòðàíñòâî Y , íàçûâàåòñÿ n-

íîðìàëüíûì, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. ÿäðî îïåðàòîðà A ÿâëÿåòñÿ êîíå÷íîìåðíûì (dim Ker(A) <∞);

2. îáëàñòü çíà÷åíèé îïåðàòîðà A çàìêíóòî
(

Im(A) = Im(A)
)
.

Îïðåäåëåíèå 0.0.2. Îãðàíè÷åííûé ëèíåéíûé îïåðàòîð A, îïðåäåë¼ííûé íà âñåì áà-

íàõîâîì ïðîñòðàíñòâå X è äåéñòâóþùèé â áàíàõîâî ïðîñòðàíñòâî Y , íàçûâàåòñÿ d-

íîðìàëüíûì, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. ÿäðî ñîïðÿæ¼ííîãî îïåðàòîðà A∗ êîíå÷íîìåðíî (dim Ker(A∗) <∞) ;

2. îáëàñòü çíà÷åíèé îïåðàòîðà A çàìêíóòî
(

Im(A) = Im(A)
)
.

Îïðåäåëåíèå 0.0.3. Îãðàíè÷åííûé ëèíåéíûé îïåðàòîð A, îïðåäåë¼ííûé íà âñåì áàíà-

õîâîì ïðîñòðàíñòâå X è äåéñòâóþùèé â áàíàõîâî ïðîñòðàíñòâî Y , íàçûâàåòñÿ í¼òå-

ðîâûì, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. îáëàñòü çíà÷åíèé îïåðàòîðà A çàìêíóòî
(

Im(A) = Im(A)
)
;

2. ÿäðî îïåðàòîðà A ÿâëÿåòñÿ êîíå÷íîìåðíûì (dim Ker(A) <∞);

3. êîÿäðî îïåðàòîðà A êîíå÷íîìåðíî (dim coker(A) = dimY/ Im(A) <∞).
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Çàìå÷àíèå 0.0.1. Òàê êàê Ker(A∗) êîíå÷íîìåðíî, òîãäà è òîëüêî òîãäà, êîãäà êîíå÷-

íîìåðíî ôàêòîðïðîñòðàíñòâî Y/Im(A) (ñì. [57] ñòð. 50), è â ýòîì ñëó÷àå èìååì, ÷òî

dim Ker(A∗) = dimY/Im(A), òî îòñþäà ìîæíî çàêëþ÷èòü, ÷òî îïåðàòîð ÿâëÿåòñÿ í¼-

òåðîâûì òîãäà è òîëüêî òîãäà, êîãäà ÿâëÿåòñÿ îäíîâðåìåííî è n-íîðìàëüíûì, è d-

íîðìàëüíûì.

Èíäåêñîì í¼òåðîâîãî îïåðàòîðà A íàçîâåì ðàçíîñòü ìåæäó ðàçìåðíîñòüþ ÿäðà è êî-

ÿäðà:

ind (A) = dim Ker(A)− dim coker(A).

Ïóñòü R ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë, R+ ìíîæåñòâî íåîòðèöàòåëüíûõ äåéñòâè-

òåëüíûõ ÷èñåë, N ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, n ∈ N, Rn � n-ìåðíîå åâêëèäîâî ïðî-

ñòðàíñòâî, Z+ � ìíîæåñòâî íåîòðèöàòåëüíûõ öåëûõ ÷èñåë, Zn+ � ìíîæåñòâî n-ìåðíûõ ìóëü-

òèèíäåêñîâ, Nn � ìíîæåñòâî n-ìåðíûõ ìóëüòèèíäåêñîâ ñ íàòóðàëüíûìè êîìïîíåíòàìè.

Ðàññìîòðèì äèôôåðåíöèàëüíîå âûðàæåíèå

P (x,D) =
∑

(α:ν)≤s

aα(x)Dα, (0.0.1)

ãäå s ∈ N, α ∈ Zn+, ν ∈ Nn, (α : ν) = α1

ν1
+ · · · + αn

νn
, Dα = Dα1

1 . . . Dαn
n , Dj = i−1 ∂

∂xj
, x =

(x1, . . . , xn) ∈ Rn, aα(x) ∈ C (Rn) .

Îáîçíà÷èì

Ps (x,D) =
∑

(α:ν)=s

aα (x)Dα (0.0.2)

ãëàâíóþ ÷àñòü äèôôåðåíöèàëüíîãî âûðàæåíèÿ P (x,D), à

Ps (x, ξ) =
∑

(α:ν)=s

aα (x) ξα (0.0.3)

ñèìâîë ãëàâíîé ÷àñòè P (x,D) .

Îáîçíà÷èì

L (x,D) =
∑

(α:ν)<s

aα (x)Dα (0.0.4)

ìëàäøèå ÷ëåíû äèôôåðåíöèàëüíîãî âûðàæåíèÿ P (x,D).

Îïðåäåëåíèå 0.0.4. Ãîâîðÿò, ÷òî äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) ïîëóýëëèïòè÷íà â

òî÷êå x0 ∈ Rn, åñëè

Ps (x0, ξ) 6= 0,∀ξ ∈ Rn, |ξ| 6= 0.
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Îïðåäåëåíèå 0.0.5. Ãîâîðÿò, ÷òî äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) ïîëóýëëèïòè÷íà â

Rn, åñëè P (x,D) ïîëóýëëèïòè÷íà â êàæäîé òî÷êå x ∈ Rn.

Îïðåäåëåíèå 0.0.6. Ãîâîðÿò, ÷òî äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) ðàâíîìåðíî ïîëó-

ýëëèïòè÷íà â Rn, åñëè ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

|Ps (x, ξ)| ≥ C |ξ|sν ,∀x ∈ Rn,∀ξ ∈ Rn,

ãäå |ξ|ν =

(
n∑
i=1

ξ2νi
i

)1/2

.

Äëÿ k ∈ R, ν ∈ Nn, ÷åðåç Hk,ν(Rn) îáîçíà÷èì

Hk,ν (Rn) :=

{
u ∈ S ′ : û−ôóíêöèÿ, ‖u‖k,ν =

(∫
|û (ξ)|2 (1 + |ξ|ν)

2k dξ

) 1
2

<∞

}
,

ãäå |ξ|ν =

(
n∑
i=1

ξ2νi
i

)1/2

, S ′ ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé ìåäëåííîãî ðîñòà, û - ïðå-

îáðàçîâàíèå Ôóðüå ðàñïðåäåëåíèÿ u.

Çàìå÷àíèå 0.0.2. Ïðè k ∈ Z+ íîðìà â ïðîñòðàíñòâå Hk,ν(Rn) ýêâèâàëåíòíà ñëåäóþùåé:

‖u‖
′

k,ν =

 ∑
(α:ν)≤k

∫
|Dαu (x)|2 dx

 1
2

<∞.

Äëÿ r ∈ Z+, ν ∈ Nn îáîçíà÷èì

Cr,ν (Rn) :=

{
a(x) : Dβa(x) ∈ C(Rn), sup

x∈Rn
|Dβa(x)| <∞,∀β ∈ Zn+ s.t. (β : ν) ≤ r

}
,

C∞(Rn) :=
⋃
r∈Z+

Cr,ν (Rn) ,

Q := {g(x) ∈ C (Rn) : g(x) > 0,∀x ∈ Rn} ,

Qr,ν :=

{
g(x) ∈ Q : Dβg(x) ∈ C(Rn) è

1

g(x)
⇒ 0, lim

|x|→∞
max
|x−y|≤1

|g(x)− g(y)|
g(y)

= 0,

|Dβg(x)|
g(x)1+(β:ν)

⇒ 0 ïðè |x| → ∞,∀β ∈ Zn+, 0 < (β : ν) ≤ r

}
.

Äëÿ k ∈ Z+, ν ∈ Nn è q ∈ Q îáîçíà÷èì Hk,ν
q (Rn) ìíîæåñòâî èçìåðèìûõ ôóíêöèé {u} ñ

íîðìîé

‖u‖k,ν,q =
∑

(α:ν)≤k

‖Dαu · qk−(α:ν)‖L2(Rn) <∞.

Äëÿ ïîëîæèòåëüíîãî ÷èñëà N è x0 ∈ Rn îáîçíà÷èì

KN := {x ∈ Rn : |x| ≤ N}, KN(x0) := {x ∈ Rn : |x− x0| ≤ N}.
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Ãëàâà 1

ÀÏÐÈÎÐÍÛÅ ÎÖÅÍÊÈ Â

ÀÍÈÇÎÒÐÎÏÍÛÕ

ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Äàííàÿ ãëàâà ïîñâÿùåíà àïðèîðíûì îöåíêàì ñïåöèàëüíîãî âèäà äëÿ äèôôåðåíöèàëü-

íûõ îïåðàòîðîâ, äåéñòâóþùèõ â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ â Rn. Èçó÷à-

þòñÿ óñëîâèÿ íà ñèìâîë îïåðàòîðà, íåîáõîäèìûå äëÿ âûïîëíåíèÿ àïðèîðíûõ îöåíîê. Ïðè

îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû ïîëó÷åíû àïðèîðíûå îöåíêè äëÿ ïîëóýëëèïòè-

÷åñêèõ îïåðàòîðîâ â ñîîòâåñòâóþùèõ âåñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ.

Ãëàâà ñîñòîèò èç òðåõ ïàðàãðàôîâ. Â ïåðâîì ïàðàãðàôå èññëåäóåòñÿ âûïîëíåíèå ñïåöè-

àëüíûõ àïðèîðíûõ îöåíîê â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ è óñòàíàâëèâàþòñÿ

íåîáõîäèìûå äëÿ èõ âûïîëíåíèÿ óñëîâèÿ íà ñèìâîë îïåðàòîðà. Âî âòîðîì ïàðàãðàôå ïðè

îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû ïîëó÷åíû àïðèîðíûå îöåíêè â ñîîòâåòñòâó-

þùèõ âåñîâûõ ïðîñòðàíñòâàõ. Ïîñëåäíèé ïàðàãðàô ïîñâÿùåí íåêîòîðûì ïðèëîæåíèÿì

ñïåöèàëüíûõ àïðèîðíûõ îöåíîê äëÿ íåòåðîâîñòè ðàññìàòðèâàåìûõ îïåðàòîðîâ.

1.1 Àïðèîðíûå îöåíêè â àíèçîòðîïíûõ ñîáîëåâñêèõ

ïðîñòðàíñòâàõ

Ïóñòü k ∈ N, k ≥ s è êîýôôèöèåíòû äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (0.0.1) óäî-

âëåòâîðÿþò óñëîâèÿì:

aα(x) ∈ Ck−s,ν(Rn),∀α ∈ Zn+, (α : ν) ≤ s.
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Òîãäà P (x,D) ïîðîæäàåò îãðàíè÷åííûé ëèíåéíûé îïåðàòîð èç Hk,ν(Rn) â Hk−s,ν(Rn).

Îáîçíà÷èì åãî ÷åðåç
(
P ;Hk,ν

)
.

Òåîðåìà 1.1.1. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) . (1.1.1)

Toãäà P (x,D) ïîëóýëëèïòè÷åí â Rn.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì îáðàòíîå, ÷òî P (x,D) íå ïîëóýëëèïòè÷åí â Rn, òî åñòü

ñóùåñòâóþò x0, ξ0 ∈ Rn, |ξ0| 6= 0 òàêèå, ÷òî Ps (x0, ξ0) = 0.

ÏóñòüN ëþáîå ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî è ϕ ∈ C∞0 (Rn) òàêàÿ, ÷òî suppϕ ⊂

KN(x0) è ‖ϕ‖L2(Rn) = 1.

Äëÿ ïîëîæèòåëüíîãî ÷èñëà λ îáîçíà÷èì λ
1
ν ξ0 =

(
λ

1
ν1 ξ0

1 , . . . , λ
1
νn ξ0

n

)
è uλ,ν(x) =

e
i
(
λ

1
ν ξ0,x

)
ϕ(x).

Òàê êàê äëÿ ïðîèçâîëüíîãî α ∈ Zn+

Dαuλ,ν(x) =
(
ξ0
)α
λ(α:ν)e

i
(
λ

1
ν ξ0,x

)
ϕ(x) +

∑
0≤β<α

Cβ
αλ

(β:ν)
(
ξ0
)β
e
i
(
λ

1
ν ξ0,x

)
Dα−βϕ(x),

òî äëÿ âñåõ α ∈ Zn+, (α : ν) ≤ k èìååì

‖Dαuλ,ν‖L2(Rn) = λ(α:ν)|
(
ξ0
)α |‖ϕ‖L2(Rn) + o(λ(α:ν)).

Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C1 > 0 ïîëó÷èì

‖uλ,ν‖k,ν ≥ C1

∑
(α:ν)≤k

λ(α:ν)|
(
ξ0
)α |‖ϕ‖L2(Rn) + o(λk) ïðè λ→∞. (1.1.2)

Ñ äðóãîé ñòîðîíû, â ñèëó óñëîâèÿ íà êîýôôèöèåíòû P (x,D) è ó÷èòûâàÿ, ÷òî ϕ ∈

C∞0 (Rn), suppϕ ⊂ KN(x0) äëÿ âñåõ α ∈ Zn+, (α : ν) ≤ k − s èìååì

‖Dα (P (x,D)uλ,ν) ‖L2(Rn) ≤ |
(
ξ0
)α |λ(α:ν)λs·

· max
x∈KN (x0)

|Ps(x, ξ0)|‖ϕ‖L2(Rn) + o(λk).

Îòñþäà ñ íåêîòîðîé ïîñòîÿííîé C2 > 0 ïîëó÷èì

‖Puλ,ν‖k−s,ν ≤ C2

∑
(α:ν)≤k−s

|
(
ξ0
)α | λ(α:ν)+s max

x∈KN (x0)
|Ps(x, ξ0)|‖ϕ‖L2(Rn) + o(λk) (1.1.3)

ïðè λ→∞.

21



Òîãäà èç îöåíêè (1.1.1) â ñèëó (1.1.2)�(1.1.3), ðàçäåëèâ íà λk è óñòðåìèâ λ → ∞, ñ

ïîñòîÿííîé C3 = CC2

C1
> 0 ïîëó÷èì

∑
(α:ν)=k

|
(
ξ0
)α | ≤ C3

∑
(α:ν)=k−s

|
(
ξ0
)α | max

x∈KN (x0)
|Ps(x, ξ0)|. (1.1.4)

Òàê êàê ν ∈ Nn, k ∈ N, k ≥ s, òî íåòðóäíî çàìåòèòü, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå

÷èñëà δ1 è δ2 òàêèå, ÷òî

∑
(α:ν)=k

|ξα| ≥ δ1|ξ|kν ,
∑

(α:ν)=k−s
|ξα| ≤ δ2|ξ|k−sν ∀ξ ∈ Rn. (1.1.5)

Ñ ó÷åòîì (1.1.5) èç (1.1.4), ïîëó÷èì

δ1|ξ0|kν ≤ C3δ2|ξ0|k−sν max
x∈KN (x0)

|Ps(x, ξ0)|.

Îáîçíà÷èì (ξ0)
′
=

(
ξ01

|ξ0|
1
ν1
ν

, . . . , ξ0n

|ξ0|
1
νn
ν

)
.

Â ñèëó 1/ν-îäíîðîäíîñòè ïîðÿäêà s ìíîãî÷ëåíà Ps(x, ξ) èìååì, ÷òî Ps(x, ξ
0) =

|ξ0|sνPs(x, (ξ0)
′
) äëÿ âñåõ x ∈ Rn.

Ñëåäîâàòåëüíî

δ1|ξ0|kν ≤ C3δ2|ξ0|kν max
x∈KN (x0)

∣∣∣Ps (x, (ξ0
)′)∣∣∣ . (1.1.6)

Òàê êàê Ps
(
x0, (ξ0)

′)
= |ξ0|−sν Ps(x

0, ξ0), òî â ñèëó ïðåäïîëîæåíèÿ ïîëó÷èì, ÷òî

Ps(x
0, (ξ0)

′
) = 0. Ñëåäîâàòåëüíî â ñèëó íåïðåðûâíîñòè êîýôôèöèåíòîâ Ps(x,D) ñóùåñòâó-

åò N0 > 0 òàêîå, ÷òî max
x∈KN0

(x0)
|Ps(x, (ξ0)

′
)| < δ1

C3δ2
. Ïîñëåäíåå ïðè N = N0 ïðîòèâîðå÷èò

îöåíêå (1.1.6) è äîêàçûâàåò òåîðåìó.

Íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ñëåäóþùåãî óòâåðæäåíèÿ, ÿâëÿþùåãîñÿ àíàëî-

ãîì ïðåäëîæåíèÿ 1.8.1 èç [59]:

Óòâåðæäåíèå 1.1.1. Ïóñòü k1 < k < k2. Òîãäà äëÿ ëþáîãî ε > 0 íàéäåòñÿ Cε > 0 òàêîå,

÷òî äëÿ ôóíêöèé u ∈ Hk2,ν (Rn) ñïðàâåäëèâî íåðàâåíñòâî

‖u‖k,ν ≤ ε ‖u‖k2,ν + Cε ‖u‖k1,ν . (1.1.7)

Çàìå÷àíèå 1.1.1. Â îáùåì ñëó÷àå èç ïîëóýëëèïòè÷íîñòè â Rn íå ñëåäóåò âûïîëíåíèå

àïðèîðíîé îöåíêè (1.1.1).

22



Äåéñòâèòåëüíî, ðàññìîòðèì ïîëóýëëèïòè÷åñêóþ â Rn äèôôåðåíöèàëüíóþ ôîðìó

P (x,D) òàêóþ, ÷òî aα (x) ⇒ 0 ïðè |x| → ∞ äëÿ âñåõ (α : ν) = s, α ∈ Zn+. Òîãäà ïîêà-

æåì, ÷òî àïðèîðíàÿ îöåíêà âèäà (1.1.1) íå ìîæåò âûïîëíÿòüñÿ.

Äëÿ Ω ⊂ Rn îáîçíà÷èì ∆ (Ps,Ω) := max
(α:ν)=s

sup
x∈Ω
|aα (x)|.

Èç óñëîâèÿ íà êîýôôèöèåíòû ñëåäóåò, ÷òî äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò N =

N(ε) òàêîå ÷òî

∆(Ps,Rn\KN) < ε.

Äîïóñòèì èìååò ìåñòî îöåíêà (1.1.1).

Ïóñòü ϕ ∈ C∞0 (Rn), 0 ≤ ϕ ≤ 1 è ϕ(x) = 1 ïðè x ∈ KN .

Òîãäà èç îöåíêè (1.1.1) ïîëó÷èì

‖(1− ϕ)u‖k,ν ≤ C
(
‖P (1− ϕ)u‖k−s,ν + ‖(1− ϕ)u‖L2(Rn)

)
,∀u ∈ Hk,ν(Rn). (1.1.8)

Ïðèìåíÿÿ óòâåðæäåíèå 1.1.1, èç (1.1.8) ëåãêî ïîëó÷èòü, ÷òî

‖(1− ϕ)u‖k,ν ≤ C ′
(
∆(Ps,Rn\KN)‖(1− ϕ)u‖k,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν(Rn).

Âîçüìåì ε < 1
C′
. Òîãäà ïîëó÷èì îöåíêó

‖(1− ϕ)u‖k,ν ≤ C ′′‖u‖L2(Rn) ,∀u ∈ Hk,ν(Rn). (1.1.9)

Äîêàæåì, ÷òî îöåíêà (1.1.9) íå ìîæåò âûïîëíÿòüñÿ äëÿ âñåõ u ∈ Hk,ν(Rn).

Ïóñòü η ∈ C∞0 (Rn) òàêàÿ, ÷òî 0 ≤ η(x) ≤ 1, η(x) = 1 ïðè |x| ≤ 1 è η(x) = 0 ïðè |x| ≥ 2.

Âîçüì¼ì x0 ∈ Rn \ KN òàêóþ, ÷òî K2(x0) ⊂ Rn \ KN è ðàññìîòðèì ïîñëåäîâàòåëüíîñòü

ôóíêöèé um(x) = η(m · (x− x0)),m ∈ N.

Äëÿ ïðîèçâîëüíîãî β ∈ Zn+

Dβum(x) = m|β|
(
Dβη

)
(m · (x− x0)).

Ïîäñòàâèâ um(x) â (1.1.9) ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé ïîëó÷èì íåðàâåíñòâî∑
(β:ν)≤k

m|β|‖Dβη‖L2(Rn) ≤ C1‖η‖L2(Rn), (1.1.10)

êîòîðîå ïðè äîñòàòî÷íî áîëüøîì m íå ìîæåò âûïîëíÿòüñÿ. Ñëåäîâàòåëüíî, ïîëó÷èëè

ïðîòèâîðå÷èå.

Òåîðåìà 1.1.1′. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) . (1.1.11)

Toãäà P (x,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí â Rn.

23



Äîêàçàòåëüñòâî. Ïóñòü x0, ξ ∈ Rn, |ξ| 6= 0, N ∈ R+. Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû

1.1.1 ñ íåêîòîðîé ïîñòîÿííîé δ > 0, íå çàâèñÿùåé îò x0 è N , ïîëó÷èì ñëåäóþùóþ îöåíêó:

max
x∈KN (x0)

|Ps(x, ξ)| ≥ δ|ξ|sν .

Â ñèëó òîãî, ÷òî êîýôôèöèåíòû Ps(x,D) íåïðåðûâíû, òî ïåðåõîäÿ ê ïðåäåëó ïðè N →

0, ïîëó÷èì

|Ps(x0, ξ)| ≥ δ|ξ|sν .

Ñëåäîâàòåëüíî, èìååò ìåñòî

|Ps(x, ξ)| ≥ δ|ξ|sν ,∀x, ξ ∈ Rn.

Òåîðåìà 1.1.2. (ñì. [4] òåîðåìà 7.1). Ïóñòü E, F, E0 áàíàõîâû ïðîñòðàíñòâà, ïðè÷¼ì

E êîìïàêòíî âëîæåíî â E0. Ïóñòü A îãðàíè÷åííûé ëèíåéíûé îïåðàòîð, äåéñòâóþùèé

èç E â F . Äëÿ òîãî, ÷òîáû îïåðàòîð À, äåéñòâóþùèé èç E â F , áûë n�íîðìàëüíûì

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå àïðèîðíîé îöåíêè:

‖x‖E ≤ C (‖Ax‖F + ‖x‖E0) , ∀x ∈ E.

Èç òåîðåìû 1.1.2 ïîëó÷èì

Ñëåäñòâèå 1.1.1. Ïóñòü P (x,D) äèôôåðåíöèàëüíàÿ ôîðìà âèäà (0.0.1). Òîãäà äëÿ òîãî,

÷òîáû îïåðàòîð (P ;Hk,ν) áûë n−íîðìàëüíûì íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñ íåêî-

òîðîé ïîñòîÿííîé C > 0 è ÷èñëîì M > 0 âûïîëíÿëàñü ñëåäóþùàÿ îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(KM )

)
, ∀u ∈ Hk,ν (Rn) .

Ëåãêî óáåäèòüñÿ, ÷òî èç òåîðåìû 1.1.1′, â ñèëó ñëåäñòâèÿ 1.1.1, èìååì

Òåîðåìà 1.1.3. Ïóñòü
(
P ;Hk,ν

)
í¼òåðîâûé îïåðàòîð. Òîãäà P (x,D) ðàâíîìåðíî ïîëóýë-

ëèïòè÷åí â Rn.

Äëÿ λ ∈ R+, k ∈ Z+, ν ∈ Nn îáîçíà÷èì

‖u‖k,ν,λ =
∑

(α:ν)≤k

λk−(α:ν)‖Dαu‖L2(Rn).

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x, λ,D) =
∑

(α:ν)≤s

aα(x)λs−(α:ν)Dα,

ãäå aα(x) ∈ Ck−s,ν(Rn).
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Òåîðåìà 1.1.4. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x, λ,D) ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν,λ ≤ C
(
‖Pu‖k−s,ν,λ + ‖u‖L2(Rn)

)
, ∀u ∈ Hk,ν(Rn), λ > 0. (1.1.12)

Òîãäà P (x, λ,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí îòíîñèòåëüíî ïàðàìåòðà λ: ñóùåñòâóåò

ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî

|P (x, λ, ξ)| ≥ δ(λ+ |ξ|ν)s,∀ξ, x ∈ Rn, λ > 0.

Äîêàçàòåëüñòâî. Ïóñòü x0, ξ ∈ Rn, |ξ| 6= 0, N ∈ R+ è ϕ ∈ C∞0 (Rn), suppϕ ⊂

KN(x0), ‖ϕ‖L2(Rn) = 1 .

Äëÿ λ ∈ R+ îáîçíà÷èì λ
1
ν ξ = (λ

1
ν1 ξ1, · · · , λ

1
νn ξn) è uλ,ν(x) = ei(λ

1
ν ξ,x)ϕ(x).

Òàê êàê äëÿ ïðîèçâîëüíîãî α ∈ Zn+

Dαuλ,ν(x) = ξαλ(α:ν)ei(λ
1
ν ξ,x)ϕ(x) +

∑
0≤β<α

Cβ
αλ

(β:ν)ξβei(λ
1
ν ξ,x)Dα−βϕ(x),

òî äëÿ âñåõ α ∈ Zn+, (α : ν) ≤ k èìååì

‖Dαuλ,ν‖L2(Rn)λ
k−(α:ν) = λk‖ϕ‖L2(Rn)|ξα|+ o(λk).

Òîãäà ïîëó÷èì

‖uλ,ν‖k,ν,λ = λk
∑

(α:ν)≤k

|ξα|‖ϕ‖L2(Rn) + o(λk) ïðè λ→∞. (1.1.13)

Â ñèëó óñëîâèÿ íà êîýôôèöèåíòû äèôôåðåíöèàëüíîé ôîðìû P (x, λ,D) äëÿ âñåõ α ∈

Zn+, (α : ν) ≤ k − s èìååì

‖Dα(P (x, λ,D)uλ,ν)‖L2(Rn)λ
k−s−(α:ν) ≤ |ξα|λ(α:ν)+k−s−(α:ν)+s·

· max
x∈KN (x0)

|P (x, 1, ξ)|‖ϕ‖L2(Rn) + o(λk),

‖P (x, λ,D)uλ,ν‖k−s,ν,λ ≤ λk
∑

(α:ν)≤k−s

|ξα| max
x∈KN (x0)

|P (x, 1, ξ)|‖ϕ‖L2(Rn) + o(λk) (1.1.14)

ïðè λ→∞.

Toãäà èç îöåíêè (1.1.12) â ñèëó (1.1.13) è (1.1.14), ðàçäåëèâ íà λk è óñòðåìèâ λ → ∞,

ïîëó÷èì ∑
(α:ν)≤k

|ξα| ≤ C
∑

(α:ν)≤k−s

|ξα| max
x∈KN (x0)

|P (x, 1, ξ)|,∀ξ ∈ Rn.
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Òàê êàê k ∈ N, k ≥ s, ν ∈ Nn, òî ñóùåñòâóþò ïîñòîÿííûå δ1, δ2 > 0 òàêèå, ÷òî∑
(α:ν)≤k

|ξα| ≥ δ1(1 + |ξ|ν)k,
∑

(α:ν)≤k−s

|ξα| ≤ δ2(1 + |ξ|ν)k−s,∀ξ ∈ Rn.

Òîãäà ñ íåêîòîðîé ïîñòîÿííîé δ > 0 ïîëó÷èì

max
x∈KN (x0)

|P (x, 1, ξ)| ≥ δ(1 + |ξ|ν)s,∀ξ ∈ Rn.

Èç ïîñëåäíåãî, â ñèëó íåïðåðûâíîñòè êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ôîðìû

P (x, λ,D), óñòðåìèâ N → 0, ïîëó÷èì

|P (x, 1, ξ)| ≥ δ(1 + |ξ|ν)s,∀x, ξ ∈ Rn. (1.1.15)

Ïóñòü λ ∈ R+, ξ ∈ Rn. Ïîäñòàâèâ â (1.1.15) âìåñòî ξ ξ

λ
1
ν

=

(
ξ1

λ
1
ν1

, . . . , ξn

λ
1
νn

)
, ëåãêî

ïîëó÷èòü ñëåäóþùóþ îöåíêó:

|P (x, λ, ξ)| ≥ δ(λ+ |ξ|ν)s,∀x, ξ ∈ Rn, λ > 0.

Ïðåäëîæåíèå 1.1.1. Ïóñòü P (x,D) ïîëóýëëèïòè÷åñêàÿ â Rn äèôôåðåíöèàëüíàÿ ôîðìà

âèäà (0.0.1) ñ êîýôôèöèåíòàìè èç C∞(Rn) è ïîñòîÿííûìè êîýôôèöèåíòàìè â ãëàâíîé

÷àñòè. Òîãäà ïðè ïðîèçâîëüíîì k ∈ R+ ñ íåêîòîðîé ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ

îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) . (1.1.16)

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç Ps(ξ) ñèìâîë ãëàâíîé ÷àñòè P (x,D). Èç ïîëóýëëèï-

òè÷íîñòè P (x,D) ñëåäóåò, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî

|Ps (ξ)| ≥ δ |ξ|sν ,∀ξ ∈ Rn. (1.1.17)

Ðàññìîòðèì îïåðàòîð

R0 = F−1 |ξ|sν
(1 + |ξ|sν)Ps (ξ)

F. (1.1.18)

Èç îöåíêè (1.1.17) ñëåäóåò, ÷òî R0 ÿâëÿåòñÿ îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì, äåé-

ñòâóþùèì èç Hk−s,ν (Rn) â Hk,ν (Rn).

Òîãäà R0Ps ìîæíî ïðåäñòàâèòü â âèäå

R0Ps = I + T,
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ãäå T = −F−1 1
(1+|ξ|sν)

F. Íåòðóäíî çàìåòèòü, ÷òî äëÿ ïðîèçâîëüíîãî k ∈ R îïåðàòîð T ÿâëÿ-

åòñÿ îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì èç Hk−s,ν (Rn) â Hk,ν (Rn). Toäà äëÿ R0P (x,D)

ïîëó÷èì ñëåäóþùåå ïðåäñòàâëåíèå

R0P (x,D) = R0Ps (D) +R0L (x,D) =

= I + T +R0L (x,D) .
(1.1.19)

Èñïîëüçóÿ ïðåäñòàâëåíèå (1.1.19), â ñèëó îöåíêè (1.1.7), ïîëó÷èì

‖u‖k,ν = ‖R0Pu− Tu−R0Lu‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
, ∀u ∈ Hk,ν(Rn).

Ýòèì óòâåðæäåíèå ïðåäëîæåíèÿ 1.1.1 äîêàçàíî.

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (0.0.1) îáîçíà÷èì

∆0 (Ps) := max
(α:ν)=s

sup
x∈Rn
|aα (x)− aα (0)| , δ := δ(Ps) := min

|ξ|ν=1
|Ps(0, ξ)|.

Ïðåäëîæåíèå 1.1.2. Ïóñòü P (x,D) ïîëóýëëèïòè÷åñêàÿ äèôôåðåíöèàëüíàÿ ôîðìà â Rn

âèäà (0.0.1) ñ êîýôôèöèåíòàìè èç C∞(Rn). Òîãäà äëÿ ïðîèçâîëüíîãî k ∈ R, k ≥ s ñóùå-

ñòâóåò η0 = η0(k, δ) > 0 òàêîå, ÷òî ïðè ∆0 (Ps) < η0 ñ íåêîòîðîé ïîñòîÿííîé C > 0

âûïîëíÿåòñÿ îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) . (1.1.20)

Äîêàçàòåëüñòâî. Òàê êàê Ps(0,D) : Hk,ν(Rn)→ Hk−s,ν(Rn) óäîâëåòâîðÿåò óñëîâèÿì ïðåä-

ëîæåíèÿ 1.1.1, òî

‖u‖k,ν ≤ C
(
‖Ps(0,D)u‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν(Rn). (1.1.21)

Äèôôåðåíöèàëüíóþ ôîðìó Ps(0,D) ïðåäñòàâèì â ñëåäóþùåì âèäå

Ps(0,D) = P (x,D)− (Ps(x,D)− Ps(0,D))− L(x,D).

Èñïîëüçóÿ ýòî ïðåäñòàâëåíèå èç îöåíêè (1.1.21) ñ íåêîòîðîé ïîñòîÿííîé C > 0 ïîëó÷èì

‖u‖k,ν ≤ C
(
‖Ps(0, D)u‖k−s,ν + ‖u‖L2(Rn)

)
≤

≤ C
(
‖Pu‖k−s,ν + ‖(Ps(x,D)− Ps(0, D))u‖k−s,ν + ‖Lu‖k−s,ν + ‖u‖L2(Rn)

)
,

∀u ∈ Hk,ν(Rn).

Îòñþäà â ñèëó óòâåðæäåíèÿ 1.1.1 äëÿ ïðîèçâîëüíîãî ε > 0 ïîëó÷èì

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ∆0(Ps)‖u‖k,ν + ε‖u‖k,ν + (C1 + 1)‖u‖L2(Rn)

)
,∀u ∈ Hk,ν(Rn).
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Ïðè Cε < 1 ïîëó÷èì

‖u‖k,ν ≤
C

1− Cε
(
‖Pu‖k−s,ν + (C1 + 1)‖u‖L2(Rn) + ∆0(Ps)‖u‖k,ν

)
,∀u ∈ Hk,ν(Rn).

Ïóñòü ∆0(Ps) < η0 = 1−Cε
C

.

Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C2 > 0 ïîëó÷èì òðåáóåìóþ îöåíêó

‖u‖k,ν ≤ C2

(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν(Rn).

Ïðåäëîæåíèå 1.1.3. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) ðàâíîìåðíî ïîëóýëëèï-

òè÷íà â Rn è êîýôôèöèåíòû aα(x) ïðè (α : ν) = s ðàâíîìåðíî íåïðåðûâíûå ôóíêöèè.

Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ îöåíêà

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) .

Äîêàçàòåëüñòâî. Ïóñòü x0 ∈ Rn, δ ∈ R+, ϕ ∈ C∞0 (Rn), suppϕ ⊂ Kδ(x0). Òàê êàê P (x,D)

ðàâíîìåðíî ïîëóýëëèïòè÷åí, òî â ñèëó ïðåäëîæåíèÿ 1.1.1 ñ íåêîòîðîé ïîñòîÿííîé C1 > 0,

íå çàâèñÿùåé îò âûáîðà x0, èìååì:

‖u‖k,ν ≤ C1

(
‖P (x0,D)u‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) .

Äèôôåðåíöèàëüíóþ ôîðìó P (x0,D) ïðåäñòàâèì â ñëåäóþùåì âèäå

P (x0,D) = P (x,D)− (P (x,D)− P (x0,D)) .

Èç ïîñëåäíåãî ïðåäñòàâëåíèÿ ïîëó÷èì

‖P (x0,D)u‖k−s,ν ≤ ‖P (x,D)u‖k−s,ν + ‖(P (x,D)− P (x0,D))u‖k−s,ν , ∀u ∈ Hk,ν(Rn).

Ïðèìåíÿÿ ïîñëåäíþþ îöåíêó è óòâåðæäåíèå 1.1.1 ñ íåêîòîðûìè ïîñòîÿííûìè C
′
1, C2 >

0 ïîëó÷èì

‖ϕu‖2
k,ν ≤ C ′1

(
‖P (x0,D)(ϕu)‖2

k−s,ν + ‖ϕu‖2
L2(Rn)

)
≤

≤ C ′1‖P (x,D)(ϕu)‖2
k−s,ν + C ′1‖(P (x,D)− P (x0,D))(ϕu)‖2

k−s,ν+

+ C ′1‖ϕu‖2
L2(Rn) ≤ C2‖P (x,D)(ϕu)‖2

k−s,ν+

+ C2 max
(α:ν)=s

max
x∈Kδ(x0)

|aα(x)− aα(x0)|2‖ϕu‖2
k,ν + C2‖ϕu‖2

L2(Rn),∀u ∈ Hk,ν(Rn).
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Â ñèëó óñëîâèé òåîðåìû êîýôôèöèåíòû aα(x) ïðè (α : ν) = s ðàâíîìåðíî íåïðåðûâíû,

ñëåäîâàòåëüíî, ñóùåñòâóåò δ0 > 0 òàêàÿ, ÷òî

max
(α:ν)=s

sup
|x−y|<δ0

|aα(x)− aα(y)|2 < 1

C2

.

Ïóñòü ϕ (x) ∈ C∞0 (Rn) òàêàÿ, ÷òî 0 ≤ ϕ (x) ≤ 1 è ϕ (x) = 1 ïðè |x| ≤ δ0
2
, ϕ (x) = 0

ïðè |x| ≥ δ0 è ω ∈ R+ òàêàÿ, ÷òî ω
√
n < δ0. Îáîçíà÷èì ÷åðåç {zp}∞p=0 òî÷êè ðåøåòêè â

ïðîñòðàíñòâå Rn ñî ñòîðîíîé ω.

Îáîçíà÷èì

ϕp(x) := ϕ(x− zp)

(
∞∑
q=0

ϕ(x− zq)

)−1

, p ∈ Z+.

Òîãäà {ϕp}∞p=0 ðàçáèåíèå åäèíèöû, óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

(i). max
x,y∈suppϕp

|x− y| < δ0;

(ii). ñóùåñòâóåò m ∈ N òàêîå, ÷òî äëÿ ïðîèçâîëüíîãî íîìåðà i íàéäåòñÿ íå áîëåå m

ôóíêöèé ϕj(x) òàêèõ, ÷òî suppϕi ∩ suppϕj 6= ∅;

(iii). |Dαϕp(x)| ≤ Cα,∀p ∈ Z+, ∀α ∈ Zn+.

Îáîçíà÷èì Wp = suppϕp, p ∈ Z+.

Èñïîëüçóÿ óñëîâèÿ (i)�(iii), íåòðóäíî ïîëó÷èòü ñëåäóþùóþ îöåíêó

‖P (x,D)(ϕpu)‖2
k−s,ν ≤ ‖ϕpP (x,D)u‖2

k−s,ν + ‖P (x,D)(ϕpu)− ϕpP (x,D)u‖2
k−s,ν ≤

≤ ‖ϕpP (x,D)u‖2
k−s,ν + C3

∑
(β:ν)<k

∫
Wp

|Dβu|2dx

Èç ïîñëåäíèõ îöåíîê ñ íåêîòîðîé ïîñòîÿííîé C4 > 0, íå çàâèñÿùåé îò p, èìååì

‖ϕpu‖2
k,ν ≤ C4

‖ϕpPu‖2
k−s,ν + ‖ϕpu‖2

L2(Rn) +
∑

(β:ν)<k

∫
Wp

|Dβu|2dx

 . (1.1.22)

Â ñèëó îöåíêè (1.1.22) è óñëîâèé (ii)�(iii) ñ íåêîòîðûìè ïîñòîÿííûìè C5, C6, C7 > 0

ïîëó÷èì

‖u‖2
k,ν ≤ C5

∞∑
p=0

‖ϕpu‖2
k,ν ≤ C5C4

(
∞∑
p=0

‖ϕpPu‖2
k−s,ν +

∞∑
p=0

‖ϕpu‖2
L2(Rn)

)
+

+ C6

∑
(β:ν)<k

‖Dβu‖2
L2(Rn) ≤ C7

‖Pu‖2
k−s,ν + ‖u‖2

L2(Rn) +
∑

(β:ν)<k

‖Dβu‖2
L2(Rn)

 .

29



Â ñèëó óòâåðæäåíèÿ 1.1.1 äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò Cε > 0 òàêîå, ÷òî

‖u‖2
k,ν ≤ C7

(
‖Pu‖2

k−s,ν + ‖u‖2
L2(Rn)

)
+ C7

(
ε‖u‖2

k,ν + Cε‖u‖2
L2(Rn)

)
,∀u ∈ Hk,ν(Rn).

Âîçüì¼ì ε < 1
C7
. Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C8 > 0 ïîëó÷èì

‖u‖k,ν ≤ C8

(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν(Rn).

1.2 Àïðèîðíûå îöåíêè â àíèçîòðîïíûõ âåñîâûõ ïðî-

ñòðàíñòâàõ

Ïóñòü k ∈ N, k ≥ s, q ∈ Q è êîýôôèöèåíòû äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (0.0.1)

óäîâëåòâîðÿþò óñëîâèÿì:

|Dβaα(x)| ≤ Cα,β q(x)s−(α:ν)+(β:ν)
(
∀α, β ∈ Zn+ (α : ν) ≤ s, (β : ν) ≤ k − s

)
.

Òîãäà P (x,D) ïîðîæäàåò îãðàíè÷åííûé ëèíåéíûé îïåðàòîð èç Hk,ν
q (Rn) â Hk−s,ν

q (Rn).

Îáîçíà÷èì åãî ÷åðåç
(
P ;Hk,ν

q

)
.

Òåîðåìà 1.2.1. Ïóñòü äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν

q (Rn) . (1.2.1)

Toãäà P (x,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí â Rn.

Äîêàçàòåëüñòâî. Ïóñòü x0, ξ ∈ Rn, |ξ| 6= 0.

Ïóñòü N ëþáîå ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî è ϕ ∈ C∞0 (Rn), suppϕ ⊂ KN(x0),

‖ϕ‖L2(Rn) = 1.

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1.1.1 äëÿ λ ∈ R+ è ν ∈ Nn ðàññìîòðèì ôóíêöèþ

uλ,ν(x) = e
i
(
λ

1
ν ξ,x

)
ϕ(x).

Òàê êàê äëÿ ïðîèçâîëüíîãî α ∈ Zn+

Dαuλ,ν(x) = ξαλ(α:ν)e
i
(
λ

1
ν ξ,x

)
ϕ(x) +

∑
0≤β<α

Cβ
αλ

(β:ν)ξβe
i
(
λ

1
ν ξ,x

)
Dα−βϕ(x),

òî äëÿ âñåõ α ∈ Zn+, (α : ν) ≤ k èìååì∥∥Dαuλ,ν · qk−(α:ν)
∥∥
L2(Rn)

= λ(α:ν) |ξα|
∥∥ϕ · qk−(α:ν)

∥∥
L2(Rn)

+ o
(
λ(α:ν)

)
.
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Òîãäà ïîëó÷èì

‖uλ,ν‖k,ν,q =
∑

(α:ν)≤k

λ(α:ν)|ξα|‖ϕ · qk−(α:ν)‖L2(Rn) + o(λk) ïðè λ→∞. (1.2.2)

Ñ äðóãîé ñòîðîíû, â ñèëó óñëîâèÿ íà êîýôôèöèåíòû P (x,D) è ó÷èòûâàÿ, ÷òî ϕ ∈

C∞0 (Rn), suppϕ ⊂ KN(x0) äëÿ âñåõ α ∈ Zn+, (α : ν) ≤ k − s, èìååì

∥∥Dα (P (x,D)uλ,ν) q
k−s−(α:ν)

∥∥
L2(Rn)

≤ |ξα|λ(α:ν)λs·

· max
x∈KN (x0)

|Ps(x, ξ)|
∥∥ϕ · qk−s−(α:ν)

∥∥
L2(Rn)

+ o(λk).

Îòñþäà ïîëó÷èì

‖Puλ,ν‖k−s,ν,q ≤
∑

(α:ν)≤k−s

|ξα| λ(α:ν)+s max
x∈KN (x0)

|Ps(x, ξ)|
∥∥ϕ · qk−s−(α:ν)

∥∥
L2(Rn)

+ o(λk) (1.2.3)

ïðè λ→∞.

Òîãäà èç îöåíêè (1.2.1) â ñèëó (1.2.2)�(1.2.3), ðàçäåëèâ íà λk è óñòðåìèâ λ→∞, ïîëó-

÷èì

∑
(α:ν)=k

|ξα| ≤ C
∑

(α:ν)=k−s

|ξα| max
x∈KN (x0)

|Ps(x, ξ)|. (1.2.4)

Èç (1.2.4), àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1.1.1, ïîëó÷èì

δ1|ξ|kν ≤ Cδ2|ξ|k−sν max
x∈KN (x0)

|Ps(x, ξ)|,

ãäå δ1 = min
|ξ|ν=1

∑
(α:ν)=k

|ξα|, δ2 = max
|ξ|ν=1

∑
(α:ν)=k−s

|ξα|.

Èç ïîñëåäíåãî â ñèëó íåïðåðûâíîñòè êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ôîðìû

Ps(x,D), óñòðåìèâ N → 0, ñ ïîñòîÿííîé δ = δ1
Cδ2

> 0, ïîëó÷èì

|Ps (x, ξ)| ≥ δ |ξ|sν ,∀x ∈ Rn,∀ξ ∈ Rn. (1.2.5)

Çàìå÷àíèå 1.2.1. Â îáùåì ñëó÷àå èç ðàâíîìåðíîé ïîëóýëëèïòè÷íîñòè P (x,D) íå ñëå-

äóåò âûïîëíåíèå àïðèîðíîé îöåíêè âèäà (1.2.1). Ïðè äîïîëíèòåëüíûõ óñëîâèÿõ íà âå-

ñîâóþ ôóíêöèþ è êîýôôèöèåíòû äèôôåðåíöèàëüíîé ôîðìû P (x,D) äàëåå ïîëó÷åíî, ÷òî

äëÿ îöåíêè âèäà (1.2.1) íåîáõîäèìûì ÿâëÿåòñÿ áîëåå ñèëüíîå óñëîâèå, ÷åì ðàâíîìåðíàÿ

ïîëóýëëèïòè÷íîñòü â Rn.
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Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x,D) =
∑

(α:ν)≤s

aαq(x)s−(α:ν)Dα,

ãäå aα � ïîñòîÿííûå ÷èñëà, q ∈ Qk−s,ν .

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) è λ ∈ R+ îáîçíà÷èì

P (λ,D) =
∑

(α:ν)≤s

aαλ
s−(α:ν)Dα.

Òåîðåìà 1.2.2. Ïóñòü q ∈ Qk−s,ν è äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) ñ íåêîòîðîé

ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν

q (Rn). (1.2.6)

Òîãäà P (λ,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí îòíîñèòåëüíî ïàðàìåòðà λ: ñóùåñòâóåò

ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

aαλ
s−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0.

Äîêàçàòåëüñòâî. ÏóñòüM ∈ R+, xM ∈ Rn\KM , ϕ ∈ C∞0 (Rn), suppϕ ⊂ K1(xM), ‖ϕ‖L2(Rn) =

1 è ξ ∈ Rn.

Ðàññìîòðèì ôóíêöèþ ũ(x) = ei(q(xM )
1
ν ξ,x)ϕ(x).

Òàê êàê lim
|x|→∞

max
|x−y|≤1

|q(x)−q(y)|
q(y)

= 0, òî äëÿ ïðîèçâîëüíîãî r ∈ R+ èìååò ìåñòî

|q(x)r − q(xM)r| ≤ εr(M)q(xM)r,∀x ∈ K1(xM),

ãäå εr(M)→ 0 ïðè M →∞.

Îòñþäà íåòðóäíî óáåäèòüñÿ, ÷òî ñóùåñòâóåò M0 òàêîå, ÷òî ïðè M ≥M0 ñ íåêîòîðûìè

ïîñòîÿííûìè C1, C2 > 0, íå çàâèñÿùèìè îò M , èìåþò ìåñòî íåðàâåíñòâà:

‖ũ‖k,ν,q ≥ C1‖ũ‖k,ν,q(xM ), (1.2.7)

‖Pũ‖k−s,ν,q ≤ C2‖Pũ‖k−s,ν,q(xM ). (1.2.8)

Îáîçíà÷èì νmax = max
1≤i≤n

νi. Ëåãêî ïðîâåðèòü, ÷òî äëÿ ïðîèçâîëüíîãî α ∈ Zn+, (α : ν) ≤ k

ñ íåêîòîðîé ïîñòîÿííîé C3 > 0 èìååò ìåñòî

‖Dαũ‖L2(Rn)q(xM)k−(α:ν) ≥ q(xM)k‖ϕ‖L2(Rn)|ξα| − C3q(xM)k−
1

νmax (1 + |ξ|ν)k.
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Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C4 > 0 ïîëó÷èì

‖ũ‖k,ν,q(xM ) ≥ q(xM)k
∑

(α:ν)≤k

|ξα| − C4q(xM)k−
1

νmax (1 + |ξ|ν)k. (1.2.9)

Äëÿ β ∈ Zn+, (β : ν) ≤ k − s èìååì îöåíêè

∥∥Dβ(P (x,D)ũ)
∥∥
L2(Rn)

q(xM)k−s−(β:ν) ≤

≤
∥∥Dβ(P (xM ,D)ũ)

∥∥
L2(Rn)

q(xM)k−s−(β:ν)+

+
∥∥Dβ ((P (x,D)− P (xM ,D))ũ)

∥∥
L2(Rn)

q(xM)k−s−(β:ν) ≤

≤

∥∥∥∥∥∥
∑

(α:ν)≤s

aαq(xM)s−(α:ν)Dα+βũ

∥∥∥∥∥∥
L2(Rn)

q(xM)k−s−(β:ν)+

+C5

∑
(α:ν)≤s

∥∥Dβ
(
(q(x)s−(α:ν) − q(xM)s−(α:ν))Dαũ

)∥∥
L2(Rn)

q(xM)k−s−(β:ν).

(1.2.10)

Ó÷èòûâàÿ, ÷òî q ∈ Qk−s,ν è supp ũ ⊂ K1(xM), ïîëó÷èì îöåíêè∥∥Dβ
((
q(x)s−(α:ν) − q(xM)s−(α:ν)

)
Dαũ

)∥∥
L2(Rn)

q(xM)k−s−(β:ν) ≤∥∥(q(x)s−(α:ν) − q(xM)s−(α:ν)
)
Dβ+αũ

∥∥
L2(Rn)

q(xM)k−s−(β:ν)+

C6

∑
0≤γ<β

∥∥Dβ−γ (q(x)s−(α:ν)
)
Dγ+αũ

∥∥
L2(Rn)

q(xM)k−s−(β:ν) ≤

τ(M)q(xM)k(1 + |ξ|ν)k + C7q(xM)k−
1

νmax (1 + |ξ|ν)k,

(1.2.11)

ãäå τ(M)→ 0 ïðè M →∞.

Àíàëîãè÷íûì îáðàçîì îöåíèì∥∥∥∥∥∥
∑

(α:ν)≤s

aαq(xM)s−(α:ν)Dα+βũ

∥∥∥∥∥∥
L2(Rn)

q(xM)k−s−(β:ν) ≤

∣∣∣∣∣∣
∑

(α:ν)≤s

aαξ
α

∣∣∣∣∣∣ ∣∣ξβ∣∣ q(xM)k + C8q(xM)k−
1

νmax (1 + |ξ|ν)k.

(1.2.12)

Òîãäà èç (1.2.10), ñ ó÷¼òîì (1.2.11) è (1.2.12), ïîëó÷èì

∥∥Dβ(P (x,D)ũ)
∥∥
L2(Rn)

q(xM)k−s−(β:ν) ≤ (1.2.13)

C9

q(xM)k

∣∣∣∣∣∣
∑

(α:ν)≤s

aαξ
α

∣∣∣∣∣∣ ∣∣ξβ∣∣+ ω(M)q(xM)k(1 + |ξ|ν)k + q(xM)k−
1

νmax (1 + |ξ|ν)k
 ,

ãäå ω(M)→ 0 ïðè M →∞.
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Îòñþäà ñ íåêîòîðîé ïîñòîÿííîé C10 > 0 èìååò ìåñòî

‖Pũ‖k−s,ν,q(xM ) ≤ C10

q(xM)k
∑

(β:ν)≤k−s

∣∣ξβ∣∣
∣∣∣∣∣∣
∑

(α:ν)≤s

aαξ
α

∣∣∣∣∣∣+
+ q(xM)k−

1
νmax (1 + |ξ|ν)k + ω̃(M)q(xM)k(1 + |ξ|ν)k

 ,

(1.2.14)

ãäå ω̃(M)→ 0 ïðè M →∞.

Èç îöåíêè (1.2.6), â ñèëó (1.2.7)�(1.2.14), ðàçäåëèâ íà (q(xM))k è óñòðåìèâ M → ∞, â

ñèëó òîãî, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞, ñ íåêîòîðîé ïîñòîÿííîé C11 > 0 ïîëó÷èì

∑
(β:ν)≤k

∣∣ξβ∣∣ ≤ C11

∑
(β:ν)≤k−s

∣∣ξβ∣∣
∣∣∣∣∣∣
∑

(α:ν)≤s

aαξ
α

∣∣∣∣∣∣ .
Èç ïîñëåäíåãî íåðàâåíñòâà àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1.1.4 ïîëó÷èì, ÷òî ñó-

ùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

aαλ
s−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0.

Ïóñòü P (x,D) ïðåäñòàâëÿåòñÿ â âèäå

P (x,D) =
∑

(α:ν)≤s

a0
α(x)q(x)(s−(α:ν))Dα +R(x,D), (1.2.15)

ãäå a0
α(x) ∈ Ck−s,ν(Rn), q ∈ Qk−s,ν è

R(x,D) =
∑

(α:ν)≤s

bα(x)Dα,

ãäå Dβ(bα(x)) = o(q(x)s−(α:ν)+(β:ν)) ïðè |x| → ∞ äëÿ âñåõ (α : ν) ≤ s, (β : ν) ≤ k − s.

Òåîðåìà 1.2.3. Ïóñòü q ∈ Qk−s,ν è P (x,D) äèôôåðåíöèàëüíàÿ ôîðìà âèäà (1.2.15) ñ

êîýôôèöèåíòàìè óäîâëåòâîðÿþùèìè lim
|x|→∞

max
|x−y|≤1

|a0
α(x)− a0

α(y)| = 0 ïðè α ∈ Zn+, (α : ν) ≤

s. Ïóñòü ñ íåêîòîðîé ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν

q (Rn). (1.2.16)

Òîãäà P (x, λ,D) ðàâíîìåðíî ïîëóýëëèïòè÷åí îòíîñèòåëüíî ïàðàìåòðà λ: ñóùåñòâóåò

ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

a0
α(x)λs−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0, |x| ≥M,

ãäå M ∈ R+ íåêîòîðîå ÷èñëî.
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Äîêàçàòåëüñòâî. ÏóñòüM ∈ R+, xM ∈ Rn\KM , ϕ ∈ C∞0 (Rn), suppϕ ⊂ K1(xM), ‖ϕ‖L2(Rn) =

1 è ξ ∈ Rn. Ðàññìîòðèì ôóíêöèþ ũ(x) = ei(q(xM )
1
ν ξ,x)ϕ(x).

Îáîçíà÷èì νmax = max
1≤i≤n

νi.

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1.2.2 íåòðóäíî ïðîâåðèòü, ÷òî ñóùåñòâóåò M0 òà-

êîå, ÷òî ïðè M ≥M0 ñ íåêîòîðûìè ïîñòîÿííûìè C1, C2, C3 > 0 èìåþò ìåñòî íåðàâåíñòâà:

‖ũ‖k,ν,q ≥ C1‖ũ‖k,ν,q(xM ), (1.2.17)

‖Pũ‖k−s,ν,q ≤ C2‖Pũ‖k−s,ν,q(xM ). (1.2.18)

‖ũ‖k,ν,q(xM ) ≥ q(xM)k
∑

(α:ν)≤k

|ξα| − C3q(xM)k−
1

νmax (1 + |ξ|ν)k. (1.2.19)

Äëÿ ïðîèçâîëüíîãî β ∈ Zn+, (β : ν) ≤ k − s∥∥Dβ(P (x,D)ũ)
∥∥
L2(Rn)

q(xM)k−s−(β:ν) ≤

≤

∥∥∥∥∥∥
∑

(α:ν)≤s

a0
α(xM)q(xM)s−(α:ν)Dα+βũ

∥∥∥∥∥∥
L2(Rn)

q(xM)k−s−(β:ν)+

+
∑

(α:ν)≤s

∥∥Dβ
([
a0
α(x)q(x)s−(α:ν) − a0

α(xM)q(xM)s−(α:ν)
]
Dαũ

)∥∥
L2(Rn)

q(xM)k−s−(β:ν)+

+
∑

(α:ν)≤s

∥∥Dβ(bα(x)Dαũ)
∥∥
L2(Rn)

q(xM)k−s−(β:ν). (1.2.20)

Â ñèëó òîãî, ÷òî a0
α(x) ∈ Ck−s,ν(Rn), lim

|x|→∞
max
|x−y|≤1

|a0
α(x)− a0

α(y)| = 0 è q ∈ Qk−s,ν íåòðóä-

íî ïðîâåðèòü, ÷òî∣∣a0
α(x)q(x)s−(α:ν) − a0

α(xM)q(xM)s−(α:ν)
∣∣ ≤

≤
∣∣a0
α(x)− a0

α(xM)
∣∣ q(x)s−(α:ν) +

∣∣a0
α(xM)

(
q(x)s−(α:ν) − q(xM)s−(α:ν)

)∣∣ ≤
≤ ε1(M)q(xM)s−(α:ν),∀x ∈ K1(xM) (1.2.21)

∣∣Dβ
(
a0
α(x)q(x)s−(α:ν)

)∣∣ ≤ ε2(M)q(xM)s−(α:ν)+(β:ν)+

+ C4q(xM)s−(α:ν)+(β:ν)− 1
νmax ,∀x ∈ K1(xM) (1.2.22)

ãäå ε1(M), ε2(M)→ 0 ïðè M →∞.

Èç òîãî, ÷òî Dβ(bα(x)) = o(q(x)s−(α:ν)+(β:ν)) ïðè |x| → ∞ äëÿ âñåõ (α : ν) ≤ s, (β : ν) ≤

k − s ïîëó÷èì ñëåäóþùóþ îöåíêó:∥∥Dβ (bα(x)Dαũ)
∥∥
L2(Rn)

≤ C5

∑
0≤γ≤β

∥∥Dγ(bα(x))Dβ−γ+αũ
∥∥
L2(Rn)

≤

≤ δ(M)q(xM)s+(β:ν)(1 + |ξ|ν)(α:ν)+(β:ν)+

+ C6q(xM)s+(β:ν)− 1
νmax (1 + |ξ|ν)(α:ν)+(β:ν), (1.2.23)
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ãäå δ(M)→ 0 ïðè M →∞.

Òîãäà èç îöåíîê (1.2.20)�(1.2.23) ñ íåêîòîðîé ïîñòîÿííîé C7 > 0 ïîëó÷èì

‖Pũ‖k−s,ν,q(xM ) ≤ C7

q(xM)k
∑

(β:ν)≤k−s

∣∣ξβ∣∣
∣∣∣∣∣∣
∑

(α:ν)≤s

aα(xM)ξα

∣∣∣∣∣∣+
+ q(xM)k−

1
νmax (1 + |ξ|ν)k + ω̃(M)q(xM)k(1 + |ξ|ν)k

 , (1.2.24)

ãäå ω̃(M)→ 0 ïðè M →∞.

Èç îöåíêè (1.2.16), â ñèëó îöåíîê (1.2.17)�(1.2.19),(1.2.24) è òîãî, ÷òî 1
q(x)

⇒ 0 ïðè

|x| → ∞, ðàçäåëèâ íà (q(xM))k, ïîëó÷èì

∑
(β:ν)≤k

∣∣ξβ∣∣− τ(M)(1 + |ξ|ν)k ≤
∑

(β:ν)≤k−s

∣∣ξβ∣∣
∣∣∣∣∣∣
∑

(α:ν)≤s

aα(xM)ξα

∣∣∣∣∣∣ , (1.2.25)

ãäå τ(M)→ 0 ïðè M →∞. Èç ïîñëåäíåãî ïîëó÷èì, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

a0
α(xM)ξα

∣∣∣∣∣∣ ≥ δ1

δ2

(1 + |ξ|ν)s −
τ(M)

δ2

(1 + |ξ|ν)s, (1.2.26)

ãäå δ1 = min
|ξ|ν=1

∑
(β:ν)≤k

∣∣ξβ∣∣ , δ2 = max
|ξ|ν=1

∑
(β:ν)≤k−s

∣∣ξβ∣∣.
Òàê êàê τ(M) → 0 ïðè M → ∞, òî ñóùåñòâóåò N0 ≥ M0 òàêîå, ÷òî ïðè M ≥ N0 ñ

íåêîòîðîé ïîñòîÿííîé δ > 0 èìååò ìåñòî∣∣∣∣∣∣
∑

(α:ν)≤s

a0
α(x)ξα

∣∣∣∣∣∣ ≥ δ(1 + |ξ|ν)s,∀ξ ∈ Rn, |x| ≥ N0.

Èç ïîñëåäíåãî íåòðóäíî ïîëó÷èòü, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

a0
α(x)λs−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0, |x| ≥ N0.

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (1.2.15) è x0 ∈ Rn îáîçíà÷èì

P 0(x,D) =
∑

(α:ν)≤s

a0
α(x0)q(x)(s−(α:ν))Dα,

P 1(x,D) =
∑

(α:ν)≤s

a0
α(x0)q(x)(s−(α:ν))Dα +R(x,D).

Óñëîâèå 1.2.1. Ïóñòü ∑
(α:ν)≤s

a0
α(x0)λs−(α:ν)ξα 6= 0,∀ξ ∈ Rn, λ > 0.
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Ïðåäëîæåíèå 1.2.1. Ïóñòü q ∈ Qk−s,ν è P 1(x,D) ïîëóýëëèïòè÷åñêàÿ â Rn äèôôåðåíöè-

àëüíàÿ ôîðìà, óäîâëåòâîðÿþùàÿ óñëîâèþ 1.2.1. Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C > 0 è

÷èñëîì M > 0 âûïîëíÿåòñÿ:

‖u‖k,ν,q ≤ C
(
‖P 1u‖k−s,ν,q + ‖u‖L2(KM )

)
, ∀u ∈ Hk,ν

q (Rn) . (1.2.27)

Äîêàçàòåëüñòâî. Ïðè óñëîâèÿõ ïðåäëîæåíèÿ, â ñèëó òåîðåìû 4.1 èç [51], ñ íåêîòîðîé

ïîñòîÿííîé C1 > 0 è ÷èñëîì M1 > 0 èìååò ìåñòî:

‖u‖k,ν,q ≤ C1

(
‖P 0u‖k−s,ν,q + ‖u‖L2(KM1

)

)
, ∀u ∈ Hk,ν

q (Rn) . (1.2.28)

Òîãäà èç îïðåäåëåíèÿ äèôôåðåíöèàëüíîé ôîðìû P 0(x,D) ïîëó÷èì

‖P 0u‖k−s,ν,q ≤ ‖P 1u‖k−s,ν,q + ‖Ru‖k−s,ν,q ,∀u ∈ Hk,ν
q (Rn). (1.2.29)

Òàê êàê Dβ(bα(x)) = o
(
q(x)s−(α:ν)+(β:ν)

)
ïðè |x| → ∞ äëÿ âñåõ (α : ν) ≤ s, (β : ν) ≤ k−s,

òî äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò N(ε) > 0 òàêîå, ÷òî

|Dβbα(x)|
q(x)s−(α:ν)+(β:ν)

< ε,∀x ∈ Rn \KN(ε), (α : ν) ≤ s, (β : ν) ≤ k − s.

Ïóñòü ψ ∈ C∞0 (Rn), 0 ≤ ψ(x) ≤ 1, ψ(x) = 1 ïðè âñåõ |x| ≤ 1 è ψ(x) = 0 ïðè âñåõ |x| ≥ 2.

Îáîçíà÷èì ψε(x) = ψ( x
N(ε)

) ∈ C∞0 (Rn).

Ñ íåêîòîðîé ïîñòîÿííîé C2 > 0 ïîëó÷èì

‖R ((1− ψε)u) ‖k−s,ν,q ≤ C2ε‖u‖k,ν,q ,∀u ∈ Hk,ν
q (Rn). (1.2.30)

Â ñèëó ïîëóýëëèïòè÷íîñòè P 1(x,D), ïðèìåíÿÿ ðåçóëüòàòû ðàáîòû [58], ïîëó÷èì

‖R (ψεu) ‖k−s,ν,q ≤ C3‖ψεu‖k,ν,q ≤ C4

(
‖P 1u‖k−s,ν,q + ‖u‖L2(KN (ε))

)
. (1.2.31)

Èç îöåíîê (1.2.28)�(1.2.31) ñëåäóåò, ÷òî

‖u‖k,ν,q ≤ C5

(
‖P 1u‖k−s,ν,q + ‖u‖L2(KM )

)
+ C1C2ε‖u‖k,ν,q, (1.2.32)

ãäå M = max(N(ε),M1). Âîçüì¼ì ε < 1
C1C2

è ïîëó÷èì îöåíêó (1.2.27) äëÿ îïåðàòîðà

(P 1;Hk,ν
q ).

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D), q ∈ Q è x0 ∈ Rn îáîçíà÷èì

∆(P, q) := max
(α:ν)≤s,

(β:ν)≤k−s

sup
x∈Rn
|Dβ

(
a0
α(x)− a0

α(x0)
)
q(x)−(β:ν)|.
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Òåîðåìà 1.2.4. Ïóñòü q ∈ Qk−s,ν è P (x,D) ïîëóýëëèïòè÷åñêàÿ â Rn äèôôåðåíöèàëüíàÿ

ôîðìà, óäîâëåòâîðÿþùàÿ óñëîâèþ 1.2.1. Òîãäà ñóùåñòâóåò η0 = η0(k) > 0, òàêîå, ÷òî

ïðè ∆(P, q) < η0 äëÿ îïåðàòîðà
(
P ;Hk,ν

q

)
ñ íåêîòîðîé ïîñòîÿííîé C > 0 è ÷èñëîì M > 0

âûïîëíÿåòñÿ îöåíêà:

‖u‖k,ν,q ≤ C
(
‖Pu‖k−s,ν,q + ‖u‖L2(KM )

)
,∀u ∈ Hk,ν

q (Rn) . (1.2.33)

Äîêàçàòåëüñòâî. Îáîçíà÷èì

P 2(x,D) =
∑

(α:ν)≤s

(
a0
α(x)− a0

α(x0)
)
q(x)(s−(α:ν))Dα.

Òîãäà P (x,D) ïðåäñòàâëÿåòñÿ â âèäå

P (x,D) = P 1(x,D) + P 2(x,D). (1.2.34)

Èç ïðåäëîæåíèÿ 1.2.1, â ñèëó óñëîâèé òåîðåìû, èìååì, ÷òî ñ íåêîòîðîé ïîñòîÿííîé

C > 0 è ÷èñëîì M > 0

‖u‖k,ν,q ≤ C
(
‖P 1u‖k−s,ν,q + ‖u‖L2(KM )

)
,∀u ∈ Hk,ν

q (Rn) . (1.2.35)

Äëÿ (P 2;Hk,ν
q ) ñ íåêîòîðîé ïîñòîÿííîé C1 > 0

‖P 2u‖k−s,ν,q ≤ C1∆(P, q)‖u‖k,ν,q, ∀u ∈ Hk,ν
q (Rn). (1.2.36)

Ó÷èòûâàÿ (1.2.35)�(1.2.36) ïîëó÷èì îöåíêè

‖u‖k,ν,q ≤ C
(
‖P 1u‖k−s,ν,q + ‖u‖L2(KM )

)
≤

≤ C‖Pu‖k−s,ν,q + C‖P 2u‖k−s,ν,q + C‖u‖L2(KM ) ≤

≤ C‖Pu‖k−s,ν,q + C1C∆(P, q)‖u‖k,ν,q + C‖u‖L2(KM ).

Âçÿâ η0 <
1

CC1
ïîëó÷èì àïðèîðíóþ îöåíêó (1.2.33).

Èç òåîðåìû 1.2.4, â ñèëó òåîðåìû 1.1.2, ïîëó÷èì

Ñëåäñòâèå 1.2.1. Ïóñòü q ∈ Qk−s,ν è P (x,D) ïîëóýëëèïòè÷åñêàÿ â Rn äèôôåðåíöèàëüíàÿ

ôîðìà, óäîâëåòâîðÿþùàÿ óñëîâèþ 1.2.1. Òîãäà ñóùåñòâóåò η0 = η0(k) > 0 òàêîå, ÷òî ïðè

∆(P, q) < η0 îïåðàòîð
(
P ;Hk,ν

q

)
n−íîðìàëåí.
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1.3 Íåêîòîðûå ïðèëîæåíèÿ àïðèîðíûõ îöåíîê äëÿ í¼-

òåðîâîñòè

Ïðåäëîæåíèå 1.3.1. Ïóñòü k0 ∈ R+ è ñ íåêîòîðîé ïîñòîÿííîé C > 0 ïðè âñåõ k ∈ [0, k0]

âûïîëíÿåòñÿ îöåíêà

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(Rn)

)
,∀u ∈ Hk,ν (Rn) . (1.3.1)

Åñëè äëÿ k1 ∈ [0, k0] îïåðàòîð
(
P ;Hk1,ν

)
ÿâëÿåòñÿ n�íîðìàëüíûì, òî äëÿ âñåõ k2 ≥

k1, k2 ∈ [0, k0] îïåðàòîð
(
P ;Hk2,ν

)
òàêæå áóäåò n�íîðìàëüíûì.

Äîêàçàòåëüñòâî. Èç n�íîðìàëüíîñòè îïåðàòîðà
(
P ;Hk1,ν

)
â ñèëó ñëåäñòâèÿ 1.1.1 èìååì,

÷òî ñ íåêîòîðîé ïîñòîÿííîé C1 > 0 è ÷èñëîì R > 0 âûïîëíÿåòñÿ

‖u‖k1,ν ≤ C1

(
‖Pu‖k1−s,ν + ‖u‖L2(KR)

)
,∀u ∈ Hk1,ν(Rn). (1.3.2)

Î÷åâèäíî, ÷òî ïðè k2 ≥ k1 ≥ 0 ñ íåêîòîðûìè ïîñòîÿííûìè C2, C3 > 0 âûïîëíÿþòñÿ

ñëåäóþùèå îöåíêè

‖u‖L2(Rn) ≤ C2‖u‖k1,ν , ∀u ∈ Hk1,ν(Rn) (1.3.3)

‖Pu‖k1−s,ν ≤ C3‖Pu‖k2−s,ν ,∀u ∈ Hk2,ν(Rn). (1.3.4)

Èç îöåíêè (1.3.1) äëÿ k = k2 â ñèëó îöåíîê èìååì (1.3.3)-(1.3.4)

‖u‖k2,ν ≤ C
(
‖Pu‖k2−s,ν + ‖u‖L2(Rn)

)
≤ C‖Pu‖k2−s,ν + CC2‖u‖k1,ν ≤

≤ C‖Pu‖k2−s,ν + C4

(
‖Pu‖k1−s,ν + ‖u‖L2(KR)

)
≤ (1.3.5)

≤ C5

(
‖Pu‖k2−s,ν + ‖u‖L2(KR)

)
,∀u ∈ Hk,ν(Rn).

Ñëåäîâàòåëüíî, â ñèëó ñëåäñòâèÿ 1.1.1, îïåðàòîð
(
P ;Hk2,ν

)
n�íîðìàëåí.

Ïóñòü k ∈ N, k ≥ s. Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó, ôîðìàëüíî ñîïðÿæ¼ííóþ

äëÿ P (x,D)

P ∗ (x,D) =
∑

(α:ν)≤s

Dα
(
aα(x) �

)
,

ãäå aα(x) ∈ Ck,ν(Rn).

Ëåììà 1.3.1. Ïóñòü P (x,D) ïîëóýëëèïòè÷åñêàÿ äèôôåðåíöèàëüíàÿ ôîðìà â Rn âèäà

(0.0.1) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â ãëàâíîé ÷àñòè è îïåðàòîð
(
P ;Hk,ν

)
íîðìàëüíî

ðàçðåøèì. Òîãäà coker(P ;Hk,ν) êîíå÷íîìåðåí òîãäà è òîëüêî òîãäà, êîãäà Ker(P ∗;Hk,ν)

êîíå÷íîìåðåí, ïðè ýòîì

dim coker(P ;Hk,ν) = dim Ker(P ∗;Hk,ν).
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Äîêàçàòåëüñòâî. Îáîçíà÷èì (·, ·)k,ν ñêàëÿðíîå ïðîèçâåäåíèå â Hk,ν(Rn), çàäàâàåìîå ñëå-

äóþùèì îáðàçîì:

(u, v)k,ν =

∫
û(ξ)v̂(ξ)(1 + |ξ|ν)2kdξ,

à ñêàëÿðíîå ïðîèçâåäåíèå â L2(Rn) áóäåì îáîçíà÷àòü ñëåäóþùèì îáðàçîì:

(u, v)0 =

∫
u(x)v(x)dx

Â ñèëó çàìêíóòîñòè Im(P ;Hk,ν) ñóùåñòâóåò L ⊂ Hk−s,ν(Rn) òàêîå, ÷òî

Im(P ;Hk,ν)⊕ L = Hk−s,ν(Rn).

Äëÿ l ∈ R îáîçíà÷èì Λl := F−1(1 + |ξ|ν)lF äåéñòâóþùèé èç Hk,ν(Rn) â Hk−l,ν(Rn).

Îïåðàòîð Λl ÿâëÿåòñÿ èçîìåòðè÷åñêèì èçîìîðôèçìîì èç Hk,ν(Rn) â Hk−l,ν(Rn).

Äîêàæåì, ÷òî Λ2(k−s) îñóùåñòâëÿåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó L è

Ker(P ∗;Hk,ν).

Äëÿ ïðîèçâîëüíûõ u, v ∈ Hk,ν(Rn) èìååò ìåñòî:

(Pu, v)0 = (u, P ∗v)0. (1.3.6)

Ïðîäîëæèì (·, ·)0 íà ïðÿìîå ïðîèçâåäåíèå H
k,ν(Rn) ×H−k,ν(Rn). Ðàâåíñòâî (1.3.6) ñî-

õðàíèòñÿ äëÿ u ∈ Hk,ν(Rn), v ∈ H−(k−s),ν(Rn).

Ïóñòü ω ∈ L. Îáîçíà÷èì v = Λ2(k−s)ω ∈ H−(k−s),ν(Rn).

Òîãäà ñ èñïîëüçîâàíèåì ðàâåíñòâà Ïëàíøàðåëÿ ïîëó÷èì

(Pu, v)0 = (Pu,Λ2(k−s)w)0 =

∫
Pu · F−1 ((1 + |ξ|ν)2(k−s)ŵ(ξ))dx

=

∫
P̂ u(ξ)ŵ(ξ) (1 + |ξ|ν)2(k−s) dξ = (Pu,w)k−s,ν = 0,∀u ∈ Hk,ν(Rn).

Òîãäà, â ñèëó (1.3.6), èìååò ìåñòî

(Pu, v)0 = (u, P ∗v)0 = 0 ,∀u ∈ Hk,ν(Rn).

Îáîçíà÷èì u0 = Λ−2k(P ∗v) ∈ Hk,ν(Rn). Ïîäñòàâèâ u0 â ïîñëåäíåå ðàâåíñòâî è ïðèìåíÿÿ

ðàâåíñòâî Ïëàíøàðåëÿ, èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷èì

(u0, P
∗v)0 =

(
Λ−2k(P ∗v), P ∗v

)
0

=

∫
F−1

(
(1 + |ξ|ν)−2kP̂ ∗v(ξ)

)
P ∗vdx

=

∫
|P̂ ∗v(ξ)|2 (1 + |ξ|ν)−2k dξ = 0.

Ñëåäîâàòåëüíî, P ∗v = 0 â H−k,ν(Rn).
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Òàê êàê ïî óñëîâèþ ëåììû êîýôôèöèåíòû ãëàâíîé ÷àñòè P (x,D) ïîñòîÿííûå, òî ïî-

ñòîÿííûìè áóäóò òàêæå êîýôôèöèåíòû ãëàâíîé ÷àñòè P ∗(x,D). Äëÿ äèôôåðåíöèàëüíîé

ôîðìû P ∗(x,D) èìååò ìåñòî ïðåäñòàâëåíèå

P ∗(x,D) = P ∗s (D) +Q(x,D),

ãäå

Q(x,D) =
∑

(α:ν)<s

∑
0≤β≤α

Cβ
αD

β
(
aα(x)

)
Dα−β.

Îáîçíà÷èì ÷åðåç P ∗s (ξ) ñèìâîë îïåðàòîðà P ∗s (D).

Ðàññìîòðèì îïåðàòîð

R̃ = F−1 |ξ|sν
(1 + |ξ|sν)P ∗s (ξ)

F.

Ëåãêî çàìåòèòü, ÷òî R̃ ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì èç Hr−s,ν(Rn) â Hr,ν(Rn)

äëÿ ïðîèçâîëüíîãî r ∈ R. Äëÿ R̃P ∗ èìååò ìåñòî ïðåäñòàâëåíèå

R̃P ∗ = I + T + R̃Q,

ãäå T = F−1 1
1+|ξ|sν

F . Íåòðóäíî çàìåòèòü, ÷òî äëÿ ïðîèçâîëüíîãî r ∈ R T ÿâëÿåòñÿ îãðàíè-

÷åííûì îïåðàòîðîì èç Hr,ν(Rn) â Hr+γ,ν(Rn) ïðè âñåõ 0 ≤ γ ≤ s. Â ñèëó óñëîâèé ëåììû,

äëÿ ïðîèçâîëüíîãî r ∈ [−k + s, k] Q ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì èç Hr,ν(Rn) â

Hr−s+σ,ν(Rn) ñ σ = (
∏n

i=1 νi)
−1
, ñëåäîâàòåëüíî, R̃Q � îãðàíè÷åííûé îïåðàòîð èç Hr,ν(Rn)

â Hr+σ,ν(Rn).

Îáîçíà÷èì T1 := T + R̃Q. Äëÿ R̃P ∗ èìååò ìåñòî ïðåäñòàâëåíèå

R̃P ∗ = I + T1, (1.3.7)

ãäå T1 : Hr,ν(Rn)→ Hr+σ,ν(Rn) ïðè ïðîèçâîëüíîì r ∈ [−k + s, k] è σ = (
∏n

i=1 νi)
−1
.

Èç òîãî, ÷òî P ∗v = 0 â H−k,ν(Rn), ñëåäóåò, ÷òî v ∈ Ker(P ∗;H−k+s,ν). Ïðèìåíèâ R̃ ê

P ∗v â ñèëó ïðåäñòàâëåíèÿ (1.3.7) ïîëó÷èì, ÷òî v = −T1v ∈ H−k+s+σ(Rn). Ñëåäîâàòåëüíî,

ïîëó÷èëè, ÷òî v ∈ Ker(P ∗;H−k+s+σ,ν).

Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ m ðàç (mσ ≥ 2k − s), ïîëó÷èì, ÷òî v ∈

Ker(P ∗;Hk,ν).

Ïóñòü òåïåðü v ∈ Ker(P ∗;Hk,ν). Äîêàæåì, ÷òî ω = Λ−2(k−s)v ∈ L.

Â ñèëó ïðåäïîëîæåíèÿ v ∈ Ker(P ∗;Hk,ν) è ðàâåíñòâà (Pu, v)0 = (u, P ∗v)0 ïîëó÷èì, ÷òî

(Pu, v)0 = 0, ∀u ∈ Hk,ν(Rn).
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Òîãäà, ïðèìåíÿÿ ðàâåíñòâî Ïëàíøàðåëÿ, ïîëó÷èì

(Pu,w)k−s,ν = (Pu,Λ2(k−s)w)0 = (Pu, v)0 = 0, ∀u ∈ Hk,ν(Rn).

Ñëåäîâàòåëüíî, ω ∈ L.

Ïîëó÷èëè âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó L è Ker(P ∗;Hk,ν). Òåì ñàìûì ëåì-

ìà 1.3.1 äîêàçàíà.

Èç ïîñëåäíåé ëåììû íåòðóäíî óáåäèòüñÿ, ÷òî âûïîëíÿåòñÿ:

Ñëåäñòâèå 1.3.1. Ïóñòü P (x,D) ïîëóýëëèïòè÷åñêàÿ äèôôåðåíöèàëüíàÿ ôîðìà â Rn âèäà

(0.0.1) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â ãëàâíîé ÷àñòè è îïåðàòîð
(
P ;Hk,ν

)
íîðìàëüíî

ðàçðåøèì. Òîãäà Pu = f ðàçðåøèìî ïðè f ∈ Hk−s,ν(Rn) òîãäà è òîëüêî òîãäà, êîãäà

(f, v)0 = 0 ïðè âñåõ v ∈ Ker(P ∗;Hk,ν) ⊂ Hk,ν(Rn).

Òåîðåìà 1.3.1. Ïóñòü k ∈ N, k ≥ s è P (x,D) äèôôåðåíöèàëüíàÿ ôîðìà âèäà (0.0.1)

òàêàÿ, ÷òî êîýôôèöèåíòû aα(x) ïðè (α : ν) = s ïîñòîÿííûå äåéñòâèòåëüíûå ÷èñëà, a

ïðè (α : ν) < s aα(x) ∈ Ck,ν(Rn) âåùåñòâåííîçíà÷íûå ôóíêöèè òàêèå, ÷òî Dβaα(x) ⇒ 0

ïðè |x| → ∞ äëÿ âñåõ β ∈ Zn+, 0 < (β : ν) ≤ k, (α : ν) < s.

Òîãäà îïåðàòîð (P ;Hk,ν) ÿâëÿåòñÿ í¼òåðîâûì òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâó-

þò ïîñòîÿííàÿ C > 0 è ÷èñëî M > 0 òàêèå, ÷òî âûïîëíÿåòñÿ îöåíêà:

‖u‖k,ν ≤ C
(
‖Pu‖k−s,ν + ‖u‖L2(KM )

)
,∀u ∈ Hk,ν (Rn) . (1.3.8)

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ñëåäóåò èç ñëåäñòâèÿ 1.1.1. Äîêàæåì äîñòàòî÷íîñòü.

Èç óñëîâèé òåîðåìû ñëåäóåò, ÷òî äèôôåðåíöèàëüíóþ ôîðìó P ∗(x,D) ìîæíî ïðåäñòà-

âèòü â âèäå

P ∗(x,D) = P (x,D) + L(x,D), ãäå

L(x,D) =
∑

(α:ν)≤s

∑
0<β≤α

Cβ
αD

β(aα(x))Dα−β.

Òàê êàê Dβaα(x) ⇒ 0 ïðè |x| → ∞, òî ëåãêî ïðîâåðèòü, ÷òî äëÿ ïðîèçâîëüíîãî ε > 0

ñóùåñòâóþò R = R(ε) > 0 è Cε > 0 òàêèå, ÷òî ‖Lu‖k−s,ν ≤ ε‖u‖k,ν + Cε‖u‖L2(KR).

Èç îöåíêè (1.3.8) ïîëó÷èì

‖u‖k,ν ≤ C(‖Pu‖k−s,ν + ‖u‖L2(KM )) ≤ C
(
‖P ∗u‖k−s,ν + ‖Lu‖k−s,ν + ‖u‖L2(KM )

)
.

Òîãäà âîçüì¼ì ε < 1
C
è ïîëó÷èì àïðèîðíóþ îöåíêó äëÿ (P ∗;Hk,ν):

‖u‖k,ν ≤ C ′(‖P ∗u‖k−s,ν + ‖u‖L2(KN )), (1.3.9)
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ãäå N = max(R,M).

Èç îöåíîê (1.3.8) è (1.3.9), â ñèëó ñëåäñòâèÿ 1.1.1, ñîîòâåòñòâåííî èìååì

dim Ker(P ;Hk,ν) <∞ è Im(P ;Hk,ν) = Im(P ;Hk,ν),

dim Ker(P ∗;Hk,ν) <∞ è Im(P ∗;Hk,ν) = Im(P ∗;Hk,ν).

Îòñþäà, íà îñíîâå ëåììû 1.3.1, ïîëó÷èì

dim coker(P ;Hk,ν) = dim Ker(P ∗;Hk,ν) <∞.

Ñëåäîâàòåëüíî, îïåðàòîð (P ;Hk,ν) í¼òåðîâ.
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Ãëàâà 2

ÈÑÑËÅÄÎÂÀÍÈÅ ÑÒÀÁÈËÜÍÎÑÒÈ

ÈÍÄÅÊÑÀ

Äàííàÿ ãëàâà ïîñâÿùåíà èññëåäîâàíèþ ñòàáèëüíîñòè èíäåêñà íà øêàëå àíèçîòðîïíûõ ïðî-

ñòðàíñòâ è îòíîñèòåëüíî âîçìóùåíèé ìëàäøèìè ÷ëåíàìè äèôôåðåíöèàëüíîãî âûðàæå-

íèÿ. Ïåðâûé ïàðàãðàô ïîñâÿù¼í âîïðîñó îá èíâàðèàíòíîñòè èíäåêñà îïåðàòîðîâ, äåé-

ñòâóþùèõ âî âëîæåííûõ ãèëüáåðòîâûõ ïðîñòðàíñòâàõ. Âî âòîðîì ïàðàãðàôå ïðè îïðåäå-

ë¼ííûõ óñëîâèÿõ íà êîýôôèöèåíòû äèôôåðåíöèàëüíîé ôîðìû ïîëó÷åíà èíâàðèàíòíîñòü

èíäåêñà íà øêàëå àíèçîòðîïíûõ ïðîñòðàíñòâ. Â òðåòüåì ïàðàãðàôå èçó÷àåòñÿ âîïðîñ î

ñòàáèëüíîñòè èíäåêñà îòíîñèòåëüíî âîçìóùåíèé ìëàäøèìè ÷ëåíàìè äèôôåðåíöèàëüíîãî

âûðàæåíèÿ.

2.1 Èíâàðèàíòíîñòü èíäåêñà äëÿ îïåðàòîðîâ, äåéñòâó-

þùèõ âî âëîæåííûõ ãèëüáåðòîâûõ ïðîñòðàíñòâàõ

Ïóñòü X ëèíåéíîå ïðîñòðàíñòâî, à X1, X2 ⊂ X ëèíåéíûå ïîäïðîñòðàíñòâà.

Äëÿ ëþáîãî x ∈ X ÷åðåç [x] îáîçíà÷èì [x] =
{
x
′ ∈ X : x

′ − x ∈ X1

}
è áóäåì íàçûâàòü

êëàññîì ýêâèâàëåíòíîñòè ýëåìåíòà x ïî X1. Ñîâîêóïíîñòü êëàññîâ ýêâèâàëåíòíîñòè îáî-

çíà÷èì X/X1 = {[x] : x ∈ X}. Íà ìíîæåñòâå X/X1 ìîæíî ââåñòè ëèíåéíóþ ñòðóêòóðó è

òåì ñàìûì ïîëó÷èòü ëèíåéíîå ïðîñòðàíñòâî, êîòîðîå íàçûâàåòñÿ ôàêòîðïðîñòðàíñòâîì X

ïî X1 (ñì. [62], ãë. III, ïàð. 4). Îáîçíà÷èì codimX1 = dimX/X1. ×åðåç X1⊕X2 îáîçíà÷èì

ñóììó ëèíåéíûõ ïîäïðîñòðàíñòâ òàêèõ, ÷òî X1 ∩X2 = {0} .

Ëåììà 2.1.1. (ñì. òåîðåìà 2.1 [64]) Ïóñòü A : X → Y îãðàíè÷åííûé ëèíåéíûé îïåðàòîð.

44



Èç êîíå÷íîìåðíîñòè êîÿäðà îïåðàòîðà A (dim coker(A) = dimY/ Im(A) < ∞) ñëåäóåò,

÷òî Im(A) = Im(A).

Ëåììó 2.1.1 ìîæíî òàêæå ïîëó÷èòü êàê ñëåäñòâèå èç êðèòåðèÿ Êàòî (ñì. [61] 7.4.10).

Çàìå÷àíèå 2.1.1. Èç ëåììû 2.1.1 ñëåäóåò, ÷òî ïåðâîå óñëîâèå â îïðåäåëåíèè 0.0.3 í¼-

òåðîâîñòè îïåðàòîðà ìîæåò áûòü îïóùåíî, òàê êàê ñëåäóåò èç óñëîâèÿ 3.

Îïðåäåëåíèå 2.1.1. Äëÿ îãðàíè÷åííîãî ëèíåéíîãî îïåðàòîðà A, îïðåäåë¼ííîãî íà âñåì

áàíàõîâîì ïðîñòðàíñòâå X è äåéñòâóþùåãî â áàíàõîâî ïðîñòðàíñòâî Y , îãðàíè÷åííûå

îïåðàòîðû R1 : Y → X è R2 : Y → X íàçûâàþòñÿ ñîîòâåòñòâåííî ëåâûì è ïðàâûì

ðåãóëÿðèçàòîðàìè, åñëè R1A = IX + T1, AR2 = IY + T2, ãäå IX , IY - åäèíè÷íûå îïåðàòîðû,

T1 : X → X è T2 : Y → Y êîìïàêòíûå îïåðàòîðû.

Îïðåäåëåíèå 2.1.2. Äëÿ ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà A, îïðåäåë¼ííîãî íà âñåì

áàíàõîâîì ïðîñòðàíñòâå X è äåéñòâóþùåãî â áàíàõîâî ïðîñòðàíñòâî Y , îãðàíè÷åííûé

îïåðàòîð R : Y → X íàçûâàåòñÿ ðåãóëÿðèçàòîðîì äëÿ A, åñëè îí îäíîâðåìåííî ÿâëÿåòñÿ

è ëåâûì, è ïðàâûì ðåãóëÿðèçàòîðîì.

Çàìå÷àíèå 2.1.2. Åñëè îãðàíè÷åííûé ëèíåéíûé îïåðàòîð îáëàäàåò ëåâûì è ïðàâûì ðå-

ãóëÿðèçàòîðàìè, òî äëÿ íåãî ñóùåñòâóåò òàêæå è ðåãóëÿðèçàòîð.

Äåéñòâèòåëüíî, ïóñòü R1 : Y → X è R2 : Y → X, ñîîòâåòñòâåííî, ëåâûé è ïðàâûé

ðåãóëÿðèçàòîðû äëÿ îïåðàòîðà A : X → Y , è T1 : X → X è T2 : Y → Y ñîîòâåòñòâóþùèå

êîìïàêòíûå îïåðàòîðû. Ïðèìåíÿÿ îïåðàòîð R2 ñïðàâà â ïåðâîì ñîîòíîøåíèè, à îïåðàòîð

R1 ñëåâà âî âòîðîì ñîîòíîøåíèè, ïîëó÷èì:

R1AR2 = R2 + T1R2, R1AR2 = R1 +R1T2.

Èç ïîñëåäíåãî ñëåäóåò, ÷òî ðàçíîñòü R1 − R2 = T1R2 − R1T2 èç ñåáÿ ïðåäñòàâëÿåò êîì-

ïàêòíûé îïåðàòîð, äåéñòâóþùèé èç Y â X. Òî åñòü ïîëó÷èëè, ÷òî è R1, è R2 ÿâëÿþòñÿ

ðåãóëÿðèçàòîðàìè.

Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò ñâÿçü ìåæäó í¼òåðîâîñòüþ è ñóùåñòâîâàíèåì ðå-

ãóëÿðèçàòîðà:

Òåîðåìà 2.1.1. (ñì. [61] 8.5.14) Îãðàíè÷åííûé ëèíåéíûé îïåðàòîð A, äåéñòâóþùèé èç

âñåãî áàíàõîâà ïðîñòðàíñòâà X â áàíàõîâî ïðîñòðàíñòâî Y , ÿâëÿåòñÿ í¼òåðîâûì òîãäà

è òîëüêî òîãäà, êîãäà îáëàäàåò ðåãóëÿðèçàòîðîì.

45



Îïðåäåëåíèå 2.1.3. Ïóñòü X
′ ⊂ X, Y

′ ⊂ Y áàíàõîâû ïðîñòðàíñòâà, òàêèå, ÷òî X
′

ïëîòíî â X, à Y
′
â Y , ïðè÷¼ì ñîîòâåòñòâóþùèå îïåðàòîðû âëîæåíèÿ îãðàíè÷åíû. Äëÿ

îãðàíè÷åííîãî ëèíåéíîãî îïåðàòîðà A, äåéñòâóþùåãî èç áàíàõîâà ïðîñòðàíñòâà X â áà-

íàõîâî ïðîñòðàíñòâî Y , îãðàíè÷åííûå îïåðàòîðû R1 : Y → X è R2 : Y → X íàçûâàþòñÿ

ñîîòâåòñòâåííî ëåâûì è ïðàâûì êâàçèðåãóëÿðèçàòîðàìè, åñëè R1A = IX + T1, AR2 =

IY + T2, ãäå IX , IY åäèíè÷íûå îïåðàòîðû, T1 : X → X
′
è T2 : Y → Y

′
îãðàíè÷åííûå

îïåðàòîðû.

ÏóñòüHi, H
′
i , i = 1, 2 ãèëüáåðòîâû ïðîñòðàíñòâà. Äàëåå áóäåì ñ÷èòàòü, ÷òî âûïîëíÿåòñÿ

ñëåäóþùåå óñëîâèå:

Óñëîâèå 2.1.1. Äëÿ ãèëüáåðòîâûõ ïðîñòðàíñòâ Hi, H
′
i(i = 1, 2) âûïîëíÿåòñÿ:

H2 âñþäó ïëîòíî â H1, à H
′
2 â H

′
1 è îïåðàòîðû âëîæåíèÿ H2 ⊂ H1, H

′
2 ⊂ H

′
1 îãðàíè÷åííû.

Ïóñòü A : Hi → H
′
i ëèíåéíûé îãðàíè÷åííûé îïåðàòîð ñ Dom(A)|Hi = Hi è A

∗ :
(
H
′
i

)∗ →
(Hi)

∗ � ñîïðÿæ¼ííûé îïåðàòîð, (i = 1, 2).

Îáîçíà÷èì

Keri(A) = {u : u ∈ Hi,Au = 0} ,Keri (A
∗) =

{
u : u ∈

(
H
′

i

)∗
, A∗u = 0

}
,

Imi(A) =
{
f : f ∈ H ′i ,∃u ∈ Hi,Au = f

}
,

αi = dim Keri(A), βi = dim Keri (A
∗) (i = 1, 2),

òî åñòü ÷åðåç Ker1(A) îáîçíà÷èëè ÿäðî îïåðàòîðà A : H1 → H
′
1, à ÷åðåç Ker2(A) ÿäðî

ñóæåíèÿ A : H2 → H
′
2, ÷åðåç Im1(A) îáðàç îïåðàòîðà A â ïðîñòðàíñòâå H

′
1, à Im2(A) îáðàç

ñóæåíèÿ îïåðàòîðà A â ïðîñòðàíñòâå H
′
2, è àíàëîãè÷íî äëÿ ñîïðÿæ¼ííîãî îïåðàòîðà A

∗.

Ïóñòü A : Hi → H
′
i , i = 1, 2 í¼òåðîâûé îïåðàòîð, òîãäà ó÷èòûâàÿ çàìå÷àíèå 0.0.1,

îáîçíà÷èì:

indi(A) = αi − βi, i = 1, 2.

Â ñèëó óñëîâèÿ 2.1.1 èìååò ìåñòî Ker2(A) ⊂ Ker1(A),Ker1 (A∗) ⊂ Ker2 (A∗), ñëåäîâà-

òåëüíî, âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:

α1 ≥ α2, β2 ≥ β1. (2.1.1)

Î÷åâèäíî, èç (2.1.1) ñëåäóåò, ÷òî ind1(A) ≥ ind2(A) è

ind1(A) = ind2(A)⇔ α1 = α2 è β1 = β2. (2.1.2)

46



Îïðåäåëåíèå 2.1.1. Ïóñòü Hi, H
′
i , i = 1, 2 óäîâëåòâîðÿþò óñëîâèþ 2.1.1. Ñêàæåì, ÷òî

îïåðàòîð A : Hi → H
′
i , i = 1, 2 îáëàäàåò ñâîéñòâîì ñóæåíèÿ ðåøåíèé, åñëè äëÿ ïðîèç-

âîëüíûõ u ∈ H1 è f ∈ H ′2, äëÿ êîòîðûõ âûïîëíÿåòñÿ Au = f , ñëåäóåò, ÷òî u ∈ H2.

Çàìå÷àíèå 2.1.3. Ëåãêî âèäåòü, ÷òî ñâîéñòâî ñóæåíèÿ ðåøåíèé îïåðàòîðà A : Hi →

H
′
i , i = 1, 2 ýêâèâàëåíòíî ðàâåíñòâó Im1(A) ∩H ′2 = Im2(A).

Ëåììà 2.1.2. Ïóñòü Hi, H
′
i , i = 1, 2 óäîâëåòâîðÿþò óñëîâèÿì 2.1.1 è A : H1 → H

′
1

d�íîðìàëüíûé. Òîãäà îïåðàòîð A : H2 → H
′
2 ÿâëÿåòñÿ d�íîðìàëüíûì ñ codim Im2(A) =

codim Im1(A) â òîì è òîëüêî òîì ñëó÷àå, åñëè îí îáëàäàåò ñâîéñòâîì ñóæåíèÿ ðåøåíèé.

Äîêàçàòåëüñòâî. Ïóñòü A : Hi → H
′
i ïðè i = 1, 2 d � íîðìàëüíûé è codim Im2(A) =

codim Im1(A). Äîêàæåì, ÷òî èìååò ìåñòî ðàâåíñòâî Im1(A) ∩H ′2 = Im2(A).

Èç d�íîðìàëüíîñòè îïåðàòîðà A è ïëîòíîñòè H
′
2 â H

′
1 èìååì, ÷òî ñóùåñòâóþò òàêèå

êîíå÷íîìåðíûå ïîäïðîñòðàíñòâà Q,Q
′ ⊂ H

′
2, ÷òî

Q⊕ Im1(A) = H
′

1 è Q
′ ⊕ Im2(A) = H

′

2.(ñì. [4] ëåììà 2.1 è [62] ñòð. 135) (2.1.3)

Èç óñëîâèÿ codim Im2(A) = codim Im1(A) èìååì, ÷òî dimQ = dimQ
′
<∞.

Ïîäïðîñòðàíñòâî Im1(A) ∩ H
′
2 ñîäåðæèò â ñåáå Im2(A). Òîãäà ñóùåñòâóåò Q

′′ ⊂

Q
′
, dimQ

′′ ≤ dimQ
′
òàêîå, ÷òî Q

′′ ⊕ (Im1(A) ∩ H ′2) = H
′
2. Íî èç (2.1.3) ïîëó÷èì, ÷òî

Q ∩ (Im1(A) ∩ H ′2) = H
′
1 ∩ H

′
2 = H

′
2, ñëåäîâàòåëüíî, dimQ

′′
= dimQ = dimQ

′
. Ïîëó÷èëè

ðàâåíñòâî Q
′′

= Q
′
, ÷òî îçíà÷àåò Im1(A) ∩H ′2 = Im2(A).

Ïóñòü òåïåðü Im1(A)∩H ′2 = Im2(A).Äîêàæåì, ÷òî îïåðàòîð A : H2 → H
′
2 d�íîðìàëüíûé

ñ codim Im2(A) = codim Im1(A).

Èç òîãî, ÷òî A : H1 → H
′
1 d�íîðìàëüíûé èìååì, ÷òî ñóùåñòâóåò òàêîå êîíå÷íîìåðíîå

ïîäïðîñòðàíñòâî Q ⊂ H
′
2, ÷òî Q⊕ Im1(A) = H

′
1 (ñì. [4] ëåììà 2.1). Òîãäà ó÷èòûâàÿ ðàâåí-

ñòâî Im1(A)∩H ′2 = Im2(A) ïîëó÷èì, ÷òî Q⊕(Im1(A)∩H ′2) = Q⊕Im2(A) = H
′
1∩H

′
2 = H

′
2, òî

åñòü îïåðàòîð îáëàäàåò êîíå÷íîìåðíûì êîÿäðîì, òàêèì, ÷òî codim Im2(A) = codim Im1(A).

Èç ëåììû 2.1.1 ïîëó÷èì, ÷òî Im2(A) = Im2(A). Ó÷èòûâàÿ òàêæå çàìå÷àíèå 2.1.1 ìîæåì

çàêëþ÷èòü, ÷òî A : H2 → H
′
2 d�íîðìàëüíûé ñ codim Im2(A) = codim Im1(A).

Ëåììà 2.1.2 äîêàçàíà.

Òåîðåìà 2.1.2. Ïóñòü Hi, H
′
i , i = 1, 2 óäîâëåòâîðÿþò óñëîâèþ 2.1.1 è A : Hi → H

′
i í¼òå-

ðîâûé îïåðàòîð, i = 1, 2. Äëÿ òîãî, ÷òîáû ind1(A) = ind2(A) íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû ñóùåñòâîâàë ëèíåéíûé îãðàíè÷åííûé îïåðàòîð R : H
′
i → Hi òàêîé, ÷òî (RA− I)

êîíå÷íîìåðíûé îïåðàòîð â H1.
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Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü. Ïóñòü ñóùåñòâóåò îïåðàòîð R : H
′
i → Hi òàêîé, ÷òî

(RA− I) êîíå÷íîìåðíûé îïåðàòîð â Hi, i = 1, 2. Äîêàæåì ind1(A) = ind2(A).

Äëÿ îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ R : H
′
i → Hi è A : Hi → H

′
i èìååì, ÷òî

RA = I + T , ãäå T : Hi → Hi êîíå÷íîìåðíûé îïåðàòîð â Hi, i = 1, 2.

Â ñèëó òîãî, ÷òî H2 ïëîòíî â H1, à T : H1 → H1 êîíå÷íîìåðíûé îïåðàòîð è äëÿ íåãî

îáðàç åäèíè÷íîãî øàðà â ïðîñòðàíñòâå H1 âïîëíå îãðàíè÷åí (ñì. [62], ñòð. 116), íåòðóäíî

ïðîâåðèòü, ÷òî êîíå÷íîìåðíûé â H1 è â H2 îïåðàòîð T ìîæíî ïðåäñòàâèòü â âèäå: T =

T1+T2, ãäå T1 : Hi → H2 êîíå÷íîìåðíûé îïåðàòîð, à T2 : Hi → Hi êîíå÷íîìåðíûé îïåðàòîð

òàêîé, ÷òî åãî íîðìà ìåíüøå åäèíèöû è â H1, è â H2 ïðè i = 1, 2.

Òîãäà ñóùåñòâóåò îáðàòíûé äëÿ îïåðàòîðà I + T2 â H1, è â H2 (ñì. [60] ãë. II, ï. 5).

Ñëåäîâàòåëüíî, ïîëó÷èì ïðåäñòàâëåíèå:

R̃A = I + T̃ , (2.1.4)

ãäå R̃ = (I + T2)−1R : H
′
i → Hi, a T̃ = (I + T2)−1 T1 : Hi → H2, i = 1, 2.

Òîãäà äëÿ ïðîèçâîëüíîãî u ∈ Ker1(A), â ñèëó (2.1.4) èìååì, ÷òî u = −T̃ u ∈ H2, ñëå-

äîâàòåëüíî, u ∈ H2, îòñþäà u ∈ Ker2(A), ò.å. ïîëó÷èëè, ÷òî Ker1(A) ⊂ Ker2(A). Òàê êàê

îáðàòíîå âêëþ÷åíèå Ker2(A) ⊂ Ker1(A) î÷åâèäíî, òî ïîëó÷èì, ÷òî Ker1(A) = Ker2(A) è

α1 = α2.

Èç ðàâåíñòâà (2.1.4) ëåãêî ïîëó÷èòü, ñâîéñòâî ñóæåíèÿ ðåøåíèé äëÿ îïåðàòîðà A, òî

åñòü Im1(A) ∩H ′2 = Im2(A). Ïî ëåììå 2.1.2 ïîëó÷èì, ÷òî codim Im2(A) = codim Im1(A).

Òåì ñàìûì äîêàçàíî, ÷òî ind1(A) = ind2 (A).

Íåîáõîäèìîñòü. Ïóñòü ind1(A) = ind2(A), òîãäà èç (2.1.2) è çàìå÷àíèÿ 2.1.1 ñëåäóåò,

÷òî Ker1(A) = Ker2(A) è Ker1 (A∗) = Ker2 (A∗) . Îáîçíà÷èì N ≡ Ker1(A) = Ker2(A). Èç

òîãî, ÷òî dimN <∞ ñëåäóåò, ÷òî ñóùåñòâóþò òàêèå M1 è M2 çàìêíóòûå ïîäïðîñòðàíñòâà

ñîîòâåòñòâåííî ïðîñòðàíñòâ H1 è H2, ÷òî Mi ⊕ N = Hi, M2 = M1 ∩ H2, i = 1, 2. Ïóñòü

Hi/N ôàêòîðïðîñòðàíñòâî ïî çàìêíóòîìó â Hi ïîäïðîñòðàíñòâó N, i = 1, 2. Òàê êàê Mi

èçîìîðôíî Hi/N è M2 = M1 ∩ H2 ñóùåñòâóåò òàêîé ëèíåéíûé îãðàíè÷åííûé îïåðàòîð

P̃ : Hi/N → Hi, ÷òî P̃ : Hi/N = Mi äëÿ i = 1, 2 (ñì. [61] 7.4.10).

Òàê êàê A : Hi → H
′
i í¼òåðîâûé îïåðàòîð ïðè i = 1, 2 è codim Im2(A) = codim Im1(A), òî

ïðèìåíÿÿ ëåììó 2.1.2 áóäåì èìåòü ðàâåíñòâî: Im1(A)∩H ′2 = Im2(A). Ó÷èòûâàÿ ïîñëåäíåå

ðàâåíñòâî è d � íîðìàëüíîñòü îïåðàòîðà A, ïîëó÷èì, ÷òî ñóùåñòâóåò ïðîåêòîð S : H
′
i → H

′
i

íà Imi(A), i = 1, 2.

Îáîçíà÷èì ÷åðåç Ã ëèíåéíûé îãðàíè÷åííûé îïåðàòîð âçàèìíî îäíîçíà÷íî îòîáðàæà-

48



þùèé Hi/N íà Imi(A) ïî ïðàâèëó: äëÿ ïðîèçâîëüíîãî [x] ∈ Hi/N åãî îáðàçîì ÿâëÿåòñÿ

Ã [x] = Ax , i = 1, 2. Òàê êàê Imi(A) = Imi(A) è Im1(A) ∩ H ′2 = Im2(A), ïðèìåíÿÿ òåî-

ðåìó Áàíàõà îá îáðàòíîì îïåðàòîðå (ñì. [60], ãë. II, ïàð. 5) ïîëó÷èì, ÷òî ñóùåñòâóåò

Ã−1 : Imi(A)→ Hi/N, i = 1, 2.

Òåïåðü â êà÷åñòâå îïåðàòîðà R, ôèãóðèðóþùåãî â òåîðåìå, âîçüì¼ì îïåðàòîð

R := P̃ Ã−1S : H
′

i → Hi, i = 1, 2.

Òîãäà ëåãêî çàìåòèòü, ÷òî RA− I áóäåò êîíå÷íîìåðíûì îïåðàòîðîì, òåì ñàìûì, îïå-

ðàòîð R óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû.

Òåîðåìà 2.1.2 äîêàçàíà.

Èç äîêàçàòåëüñòâà òåîðåìû 2.1.2 ëåãêî çàìåòèòü, ÷òî ñëåäóåò:

Ñëåäñòâèå 2.1.1. Ïóñòü Hi, H
′
i , i = 1, 2 óäîâëåòâîðÿþò óñëîâèþ 2.1.1 è A : Hi → H

′
i í¼-

òåðîâûé îïåðàòîð (i = 1, 2). Äëÿ òîãî, ÷òîáû ind1(A) = ind2(A) íåîáõîäèìî è äîñòàòî÷-

íî, ÷òîáû ñóùåñòâîâàë ëèíåéíûé îãðàíè÷åííûé îïåðàòîð R̃ : H
′
i → Hi (i = 1, 2) òàêîé,

÷òî (R̃A− I) îïåðàòîð èç H1 â H2.

Àíàëîãè÷íîå óñëîâèå èç òåîðåìû 2.1.2 ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì:

Òåîðåìà 2.1.2′. Ïóñòü Hi, H
′
i , i = 1, 2 óäîâëåòâîðÿþò óñëîâèþ 2.1.1 è A : Hi → H

′
i í¼òå-

ðîâûé îïåðàòîð, i = 1, 2. Äëÿ òîãî, ÷òîáû ind1(A) = ind2(A) íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû ñóùåñòâîâàë ëèíåéíûé îãðàíè÷åííûé îïåðàòîð R : H
′
i → Hi òàêîé, ÷òî (AR − I)

êîíå÷íîìåðíûé îïåðàòîð â H
′
i , i = 1, 2.

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî óñëîâèÿ òåîðåìû 2.1.2 è óñëîâèÿ òåîðåìû 2.1.2′ ýêâèâà-

ëåíòíû. Îáîçíà÷èì I1 : Hi → Hi åäèíè÷íûé îïåðàòîð â Hi, i = 1, 2, à I2 : H
′
i → H

′
i

åäèíè÷íûé îïåðàòîð â H
′
i , i = 1, 2. Ïîêàæåì, ÷òî äëÿ ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà

R : H
′
i → Hi (RA− I1) êîíå÷íîìåðíûé îïåðàòîð â Hi, i = 1, 2 òîãäà è òîëüêî òîãäà, êîãäà

(AR − I2) êîíå÷íîìåðíûé îïåðàòîð â H
′
i , i = 1, 2. Äîêàæåì ñïåðâà, ÷òî èç êîíå÷íîìåð-

íîñòè (RA − I1) â Hi, i = 1, 2 ñëåäóåò êîíå÷íîìåðíîñòü (AR − I2) â H
′
i , i = 1, 2. Òàê êàê

A : Hi → H
′
i í¼òåðîâûé, òî ëåâûé ðåãóëÿðèçàòîð R : H

′
i → Hi áóäåò òàêæå è ïðàâûì

ðåãóëÿðèçàòîðîì (ñì. çàìå÷àíèå 2.1.2). Òîãäà èìååì, ÷òî RA = I1 + T , ãäå T : Hi → Hi

êîíå÷íîìåðíûé, à AR = I2 + T
′
, ãäå T

′
: H

′
i → H

′
i êîìïàêòíûé îïåðàòîð, i = 1, 2. Ñëåäî-

âàòåëüíî, ïðèìåíÿÿ îïåðàòîð R â ïåðâîì ñîîòíîøåíèè ñïðàâà, âî âòîðîì ñëåâà, ïîëó÷èì

RAR = R +RT
′
,RAR = R + TR.
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Èç ïîñëåäíåãî ïîëó÷èì, ÷òî RT
′
= TR êàê îïåðàòîðû èç H

′
i â Hi.

Çàìåòèì, ÷òî Imi

(
RT

′)
= Imi(TR) êîíå÷íîìåðíîå ïîäïðîñòðàíñòâî â Hi, ñëåäîâà-

òåëüíî, Imi

(
RT

′)
ÿâëÿåòñÿ çàìêíóòûì. Â ñèëó í¼òåðîâîñòè R : H

′
i → Hi èìååì, ÷òî

Imi (R) = Imi (R). Åñëè T
′

: H
′
i → H

′
i ÿâëÿëñÿ áû êîìïàêòíûì íåêîíå÷íîìåðíûì îïåðà-

òîðîì, òîãäà Imi

(
T
′)
áûëî áû îòêðûòûì ìíîæåñòâîì (ñì. [57] ñòð. 12). Òîãäà ïðèìåíèâ

òåîðåìó îá îòêðûòîì îòîáðàæåíèè (ñì. [60] , ãë. II, ïàð. 5) äëÿ îïåðàòîðà R, ïîëó÷èëè áû,

÷òî Imi

(
RT

′)
òàêæå îòêðûòîå ìíîæåñòâî, òî åñòü ïîëó÷èëè ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî,

T
′
: H

′
i → H

′
i êîíå÷íîìåðíûé îïåðàòîð.

Òåïåðü äîïóñòèì, ÷òî R : H
′
i → Hi òàêîé, ÷òî ÷òî (AR− I2) êîíå÷íîìåðíûé îïåðàòîð â

H
′
i , i = 1, 2. Òîãäà àíàëîãè÷íûìè ðàññóæäåíèÿ ïîëó÷èì, ÷òî T

′′
R = RT , ãäå T : H

′
i → H

′
i

êîíå÷íîìåðíûé, à T
′′

: Hi → Hi êîìïàêòíûé. Òàê êàê Imi(T
′′
R) êîíå÷íîìåðíî èR îáëàäàåò

êîíå÷íîìåðíûì êîÿäðîì, òî îïåðàòîð T
′′

: Hi → Hi ÿâëÿåòñÿ êîíå÷íîìåðíûì, i = 1, 2.

Òåîðåìà 2.1.2′ äîêàçàíà.

Ïðèâåä¼ì ïðèìåð í¼òåðîâîãî îïåðàòîðà ñ íàðóøåíèåì èíâàðèàíòíîñòè èíäåêñà.

Ïðèìåð 2.1.1. Ðàññìîòðèì ïðîñòðàíñòâî

la2 :=

x = (x1, . . . , xn, . . . ) :

(
∞∑
n=1

|xnan|2
) 1

2

<∞

 ,

ãäå a = {an}∞n=1 ïîëîæèòåëüíàÿ íåîãðàíè÷åííàÿ ìîíîòîííàÿ ïîñëåäîâàòåëüíîñòü, òàêàÿ

÷òî

lim
n→∞

an
an+1

= 0. (2.1.5)

ßñíî, ÷òî la2 ⊂ l2 è l
a
2 ïëîòíî â l2. Ïîñòðîèì îïåðàòîð A : l2 → l2 è A : la2 → la2 òàêîé,

÷òî indla2 (A) = k è indl2(A) = −r , ãäå k, r ∈ N ïðîèçâîëüíûå ÷èñëà.

Ïóñòü {ei} îðòîíîðìèðîâàííûé áàçèñ â l2. Îáîçíà÷èì e
′
i = a−1

i ei, i = 1, 2, . . . . Òîãäà
{
e
′
i

}
áóäåò îðòîíîðìèðîâàííûì áàçèñîì â la2 .

Ðàññìîòðèì îïåðàòîð A, äåéñòâóþùèé èç l2 â l2 ïî ñëåäóþùåìó ïðàâèëó:

Aei = ei−k +
ai
ai+r

ei+r, i = 1, 2, . . . (2.1.6)

ãäå k, r ∈ N è ei−k = 0 ïðè i− k ≤ 0. Óìíîæèâ îáå ÷àñòè íà a−1
i , ïîëó÷èì, ÷òî îïåðàòîð A,

äåéñòâóåò èç la2 â l
a
2 ïî ïðàâèëó:

Ae
′

i =
ai−k
ai

e
′

i−k + e
′

i+r, i = 1, 2, . . . (2.1.7)
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Îïåðàòîð A : l2 → l2 ïðåäñòàâëÿåòñÿ â ñëåäóþùåì âèäå:

A = C + Sk,

ãäå Sk, C : l2 → l2, S
kei =

ei−k,i > k

0, i ≤ k
, Cei = ai

ai+r
ei+r, i = 1, 2, . . . .

Îïåðàòîð Sk, êàê îïåðàòîð ñäâèãà âëåâî íà k, èìååò èíäåêñ ðàâíûé k
(
indl2 S

k = k
)
.

Òàê êàê â ñèëó (2.1.5) îïåðàòîð C ÿâëÿåòñÿ êîìïàêòíûì, òî èìååì, ÷òî indl2(A) =

indl2
(
Sk + C

)
= indl2 S

k = k (ñì. [61] òåîðåìà 8.5.20).

Àíàëîãè÷íûìè ðàññóæäåíèÿìè ìîæíî äîêàçàòü, ÷òî indla2 (A) = −r.

Òî åñòü ïîëó÷èëè, ÷òî èíâàðèàíòíîñòü èíäåêñà íàðóøàåòñÿ äëÿ ðàññìàòðèâàåìîãî

îïåðàòîðà.

Òåïåðü ïðèâåä¼ì ïðèìåð îïåðàòîðà ñ íàðóøåíèåì í¼òåðîâîñòè â ïëîòíîì ïîäïðîñòðàí-

ñòâå.

Ïðèìåð 2.1.1.. Ïóñòü k ∈ N. Ðàññìîòðèì îïåðàòîð A, äåéñòâóþùèé èç l2 â l2 ñëåäó-

þùèì îáðàçîì:

Aei =

ei−k, i > k

0, i ≤ k
, i = 1, 2, . . . ,

à èç ïðîñòðàíñòâà la2 â l
a
2 áóäåò äåéñòâîâàòü ïî ñëåäóþùåìó ïðàâèëó:

Ae
′

i =


ai−k
ai
e
′

i−k, i > k

0, i ≤ k
, i = 1, 2, . . . .

Îïåðàòîð A, ðàññìàòðèâàåìûé èç l2 â l2, ÿâëÿåòñÿ í¼òåðîâûì è èìååò èíäåêñ ðàâíûé

k, à îïåðàòîð A, ðàññìàòðèâàåìûé èç la2 â la2 , ÿâëÿåòñÿ êîìïàêòíûì îïåðàòîðîì. Òàê êàê

êîìïàêòíûé îïåðàòîð, êîòîðûé íå ÿâëÿåòñÿ êîíå÷íîìåðíûì, íå ìîæåò èìåòü çàìêíóòûé

îáðàç (ñì. [57] ñòð. 12), òî äëÿ îïåðàòîðà A íàðóøàåòñÿ í¼òåðîâîñòü â ïðîñòðàíñòâå la2 .

Ïóñòü Hi, H
′
i , i = 1, 2 ãèëüáåðòîâûå ïðîñòðàíñòâà óäîâëåòâîðÿþùèå óñëîâèþ 2.1.1. Òà-

êèå ïàðû ïðîñòðàíñòâ {H2, H1} , {H
′
2, H

′
1} áóäåì íàçûâàòü èíòåðïîëÿöèîííûìè ïàðàìè (ñì.

[63] ãëàâà I, ïàð. 1.2).

Îáîçíà÷èì ÷åðåç L(H1, H
′
1) ìíîæåñòâî ëèíåéíûõ íåïðåðûâíûõ îòîáðàæåíèé èç H1 â

H
′
1, à ÷åðåç L({H2, H1} , {H

′
2, H

′
1}) íåïðåðûâíûå ëèíåéíûå îòîáðàæåíèÿ èç H1 â H

′
1, ñóæå-

íèå êîòîðûõ íà H2 ÿâëÿþòñÿ íåïðåðûâíûìè ëèíåéíûìè îòîáðàæåíèÿìè èç H2 â H
′
2.
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Îïðåäåëåíèå 2.1.2. Îòîáðàæåíèå F èç ìíîæåñòâà èíòåðïîëÿöèîííûõ ïàð â ìíîæå-

ñòâî ãèëüáåðòîâûõ ïðîñòðàíñòâ íàçîâ¼ì èíòåðïîëÿöèîííûì ôóíêòîðîì, åñëè âûïîë-

íÿþòñÿ:

1. H2 ⊂ F({H2, H1}) ⊂ H1 äëÿ ïðîèçâîëüíûõ ãèëüáåðòîâûõ ïðîñòðàíñòâ H2 ⊂ H1.

2. äëÿ ïðîèçâîëüíîãî T ∈ L({H2, H1} , {H
′
2, H

′
1}) ñóæåíèå íà F({H2, H1}) ÿâëÿåòñÿ

íåïðåðûâíûì ëèíåéíûì îïåðàòîðîì èç F({H2, H1}) â F({H ′2, H
′
1})

(ò.å. T ∈ L(F({H2, H1}),F(
{
H
′
2, H

′
1

}
))).

Îáîçíà÷èì H3 = F ({H2, H1}) , H
′
3 = F({H ′2, H

′
1}), ãäå F - èíòåðïîëÿöèîííûé ôóíêòîð.

Ïðîñòðàíñòâî H3 íàçûâàåòñÿ èíòåðïîëÿöèîííûì äëÿ {H2, H1}, a H
′
3, ñîîòâåòñòâåííî, äëÿ

{H ′2, H
′
1} (ñì. [63] ãëàâà I, ïàð. 1.2).

Íèæå ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå ïðåäëîæåíèÿ (ñì. [63] ãëàâà 1.17 òåîðåìû

1,2):

Ïðåäëîæåíèå 2.1.1. Ïóñòü Hi, i = 1, 2 óäîâëåòâîðÿþò óñëîâèþ 2.1.1 è B äîïîëíÿåìîå

ïîäïðîñòðàíñòâî H1, ïðè÷¼ì ñîîòâåòñòâóþùèé ïðîåêòîð ïðèíàäëåæèò

L({H2, H1} , {H2, H1}), à F ïðîèçâîëüíûé èíòåðïîëÿöèîííûé ôóíêòîð.

Òîãäà {H2 ∩B,H1 ∩B} ÿâëÿåòñÿ èíòåðïîëÿöèîííîé ïàðîé è äëÿ íå¼ âåðíî ñëåäóþùåå

ñîîòíîøåíèå:

F ({H2 ∩B,H1 ∩B}) = F ({H2, H1}) ∩ B .

Ïðåäëîæåíèå 2.1.2. Ïóñòü Hi, i = 1, 2 óäîâëåòâîðÿþò óñëîâèþ 2.1.1 è C äîïîëíÿåìîå

ïîäïðîñòðàíñòâî ïðîñòðàíñòâà H2, ïðè÷¼ì ñîîòâåòñòâóþùèé ïðîåêòîð ïðèíàäëåæèò

L({H2, H1} , {H2, H1}), à F ïðîèçâîëüíûé èíòåðïîëÿöèîííûé ôóíêòîð.

Òîãäà {H2/C,H1/C} ÿâëÿåòñÿ èíòåðïîëÿöèîííîé ïàðîé è äëÿ íå¼ âåðíî ñëåäóþùåå

ñîîòíîøåíèå:

F ({H2/C,H1/C}) = F ({H2, H1}) /C.

Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò îá èíòåðïîëÿöèè í¼òåðîâûõ îïåðàòîðîâ:

Ïðåäëîæåíèå 2.1.3. Ïóñòü Hi, H
′
i , i = 1, 2 óäîâëåòâîðÿþò óñëîâèþ 2.1.1, à H3 =

F ({H2, H1}) , H
′
3 = F({H ′2, H

′
1}), ãäå F - èíòåðïîëÿöèîííûé ôóíêòîð. Ïóñòü A : Hi → H

′
i

í¼òåðîâûé îïåðàòîð äëÿ i = 1, 2 ñ ind1(A) = ind2(A). Òîãäà îïåðàòîð A : H3 → H
′
3 òàêæå

áóäåò í¼òåðîâûì, ïðè ýòîì

ind3(A) = ind1(A) = ind2(A).

52



Äîêàçàòåëüñòâî. Òàê êàê Ker2(A) ⊂ Ker3(A) ⊂ Ker1(A) è ind1(A) = ind2(A), èç 2.1.2

ïîëó÷èì, ÷òî Ker2(A) = Ker1(A), ñëåäîâàòåëüíî, Ker2(A) = Ker3(A) = Ker1(A). Îáîçíà÷èì

N ≡ Ker2(A) = Ker3(A) = Ker1(A). Àíàëîãè÷íûì îáðàçîì è ñ ó÷¼òîì çàìå÷àíèÿ 0.0.1

ïîëó÷èì, ÷òî Ker2 (A∗) = Ker3 (A∗) = Ker1 (A∗).

Äëÿ äîêàçàòåëüñòâà í¼òåðîâîñòè A : H3 → H
′
3 îñòàëîñü ïîêàçàòü, ÷òî Im3(A) = Im3(A)

(ñì. çàìå÷àíèå 2.1.4). Ïî ëåììå 2.1.2 äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü ðàâåíñòâî Im3(A) =

Im1(A) ∩H ′3.

Èìåþò ìåñòî ñëåäóþùèå èçîìîðôèçìû:

A : Hi/N ↔ Imi(A), i = 1, 2.

Èñïîëüçóÿ ñâîéñòâà èíòåðïîëÿöèîííîãî ôóíêòîðà, èìååì:

A : F ({H1/N,H2/N})↔ F(Im1(A), Im2(A)). (2.1.8)

Òàê êàê N êîíå÷íîìåðíîå ïîäïðîñòðàíñòâî H2, ñëåäîâàòåëüíî, äîïîëíÿåìî è â H1, è â

H2. Òîãäà ïðèìåíÿÿ ïðåäëîæåíèå 2.1.2, ïîëó÷èì:

F ({H1/N,H2/N}) = F ({H1, H2}) /N = H3/N. (2.1.9)

Ó÷èòûâàÿ êîíå÷íîìåðíîñòü êîÿäðà è ðàâåíñòâî Im2(A) = Im1(A) ∩H ′2 ïî ëåììå 2.1.2,

ïîëó÷èì, ÷òî ìîæíî ïðèìåíèòü ïðåäëîæåíèå 2.1.1. Òîãäà ïîëó÷èì

F ({Im1(A), Im2(A)}) = F
(
{H ′1 ∩ Im1(A), H

′

2 ∩ Im1(A)}
)

=

= F
(
{H ′1, H

′

2}
)
∩ Im1(A) = Im1(A) ∩H ′3.

(2.1.10)

Èç (2.1.8)�(2.1.10) ñëåäóåò, ÷òî A : H3/N ↔ Im1(A)∩H ′3, à èç ïîñëåäíåãî, ÷òî Im3(A) =

A : H3/N = Im1(A) ∩H ′3. Ýòî äîêàçûâàåò çàìêíóòîñòü Im3(A).

Ñëåäîâàòåëüíî, îïåðàòîð A : H3 → H
′
3 òàêæå í¼òåðîâûé è ind3(A) = ind1(A) = ind2(A).

Ïðåäëîæåíèå 2.1.3 äîêàçàíî.

Çàìå÷àíèå 2.1.4. Èç êîíå÷íîìåðíîñòè ÿäðà îïåðàòîðà è ÿäðà ñîïðÿæ¼ííîãî îïåðàòî-

ðà âîîáùå ãîâîðÿ íå ñëåäóåò í¼òåðîâîñòü îïåðàòîðà. Çàìêíóòîñòü îáðàçà è êîíå÷íî-

ìåðíîñòü êîÿäðà ìîãóò íàðóøàòüñÿ. Ïðèìåðîì òàêîãî îïåðàòîðà ÿâëÿåòñÿ ëàïëàñèàí:

∆ =
n∑
i=1

D2
i : H2(Rn)→ L2(Rn) äëÿ êîòîðîãî Ker (∆) = Ker (∆∗) = {0} , íî îáðàç îïåðàòîðà

íå çàìêíóò â L2 (Rn) .
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Ïðèâåä¼ì ïðèìåð, äåìîíñòðèðóþùèé, ÷òî óñëîâèå ind1(A) = ind2(A) èç ïðåäëîæåíèÿ

2.1.3, ÿâëÿåòñÿ ñóùåñòâåííûì.

Ïðèìåð 2.1.3. Îáîçíà÷èì la,α2 :=

{
x = (x1, . . . , xn, . . . ) :

(
∞∑
n=1

|xnaαn|
2

) 1
2

<∞

}
, ãäå 0 ≤

α ≤ 1, a = {an}∞n=1 ïîëîæèòåëüíàÿ íåîãðàíè÷åííàÿ ìîíîòîííàÿ ïîñëåäîâàòåëüíîñòü, òàêàÿ

÷òî lim
n→∞

an
an+1

= 0.

ßñíî, ÷òî la,α2

2 ⊂ la,α1

2 ïðè 0 ≤ α1 < α2 ≤ 1, ïðè÷¼ì la,α2

2 âñþäó ïëîòíî â la,α1

2 è îïåðàòîð

âëîæåíèÿ íåïðåðûâåí.

Ðàññìîòðèì îïåðàòîð, äåéñòâóþùèé èç la,α2 â la,α2 äëÿ 0 ≤ α ≤ 1 ïî ñëåäóþùåìó ïðàâèëó:

Ae
(α)
i =

(
ai−k
ai

)α
e

(α)
i−k +

(
ai
ai+r

)1−α

e
(α)
i+r, i = 1, 2, . . .

ãäå k, r ∈ N, e(α)
i = eia

−α
i , {ei} îðòîíîðìèðîâàííûé áàçèñ â l2, ñëåäîâàòåëüíî,

{
e

(α)
i

}
îðòîíîðìèðîâàííûé áàçèñ â la,α2 , e

(α)
i−k = 0 ïðè i− k ≤ 0.

Îïåðàòîð A : la,α2 → la,α2 ÿâëÿåòñÿ í¼òåðîâûì ïðè α = 0 è α = 1 ñ èíäåêñàìè indl2(A) = k

è indla2 (A) = −r, ñîîòâåòñòâåííî. Ïðè 0 < α < 1 îïåðàòîð ÿâëÿåòñÿ êîìïàêòíûì îïåðà-

òîðîì â ñèëó òîãî, ÷òî lim
n→∞

(
ai−k
ai

)α
= lim

n→∞

(
ai
ai+r

)α
= 0, ñëåäîâàòåëüíî, íå ìîæåò èìåòü

çàìêíóòûé îáðàç, òî åñòü íå ÿâëÿåòñÿ í¼òåðîâûì.

Òåïåðü ïðèâåä¼ì ïðèìåð, äåìîíñòðèðóþùèé, ÷òî ðàâåíñòâî ind1(A) = ind2(A) èç ïðåä-

ëîæåíèÿ 2.1.3, íå ÿâëÿåòñÿ íåîáõîäèìûì.

Ïðèìåð 2.1.4. Èñïîëüçóÿ òå æå îáîçíà÷åíèÿ, ðàññìîòðèì îïåðàòîð, äåéñòâóþùèé èç

la,α2 â la,α2 äëÿ 0 ≤ α ≤ 1 ïî ñëåäóþùåìó ïðàâèëó:

Be
(α)
i =

1

2
e

(α)
i +

(
ai−k
ai

)α
e

(α)
i−k +

(
ai
ai+r

)1−α

e
(α)
i+r, i = 1, 2, . . . .

Îïåðàòîð B : la,α2 → la,α2 ÿâëÿåòñÿ í¼òåðîâûì ïðè 0 ≤ α ≤ 1. Ïðè α = 0 è α = 1 èìååò

èíäåêñû indl2 (B) = k è indla2 (B) = −r, ñîîòâåòñòâåííî. Ïðè 0 < α < 1, îïåðàòîð èìååò

èíäåêñ ðàâíûé 0, â ñèëó êîìïîíåíòû 1
2
e

(α)
i è òîãî, ÷òî lim

n→∞

(
ai−k
ai

)α
= lim

n→∞

(
ai
ai+r

)α
= 0.

2.2 Èíâàðèàíòíîñòü èíäåêñà íà øêàëå àíèçîòðîïíûõ

ñîáîëåâñêèõ ïðîñòðàíñòâ

Ïóñòü k0 ∈ R+ è êîýôôèöèåíòû äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (0.0.1) óäîâëå-

òâîðÿþò óñëîâèÿì:

aα(x) ∈ Cdk0e+s,ν(Rn), ∀α ∈ Zn+, (α : ν) ≤ s.
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Ëåììà 2.2.1. Ïóñòü Ps(D) : Hk+s,ν (Rn) → Hk,ν (Rn) ïîëóýëëèïòå÷åñêèé îïåðàòîð

áåç ìëàäøèõ ÷ëåíîâ è ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Òîãäà äëÿ îïåðàòîðà Ps(D) :

Hk+s,ν (Rn)→ Hk,ν (Rn) ñóùåñòâóåò êâàçèðåãóëÿðèçàòîð R0 : Hk,ν (Rn)→ Hk+s,ν (Rn).

Äîêàçàòåëüñòâî. Ïóñòü Ps (ξ) ñèìâîë îïåðàòîðà Ps(D). Èç ïîëóýëëèïòè÷íîñòè îïåðàòîðà

Ps(D) ñëåäóåò, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî

|Ps (ξ)| ≥ δ |ξ|sν ,∀ξ ∈ Rn. (2.2.1)

Ðàññìîòðèì îïåðàòîð

R0 = F−1 |ξ|sν
(1 + |ξ|sν)Ps (ξ)

F. (2.2.2)

Èç îöåíêè (2.2.1) ñëåäóåò, ÷òî R0 ÿâëÿåòñÿ îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì èç

Hk,ν (Rn) â Hk+s,ν (Rn) ñ íîðìîé ‖R0‖k,ν ≤
M
δ
, ãäåM íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ

çàâèñÿùàÿ îò s.

Èìååì

R0Ps = I + T, PsR0 = I + T,

ãäå T = −F−1 1
(1+|ξ|sν)

F. T ÿâëÿåòñÿ îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì èç Hk,ν (Rn) â

Hk+s,ν (Rn) äëÿ ïðîèçâîëüíîãî k ∈ R.

Òî åñòü ïîëó÷èëè, ÷òî R0 ÿâëÿåòñÿ èñêîìûì êâàçèðåãóëÿðèçàòîðîì.

Ëåììà 2.2.1 äîêàçàíà.

Â äàëüíåéøåì áóäåì èñïîëüçîâàòü ñëåäóþùóþ ëåììó, äîêàçàííóþ äëÿ èçîòðîïíîãî

ñëó÷àÿ â ([59], ëåììà 1.9.3). Â àíèçîòðîïíîì ñëó÷àå äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷-

íûì îáðàçîì ñ çàìåíîé |ξ| íà |ξ|ν .

Ëåììà 2.2.2. Ïóñòü k1, k2 ∈ R, k1 < k2 è äëÿ ëèíåéíîãî îïåðàòîðà T , äåéñòâóþùåãî â

Hk,ν (Rn), ñïðàâåäëèâà îöåíêà

‖Tu‖k,ν ≤ K1 ‖u‖k,ν +K2 ‖u‖k−σ,ν

ïðè k1 ≤ k ≤ k2 è σ > 0 ñ ïîñòîÿííûìè K1 è K2, íå çàâèñÿùèìè îò k. Òîãäà äëÿ ëþáîãî

ε > 0 îïåðàòîð T äîïóñêàåò ïðåäñòàâëåíèå

T = T1 + T2,

ãäå T2 : Hk−σ,ν (Rn)→ Hk,ν (Rn) îãðàíè÷åííûé îïåðàòîð, à äëÿ T1 ñïðàâåäëèâà îöåíêà

‖T1u‖k,ν ≤ (K1 + ε) ‖u‖k,ν äëÿ k1 ≤ k ≤ k2.
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Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D) (ñì. (0.0.1)) è x0 ∈ Rn îáîçíà÷èì

∆ (P ) := max
(α:ν)=s

sup
x∈Rn
|aα (x)− aα (x0)| , δ := min

|ξ|ν=1
|Ps(x0, ξ)| .

Ëåììà 2.2.3. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) ïîëóýëëèïòè÷íà â òî÷êå x = x0.

Òîãäà ñóùåñòâóåò η0 = η0(k0, δ) > 0, òàêîå ÷òî ïðè ∆ (P ) < η0 äëÿ ïðîèçâîëü-

íîãî k ∈ [−k0, k0] P (x,D) : Hk+s,ν (Rn) → Hk,ν (Rn) îáëàäàåò êâàçèðåãóëÿðèçàòîðîì

R : Hk,ν (Rn)→ Hk+s,ν (Rn) :

òî åñòü ñóùåñòâóåò òàêîå σ = σ(ν) > 0, ÷òî RP (x,D) = I + T1, P (x,D)R = I + T2,

ãäå T1 : Hk+s,ν (Rn) → Hk+s+σ,ν (Rn), T2 : Hk,ν (Rn) → Hk+σ,ν (Rn) îãðàíè÷åííûå ëèíåéíûå

îïåðàòîðû.

Äîêàçàòåëüñòâî. Ðàññìîòðèì îïåðàòîð (2.2.2) R0 : Hk,ν (Rn) → Hk+s,ν (Rn) äëÿ k ∈

[−k0, k0].

Ïðèìåíÿÿ ëåììó 2.2.1 è ó÷èòûâàÿ îáîçíà÷åíèÿ (0.0.2), (0.0.4) ïîëó÷èì ñëåäóþùåå ïðåä-

ñòàâëåíèå äëÿ R0P (x,D):

R0P (x,D) = R0Ps(x,D) +R0L(x,D) =

R0[Ps(x,D)− Ps(x0,D)] +R0Ps(x0,D) +R0L(x,D)

= I + T +R0[Ps(x,D)− Ps(x0,D)] +R0L(x,D),

(2.2.3)

ãäå T = −F−1 1
1+|ξ|sν

F îãðàíè÷åííûé îïåðàòîð èç Hk+s,ν (Rn) â Hk+s+γ,ν (Rn) äëÿ ïðîèç-

âîëüíîãî 0 < γ ≤ s.

Ðàññìîòðèì îïåðàòîð R0L(x,D). Ïóñòü ïîëîæèòåëüíîå ÷èñëî σ òàêîå, ÷òî{
α ∈ Zn+ : (α : ν) < s

}
=
{
α ∈ Zn+ : (α : ν) ≤ s− σ

}
. Çàìåòèì, ÷òî â êà÷åñòâå σ ìîæíî

âçÿòü

(
n∏
i=1

νi

)−1

.

Äîêàæåì, ÷òî R0L(x,D) ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì èç Hk+s,ν (Rn) â

Hk+s+σ,ν (Rn). Äëÿ ýòîãî ïîêàæåì, ÷òî L(x,D) åñòü îãðàíè÷åííûé îïåðàòîð èç Hk+s,ν (Rn)

â Hk+σ,ν (Rn).

Çàìåòèì, ÷òî |ξα| ≤ |ξ|(α:ν)
ν äëÿ ïðîèçâîëüíûõ α ∈ Zn+ è ξ ∈ Rn, ñëåäîâàòåëüíî, äëÿ

íåêîòîðîé ïîñòîÿííîé C > 0 èìååò ìåñòî:∑
(α:ν)<s

|ξα| ≤ C (1 + |ξ|ν)
s−σ . (2.2.4)

Òîãäà ïîëó÷èì îöåíêó

‖L(x,D)u‖k+σ,ν ≤ C
′ ∑

(α:ν)<s

‖Dαu‖k+σ,ν ≤ C
′′ ‖u‖k+s,ν ,∀u ∈ H

k+s,ν (Rn) ,−k0 ≤ k ≤ k0,
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ãäå ïîñòîÿííûå C
′
, C
′′
íå çàâèñÿò îò k. Òî åñòü ïîëó÷èëè, ÷òî R0L(x,D) ÿâëÿåòñÿ îãðàíè-

÷åííûì îïåðàòîðîì èç Hk+s,ν (Rn) â Hk+s+σ,ν (Rn) .

Èç ñâîéñòâ íîðìû îïåðàòîðà è îöåíêè äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ïðîñòðàí-

ñòâàõ Hk,ν (Rn) (ñì. [47]) èìååì:

‖R0[Ps(x,D)− Ps (x0,D)]u‖k+s,ν ≤ ‖R0‖k,ν ‖[Ps(x,D)− Ps (x0,D)]u‖k,ν ≤

≤ M

δ
K1∆ (P ) ‖u‖k+s,ν +K2 ‖u‖k+s−σ,ν

(2.2.5)

äëÿ −k0 ≤ k ≤ k0, ãäå M = M(s), K1 = K1

(∣∣{α ∈ Zn+ : (α : ν) = s}
∣∣ , k0, ν, n

)
è K2 =

K2

∣∣{α ∈ Zn+ : (α : ν) = s}
∣∣ , k0, ν, n, max

(α:ν)=s,
0<(β:ν)≤dk0e

sup
x∈Rn

∣∣Dβaα(x)
∣∣� íåêîòîðûå ïîñòîÿííûå.

Èç îöåíêè (2.2.5) ñëåäóåò, ÷òî ê îïåðàòîðó R0[Ps(x,D) − Ps (x0,D)] ìîæíî ïðèìåíèòü

ëåììó 2.2.2. Çàôèêñèðóåì íåêîòîðoe 0 < ε < 1. Òîãäà ïîëó÷èì ïðåäñòàâëåíèå:

R0[Ps(x,D)− Ps (x0,D)] = T1
′ + T2

′, (2.2.6)

ãäå T
′
1 : Hk+s,ν (Rn) → Hk+s+σ,ν (Rn) îãðàíè÷åííûé îïåðàòîð, à T

′
2 : Hk+s,ν (Rn) →

Hk+s,ν (Rn) îãðàíè÷åííûé îïåðàòîð òàêîé, ÷òî∥∥∥T ′2u∥∥∥
k+s,ν

≤
(
M

δ
K1∆ (P ) + ε

)
‖u‖k+s,ν , ∀u ∈ H

k+s,ν (Rn) ,−k0 ≤ k ≤ k0.

Ïóñòü ∆ (P ) < (1−ε)δ
MK1

, òîãäà
∥∥T ′2∥∥Hk+s,ν < 1 äëÿ −k0 ≤ k ≤ k0.

Èç (2.2.6) è (2.2.3) ïîëó÷èì

R0P (x,D) = I + T
′

2 + T
′

1 + T +R0L(x,D), (2.2.7)

ãäå T
′
1 +T +R0L(x,D) îãðàíè÷åííûé îïåðàòîð èç Hk+s,ν (Rn) â Hk+s+σ,ν (Rn), à T

′
2 îïåðàòîð

ñ íîðìîé ìåíüøå 1 â ïðîñòðàíñòâå Hk+s,ν (Rn) ïðè −k0 ≤ k ≤ k0.

Èç ïîñëåäíåãî ñâîéñòâà îïåðàòîðà T
′
2, ñëåäóåò, ÷òî ñóùåñòâóåò

(
I + T

′
2

)−1
â Hk+s,ν (Rn)

ïðè −k0 ≤ k ≤ k0 (ñì. [62] ãë. II, ï. 5).

Ïðèìåíèâ îïåðàòîð
(
I + T

′
2

)−1
ñëåâà â (2.2.7) ïîëó÷èì(

I + T
′

2

)−1

R0P (x,D) = I +
(
I + T

′

2

)−1 (
T
′

1 + T +R0L(x,D)
)
.

Îáîçíà÷èì R =
(
I + T

′
2

)−1
R0, T1 =

(
I + T

′
2

)−1 (
T
′
1 + T +R0L(x,D)

)
.

Îïåðàòîð R : Hk,ν (Rn) → Hk+s,ν (Rn) îãðàíè÷åííûé îïåðàòîð, à T1 : Hk+s,ν (Rn) →

Hk+s+σ,ν (Rn) îãðàíè÷åííûé îïåðàòîð ïðè −k0 ≤ k ≤ k0 è

RP (x,D) = I + T1.
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Òî åñòü R ÿâëÿåòñÿ èñêîìûì êâàçèðåãóëÿðèçàòîðîì. Àíàëîãè÷íûì îáðàçîì ìîæíî ïî-

ñòðîèòü è ïðàâûé êâàçèðåãóëÿðèçàòîð.

Ëåììà 2.2.3 äîêàçàíà.

Ïóñòü k íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî. Äàëåå îïåðàòîð P (x,D), äåéñòâóþùèé èç

Hk+s,ν (Rn) â Hk,ν (Rn), áóäåì îáîçíà÷àòü òàêæå
(
P ;Hk,ν

)
.

Òåîðåìà 2.2.1. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) ïîëóýëëèïòè÷íà â Rn. Òîãäà

ñóùåñòâóåò η0 = η0(k0, δ) > 0 òàêîå, ÷òî ïðè ∆ (P ) < η0 äëÿ ïðîèçâîëüíûõ k1 è k2 ∈

[−k0, k0] èìååò ìåñòî ñîîòíîøåíèå:

åñëè P (x,D) : Hk1+s,ν (Rn) → Hk1,ν (Rn) í¼òåðîâûé, òî P (x,D) : Hk2+s,ν (Rn) →

Hk2,ν (Rn) òàêæå í¼òåðîâûé, ïðè ýòîì

dim Ker
(
P ;Hk1,ν

)
= dim Ker

(
P ;Hk2,ν

)
,

dim coker
(
P ;Hk1,ν

)
= dim coker

(
P ;Hk2,ν

)
,

ind
(
P ;Hk1,ν

)
= ind

(
P ;Hk2,ν

)
.

Äîêàçàòåëüñòâî. Ïóñòü k2 = k1 + τ, ãäå τ > 0. Òàê êàê âûïîëíÿþòñÿ óñëîâèÿ ëåììû

2.2.3, òî ñóùåñòâóåò η0 = η0(k0, δ) > 0 òàêîå, ÷òî åñëè ∆ (P ) < η0, òî P (x,D) îáëàäàåò

êâàçèðåãóëÿðèçàòîðîì R : Hk,ν (Rn)→ Hk+s,ν (Rn) òàêèì, ÷òî

RP(x,D) = I + T1, (2.2.8)

ãäå T1 : Hk+s,ν (Rn) → Hk+s+σ,ν (Rn) îãðàíè÷åííûé îïåðàòîð äëÿ íåêîòîðîãî σ > 0 ïðè

k1 < k2 ≤ k0.

Åñëè u ∈ Ker
(
P ;Hk1,ν

)
, òî ïîäñòàâèâ u â (2.2.8) ïîëó÷èì, ÷òî u ∈ Hk1+s+σ,ν (Rn),

ñëåäîâàòåëüíî,

Ker
(
P ;Hk1,ν

)
= Ker

(
P ;Hk1+σ,ν

)
.

Ïóñòü P (x,D)u = f ïðè u ∈ Hk1+s,ν (Rn) , f ∈ Hk2,ν (Rn). Ïîäñòàâèâ u â (2.2.8) áóäåì

èìåòü, ÷òî u = Rf − T1u. Ó÷èòûâàÿ, ÷òî Rf ∈ Hk2+s,ν (Rn) = Hk1+s+τ,ν (Rn) è T1u ∈

Hk1+s+σ,ν (Rn), ïîëó÷èì, ÷òî u ∈ Hk1+s+min(τ,σ),ν (Rn).

Åñëè τ ≤ σ, òî èç âûøåèçëîæåííîãî ñ ó÷¼òîì çàìå÷àíèÿ 2.1.2, ïîëó÷èì

Ker
(
P ;Hk1,ν

)
= Ker

(
P ;Hk2,ν

)
. (2.2.9)

Im
(
P ;Hk1,ν

)
∩Hk2,ν (Rn) = Im

(
P ;Hk2,ν

)
. (2.2.10)
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Èç (2.2.9) ñëåäóåò, ÷òî

dim Ker
(
P ;Hk1,ν

)
= dim Ker

(
P ;Hk2,ν

)
.

Èç (2.2.10) ïðèìåíÿÿ ëåììó 2.1.2 ïîëó÷èì, ÷òî

Im
(
P ;Hk2,ν

)
= Im (P ;Hk2,ν), codim Im

(
P ;Hk1,ν

)
= codim Im

(
P ;Hk2,ν

)
.

Ñëåäîâàòåëüíî, ïîëó÷èëè, ÷òî P (x,D) : Hk2+s,ν (Rn) → Hk2,ν (Rn) í¼òåðîâûé îïåðàòîð

è ind
(
P ;Hk1,ν

)
= ind

(
P ;Hk2,ν

)
.

Åñëè æå τ > σ, òî ïðèìåíèâ àíàëîãè÷íûå ðàññóæäåíèÿ äëÿ îïåðàòîðà P (x,D) :

Hk1+s+σ,ν (Rn) → Hk1+σ,ν (Rn) ïîëó÷èì ðàâåíñòâî èíäåêñîâ äëÿ
(
P ;Hk1,ν

)
è
(
P ;Hk1+2σ,ν

)
.

Ïîñëå êîíå÷íîãî ÷èñëà m øàãîâ (ò.å. êîãäà mσ ≥ τ), ïîëó÷èì ðàâåíñòâî èíäåêñîâ äëÿ(
P ;Hk1,ν

)
è
(
P ;Hk2,ν

)
.

Ïóñòü òåïåðü k1 > k2. Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó, ôîðìàëüíî ñîïðÿæ¼í-

íóþ äëÿ P (x,D)

P ∗ (x,D) =
∑

(α:ν)≤s

Dα
(
aα(x) �

)
.

Òîãäà, â ñèëó òåîðåìû 8.5.4 ðàáîòû [61], èç í¼òåðîâîñòè P (x,D) : Hk1+s,ν (Rn) →

Hk1,ν (Rn) ñëåäóåò í¼òåðîâîñòü äëÿ îïåðàòîðà P ∗(x,D) : H−k1,ν (Rn)→ H−k1−s,ν (Rn).

Òîãäà ïðèìåíÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ äëÿ P ∗(x,D) : H−k1,ν (Rn) → H−k1−s,ν (Rn)

è P ∗(x,D) : H−k2,ν (Rn) → H−k2−s,ν (Rn), ïîëó÷èì, ÷òî îïåðàòîð P ∗(x,D) : H−k2,ν (Rn) →

H−k2−s,ν (Rn) í¼òåðîâ, ïðè ýòîì

ind
(
P ∗;H−k1,ν

)
= ind

(
P ∗;H−k2,ν

)
.

Ñëåäîâàòåëüíî, îïåðàòîð P ∗(x,D) : Hk2+s,ν (Rn) → Hk2,ν (Rn) ÿâëÿåòñÿ í¼òåðîâûì, ïðè

ýòîì:

ind
(
P ;Hk1,ν

)
= − ind

(
P ∗;H−k1,ν

)
= − ind

(
P ∗;H−k2,ν

)
= ind

(
P ;Hk2,ν

)
.

Òåîðåìà 2.2.1 äîêàçàíà.

2.3 Ñòàáèëüíîñòü èíäåêñà îòíîñèòåëüíî âîçìóùåíèé

ìëàäøèìè ÷ëåíàìè äèôôåðåíöèàëüíîãî âûðàæå-

íèÿ

Îáîçíà÷èì

Q :=

{
g(x) ∈ C∞ (Rn) : g(x) > 0,∀x ∈ Rn; sup

x∈Rn

|Dβg(x)|
g(x)

<∞,∀β ∈ Zn+
}
,
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Q̃ :=

{
g(x) ∈ C∞ (Rn) : g(x) > 0,∀x ∈ Rn;

|Dβg(x)|
g(x)

⇒ 0 ïðè |x| → ∞,

∀β ∈ Zn+, β 6= 0

}
.

Çàìå÷àíèå 2.3.1. Â äàëüíåéøåì äëÿ âåñîâûõ ôóíêöèé èç ìíîæåñòâ Q è Q̃ áóäóò èñ-

ïîëüçîâàíû ïðîèçâîäíûå äî íåêîòîðîãî îïðåäåë¼ííîãî ïîðÿäêà.

Äëÿ k ∈ Z+, ν ∈ Nn è r ∈ Q ÷åðåç H̃k,ν
r (Rn) îáîçíà÷èì ìíîæåñòâî èçìåðèìûõ ôóíêöèé

{u}, ru ∈ Hk,ν(Rn) ñ íîðìîé

‖u‖
′

k,ν,r = ‖ru‖k,ν <∞.

Ïóñòü r ∈ Q è Mr îïåðàòîð óìíîæåíèÿ íà r(x):

Mr : H̃k,ν
r (Rn)→ Hk,ν(Rn), Mru(x) = r(x)u(x), ∀u ∈ H̃k,ν

r (Rn),

M−1
r : Hk,ν(Rn)→ H̃k,ν

r (Rn), M−1
r v(x) =

v(x)

r(x)
, ∀v ∈ Hk,ν(Rn).

Äëÿ r ∈ Q è äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà (0.0.1) îáîçíà÷èì

Pr(x,D) := MrP (x,D)M−1
r . (2.3.1)

Òàê êàê sup
x∈Rn

|Dβr(x)|
r(x)

<∞ äëÿ âñåõ β ∈ Zn+, òî Pr(x,D) ïîðîæäàåò ëèíåéíûé îãðàíè÷åí-

íûé îïåðàòîð, äåéñòâóþùèé èç Hk,ν(Rn) â Hk−s,ν(Rn). Áóäåì îáîçíà÷àòü åãî òàêæå ÷åðåç(
Pr;H

k,ν
)
.

Ïóñòü k, s ∈ N, k ≥ s.

Ëåììà 2.3.1. Îïåðàòîð
(
Pr;H

k,ν
)
í¼òåðîâ òîãäà è òîëüêî òîãäà, êîãäà îïåðàòîð(

P ; H̃k,ν
r

)
í¼òåðîâ, è ïðè ýòîì èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

dim Ker
(
Pr;H

k,ν
)

= dim Ker
(
P ; H̃k,ν

r

)
,

dim coker
(
Pr;H

k,ν
)

= dim coker
(
P ; H̃k,ν

r

)
,

ind
(
Pr;H

k,ν
)

= ind
(
P ; H̃k,ν

r

)
.

Äîêàçàòåëüñòâî. Ïóñòü u ∈ Ker
(
Pr;H

k,ν
)
. Ëåãêî ïðîâåðèòü, ÷òî v = M−1

r u ∈ H̃k,ν
r (Rn)

è Pv = 0. Îáðàòíî, äëÿ v ∈ Ker
(
P ; H̃k,ν

r

)
èìååì, ÷òî u = Mrv ∈ Hk,ν(Rn) è Pru = 0.

Ó÷èòûâàÿ àíàëîãè÷íîå ñîîòâåòñòâèå äëÿ ÿäåð ñîïðÿæ¼ííûõ îïåðàòîðîâ, ïîëó÷èì áèåêöèþ

ìåæäó áàçèñàìè ÿäåð
(
Pr;H

k,ν
)
è
(
P ; H̃k,ν

r

)
è áàçèñàìè ÿäåð

(
Pr;H

k,ν
)∗

è
(
P ; H̃k,ν

r

)∗
.

Òîãäà

dim Ker
(
P ; H̃k,ν

r

)
= dim Ker

(
Pr;H

k,ν
)
, (2.3.2)
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dim Ker
(
P ; H̃k,ν

r

)∗
= dim Ker

(
Pr;H

k,ν
)∗
. (2.3.3)

Ïóñòü
(
Pr;H

k,ν
)
í¼òåðîâûé. Òîãäà ïî òåîðåìå 3.2 èç êíèãè [57] èç íîðìàëüíîé ðàç-

ðåøèìîñòè ñëåäóåò, ÷òî Im
(
Pr;H

k,ν
)

= ⊥ (Ker
(
Pr;H

k,ν
)∗)

, ãäå ⊥
(
Ker

(
Pr;H

k,ν
)∗)

ìíî-

æåñòâî ýëåìåíòîâ èç Hk−s,ν(Rn), êîòîðûå îðòîãîíàëüíû ýëåìåíòàì èç Ker
(
Pr;H

k,ν
)∗
.

Èñïîëüçóÿ ïîñëåäíåå ðàâåíñòâî, íåòðóäíî ïîêàçàòü, ÷òî äëÿ îïåðàòîðà
(
P ; H̃k,ν

r

)
âû-

ïîëíÿåòñÿ Im
(
P ; H̃k,ν

r

)
= ⊥

(
Ker

(
P ; H̃k,ν

r

)∗)
. Èç ïîñëåäíåãî, â ñèëó òåîðåìû 3.2

èç êíèãè [57], ïîëó÷èì, ÷òî
(
P ; H̃k,ν

r

)
íîðìàëüíî ðàçðåøèìûé îïåðàòîð, òî åñòü(

Im
(
P ; H̃k,ν

r

)
= Im

(
P ; H̃k,ν

r

))
.

Àíàëîãè÷íûì îáðàçîì èç íîðìàëüíîé ðàçðåøèìîñòè îïåðàòîðà
(
P ; H̃k,ν

r

)
ìîæíî ïîêà-

çàòü, ÷òî ñëåäóåò íîðìàëüíàÿ ðàçðåøèìîñòü îïåðàòîðà
(
Pr;H

k,ν
)
. Ó÷èòûâàÿ (2.3.2)�(2.3.3)

ïîëó÷èì, ÷òî èç í¼òåðîâîñòè
(
Pr;H

k,ν
)
ñëåäóåò í¼òåðîâîñòü

(
P ; H̃k,ν

r

)
, è îáðàòíî.

Èç (2.3.2)�(2.3.3) äëÿ èíäåêñîâ ýòèõ îïåðàòîðîâ ïîëó÷èì

ind
(
Pr;H

k,ν
)

= ind
(
P ; H̃k,ν

r

)
.

Ëåììà 2.3.2. Ïóñòü r ∈ Q̃. Òîãäà îïåðàòîð
(
P ;Hk,ν

)
í¼òåðîâ òîãäà è òîëüêî òîãäà,

êîãäà îïåðàòîð
(
P ; H̃k,ν

r

)
í¼òåðîâ, è ïðè ýòîì èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

dim Ker
(
P ;Hk,ν

)
= dim Ker

(
P ; H̃k,ν

r

)
,

dim coker
(
P ;Hk,ν

)
= dim coker

(
P ; H̃k,ν

r

)
,

ind
(
P ;Hk,ν

)
= ind

(
P ; H̃k,ν

r

)
.

Äîêàçàòåëüñòâî. Äëÿ äèôôåðåíöèàëüíîé ôîðìû Pr(x,D) èìååò ìåñòî ñëåäóþùåå ïðåä-

ñòàâëåíèå:

Pr(x,D) = MrP (x,D)M−1
r = P (x,D) + T (x,D),

ãäå

T (x,D) =
∑

(α:ν)≤s

aα(x)
∑

β≤α,β 6=0

Cβ
αr(x)Dβ

(
1

r(x)

)
Dα−β.

Â ñèëó òîãî, ÷òî r ∈ Q̃ äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò N(ε) > 0 òàêîå, ÷òî

Dγ

(
r(x)Dβ

(
1

r(x)

))
< ε,∀x ∈ Rn \KN(ε), ∀γ, β ∈ Zn+, (γ : ν) ≤ k − s, 0 < (β : ν) ≤ s.

Ïóñòü ϕ (x) ∈ C∞0 (Rn) òàêàÿ, ÷òî 0 ≤ ϕ (x) ≤ 1 è ϕ (x) = 1 ïðè |x| ≤ 1 è ϕ (x) = 0 ïðè

|x| ≥ 2. Òîãäà ϕε (x) := ϕ
(

x
N(ε)

)
∈ C∞0 , suppϕε ⊂ K2N(ε), ϕε (x) = 1 ïðè x ∈ KN(ε).
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Îáîçíà÷èì T
′
ε = (1− ϕε)T , T

′′
ε = ϕεT . Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C > 0 èìååì∥∥∥T ′εu∥∥∥

k−s,ν
= ‖(1− ϕε)Tu‖k−s,ν ≤ Cε ‖u‖k,ν , ∀u ∈ H

k,ν(Rn),

à T
′′
ε = ϕεT êîìïàêòíûé îïåðàòîð èçHk,ν(Rn) âHk−s,ν(Rn). Ñëåäîâàòåëüíî, â ñèëó òåîðåìû

8.3.2 ðàáîòû [61], îïåðàòîð T (x,D) : Hk,ν(Rn)→ Hk−s,ν(Rn) êîìïàêòåí.

Òîãäà â ñèëó êîìïàêòíîñòè T (x,D) : Hk,ν(Rn) → Hk−s,ν(Rn), ïðèìåíÿÿ òåîðåìó 8.5.20

èç [61], ïîëó÷èì âçàèìîñâÿçü äëÿ í¼òåðîâîñòè îïåðàòîðîâ (Pr;H
k,ν) è (P ;Hk,ν), è ïðè ýòîì

ñëåäóþùåå ðàâåíñòâî:

ind
(
Pr;H

k,ν
)

= ind
(
P ;Hk,ν

)
.

Îòñþäà, ïðèìåíÿÿ ëåììó 2.3.1, ïîëó÷èì, ÷òî îïåðàòîð
(
P ;Hk,ν

)
í¼òåðîâ òîãäà è òîëüêî

òîãäà, êîãäà îïåðàòîð
(
P ; H̃k,ν

r

)
í¼òåðîâ, è èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî:

ind
(
P ;Hk,ν

)
= ind

(
Pr;H

k,ν
)

= ind
(
P ; H̃k,ν

r

)
.

Òîãäà ñ ó÷åòîì (2.1.2) äëÿ ðàçìåðíîñòåé ÿäðà è êîÿäðà âûïîëíÿåòñÿ:

dim Ker
(
P ;Hk,ν

)
= dim Ker

(
P ; H̃k,ν

r

)
,

dim coker
(
P ;Hk,ν

)
= dim coker

(
P ; H̃k,ν

r

)
.

Òåì ñàìûì ëåììà 2.3.2 äîêàçàíà.

Ïðèìåð 2.3.1. Ïóñòü a, δ ∈ R+. Ðàññìîòðèì îïåðàòîð Pu = u′′ − au, äåéñòâóþùèé

èç H2(R1) â L2(R1). Îïåðàòîð P : H2(R1) → L2(R1) ÿâëÿåòñÿ í¼òåðîâûì è dim Ker(P ) =

dim coker(P ) = ind(P ) = 0.

Îáîçíà÷èì rδ(x) = e−δ
√

1+x2 ∈ Q.

Ðàññìîòðèì

Prδu = e−δ
√

1+x2P
(
eδ
√

1+x2u
)

= u′′ + 2δ
x√

1 + x2
u′+

+

(
δ2 x2

1 + x2
+ δ

1

(1 + x2)3/2
− a

)
u.

Ñ ïîìîùüþ òåîðåìû 4.1 ðàáîòû [30] íåòðóäíî ïðîâåðèòü, ÷òî Prδ : H2(R1) → L2(R1)

ïðè δ =
√
a íå ÿâëÿåòñÿ í¼òåðîâûì, ïðè δ >

√
a ÿâëÿåòñÿ í¼òåðîâûì îïåðàòîðîì, è èìååò

ìåñòî:

Ker (Prδ) = Span
{
e
√
a−δ
√

1+x2 ; e−
√
a−δ
√

1+x2
}
,

dim Ker (Prδ) = 2, dim coker (Prδ) = 0,

ind (Prδ) = 2.

62



Ñëåäîâàòåëüíî, óñëîâèå r ∈ Q̃ ÿâëÿåòñÿ ñóùåñòâåííûì.

Ïðè δ <
√
a îïåðàòîð Prδ : H2(R1) → L2(R1) ÿâëÿåòñÿ í¼òåðîâûì, è èìååò ìåñòî:

dim Ker(Prδ) = dim coker(Prδ) = ind(Prδ) = 0.

Òåì ñàìûì óñëîâèå íà âåñîâóþ ôóíêöèþ r íå ÿâëÿåòñÿ íåîáõîäèìûì äëÿ ðàâåíñòâà

ðàçìåðíîñòåé ÿäðà, êîÿäðà, ñëåäîâàòåëüíî, è èíäåêñà.

Ëåììà 2.3.3. Ïóñòü ôóíêöèÿ q ∈ Q̃ òàêàÿ, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞, îïåðàòîð(
P ;Hk,ν

)
í¼òåðîâ è îïåðàòîð

(
P ;Hk,ν

q

)
íîðìàëüíî ðàçðåøèì. Òîãäà

(
P ;Hk,ν

q

)
òàêæå í¼-

òåðîâ, è ïðè ýòîì èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

dim Ker
(
P ;Hk,ν

q

)
= dim Ker

(
P ;Hk,ν

)
,

dim coker
(
P ;Hk,ν

q

)
= dim coker

(
P ;Hk,ν

)
,

ind
(
P ;Hk,ν

q

)
= ind

(
P ;Hk,ν

)
.

Äîêàçàòåëüñòâî. Ïóñòü r(x) = (q(x))k ∈ Q̃. Òîãäà èìåþò ìåñòî ñëåäóþùèå âëîæåíèÿ:

H̃k,ν
r (Rn) ↪→ Hk,ν

q (Rn) ↪→ Hk,ν(Rn).

Ó÷èòûâàÿ òàêæå âëîæåíèÿ äëÿ ñîïðÿæ¼ííûõ ïðîñòðàíñòâ, â ñèëó ëåììû 2.3.2, ïîëó-

÷èì:

dim Ker
(
P ; H̃k,ν

r

)
= dim Ker

(
P ;Hk,ν

q

)
= dim Ker

(
P ;Hk,ν

)
<∞, (2.3.4)

dim Ker
(
P ; H̃k,ν

r

)∗
= dim Ker

(
P ;Hk,ν

q

)∗
= dim Ker

(
P ;Hk,ν

)∗
<∞. (2.3.5)

Èç íîðìàëüíîé ðàçðåøèìîñòè
(
P ;Hk,ν

q

)
è dim Ker

(
P ;Hk,ν

q

)∗
<∞ ïî òåîðåìå 3.2 ðàáîòû

[57] ïîëó÷èì, ÷òî dim coker
(
P ;Hk,ν

q

)
= dim Ker

(
P ;Hk,ν

q

)∗
<∞.

Îòñþäà, ñ ó÷åòîì (2.3.4)�(2.3.5), ïîëó÷èì, ÷òî îïåðàòîð
(
P ;Hk,ν

q

)
òàêæå í¼òåðîâ è äëÿ

èíäåêñîâ âûïîëíÿåòñÿ

ind
(
P ;Hk,ν

)
= ind

(
P ;Hk,ν

q

)
.

Îáîçíà÷èì

T (x,D) =
∑

(α:ν)<s

bα(x)Dα, (2.3.6)

ãäå bα(x) ∈ Ck−s,ν (Rn).

Íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ñëåäóþùåé ëåììû:

Ëåììà 2.3.4. Ïóñòü q(x) ïîëîæèòåëüíàÿ ôóíêöèÿ òàêàÿ, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞.

Òîãäà T (x,D) : Hk,ν
q (Rn)→ Hk−s,ν

q (Rn) ÿâëÿåòñÿ êîìïàêòíûì îïåðàòîðîì.
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Îáîçíà÷èì

P̃ (x,D) = P (x,D) + T (x,D) .

Òåîðåìà 2.3.1. Ïóñòü ôóíêöèÿ q ∈ Q̃ òàêàÿ, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞, îïåðàòîðû(
P ;Hk,ν

)
è
(
P̃ ;Hk,ν

)
ÿâëÿþòñÿ í¼òåðîâûìè, è îïåðàòîð

(
P ;Hk,ν

q

)
íîðìàëüíî ðàçðåøè-

ìûé. Òîãäà èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî:

ind
(
P̃ ;Hk,ν

)
= ind

(
P ;Hk,ν

)
.

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ ëåììó 2.3.3 äëÿ îïåðàòîðà
(
P ;Hk,ν

)
è
(
P ;Hk,ν

q

)
ïîëó÷èì, ÷òî(

P ;Hk,ν
q

)
òàêæå í¼òåðîâ è ind

(
P ;Hk,ν

)
= ind

(
P ;Hk,ν

q

)
.

Èç ëåììû 2.3.4 ñëåäóåò, ÷òî T (x,D) : Hk,ν
q (Rn) → Hk−s,ν

q (Rn) ÿâëÿåòñÿ êîìïàêòíûì

îïåðàòîðîì. Â ñèëó òåîðåìû 8.5.20 èç ðàáîòû [61] ïîëó÷èì, ÷òî
(
P̃ ;Hk,ν

q

)
òàêæå í¼òåðîâ

è ind
(
P̃ ;Hk,ν

q

)
= ind

(
P ;Hk,ν

q

)
. Ñ ó÷¼òîì í¼òåðîâîñòè

(
P̃ ;Hk,ν

)
, ïðèìåíÿÿ ëåììó 2.3.3,

ïîëó÷èì:

ind
(
P̃ ;Hk,ν

)
= ind

(
P̃ ;Hk,ν

q

)
= ind

(
P ;Hk,ν

q

)
= ind

(
P ;Hk,ν

)
.

Çàìå÷àíèå 2.3.2. Â îáùåì ñëó÷àå âîçìóùåíèÿ îïåðàòîðà ìëàäøèìè ÷ëåíàìè äèôôåðåí-

öèàëüíîãî âûðàæåíèÿ ìîãóò âëèÿòü íà í¼òåðîâîñòü îïåðàòîðà. Â ñëó÷àå åñëè í¼òåðî-

âîñòü ñîõðàíÿåòñÿ, èíäåêñ îïåðàòîðà, âîçìóù¼ííîãî ìëàäøèìè ÷ëåíàìè äèôôåðåíöèàëü-

íîãî îïåðàòîðà, ìîæåò òàêæå èçìåíèòüñÿ, êàê ýòî âèäíî èç ïðèìåðà 2.3.1. Ïîýòîìó

óñëîâèÿ òåîðåìû 2.3.1 ÿâëÿþòñÿ ñóùåñòâåííûìè.

Çàìå÷àíèå 2.3.3. Â òîì ñëó÷àå, åñëè çíà÷åíèå èíäåêñà ïðè âîçìóùåíèè ìëàäøèìè ÷ëå-

íàìè äèôôåðåíöèàëüíîãî îïåðàòîðà ñîõðàíÿåòñÿ, ðàçìåðíîñòè ÿäðà è êîÿäðà ìîãóò èç-

ìåíèòüñÿ.

Ïðèìåð 2.3.2. Ïóñòü a ∈ R+, k ∈ N. Ðàññìîòðèì îïåðàòîðû P1u = u′′ + 2−x2
√

1+x2

4(1+x2)
3
2
u

è P2u = u′′ − au, äåéñòâóþùèå èç Hk+2(R1) â Hk(R1). Îïåðàòîð P1 : Hk+2(R1) → Hk(R1)

ÿâëÿåòñÿ í¼òåðîâûì è

Ker (P1) = Span
{
e−

1
2

√
1+x2

}
,

dim Ker (P1) = dim coker (P1) = 1,

îòêóäà ind (P1) = 0.
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Îïåðàòîð P2 : Hk+2(R1) → Hk(R1) ÿâëÿåòñÿ í¼òåðîâûì, è èìååò ìåñòî dim Ker(P2) =

dim coker(P2) = ind(P2) = 0.

Òåì ñàìûì ïîëó÷èëè, ÷òî ind (P1) = ind (P2) = 0, íî ðàçìåðíîñòè ÿäðà è êîÿäðà îòëè-

÷àþòñÿ.

Ïóñòü

Ls (D) =
∑

(α:ν)=s

aαD
α, (2.3.7)

ãäå êîýôôèöèåíòû aα � çàäàííûå äåéñòâèòåëüíûå ÷èñëà.

Ðàññìîòðèì L(x,D) = Ls(D) + T (x,D) (ñì. (2.3.6)).

Ñëåäñòâèå 2.3.1. Ïóñòü ôóíêöèÿ q ∈ Q̃ òàêàÿ, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞, îïåðàòîð(
L;Hk,ν

)
í¼òåðîâ è îïåðàòîð

(
L;Hk,ν

q

)
íîðìàëüíî ðàçðåøèì. Òîãäà ind(L;Hk,ν) = 0.

Äîêàçàòåëüñòâî. Â ñèëó óñëîâèé òåîðåìû, ïðèìåíÿÿ ëåììó 2.3.3, ïîëó÷èì, ÷òî
(
L;Hk,ν

q

)
òàêæå í¼òåðîâ è ind

(
L;Hk,ν

)
= ind

(
L;Hk,ν

q

)
. Èç í¼òåðîâîñòè

(
L;Hk,ν

)
ïî òåîðåìå 1.1.3

ïîëó÷èì, ÷òî äèôôåðåíöèàëüíàÿ ôîðìà L(x,D) ïîëóýëëèïòè÷íà â Rn. Â ñèëó ïîëóýëëèï-

òè÷íîñòè L(x,D) è òîãî, ÷òî êîýôôèöèåíòû aα(x) ïðè (α : ν) = s âåùåñòâåííûå êîíñòàí-

òû, ëåãêî ïðîâåðèòü, ÷òî ñóùåñòâóåò ÷èñëî c0 òàêîå, ÷òî äëÿ äèôôåðåíöèàëüíîé ôîðìû

L(x,D) èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

L(x,D) = L1(D) + L2(x,D),

ãäå L1(D) = Ls(D) + c0, L
1(ξ) 6= 0 äëÿ âñåõ ξ ∈ Rn è L2(x,D) = T (x,D)− c0.

Èç ëåììû 2.3.4 ñëåäóåò, ÷òî
(
L2;Hk,ν

q

)
ÿâëÿåòñÿ êîìïàêòíûì îïåðàòîðîì. Â ñèëó òåî-

ðåìû 8.5.20 ðàáîòû [61] ïîëó÷èì, ÷òî
(
L1;Hk,ν

q

)
í¼òåðîâ è ind

(
L;Hk,ν

q

)
= ind

(
L1;Hk,ν

q

)
. Èç

òîãî, ÷òî L1(ξ) 6= 0 äëÿ âñåõ ξ ∈ Rn ñëåäóåò, ÷òî L1(D) : Hk,ν(Rn)→ Hk−s,ν(Rn) îáðàòèìûé

îïåðàòîð è ind
(
L1;Hk,ν

)
= 0. Ïðèìåíÿÿ ëåììó 2.3.3, ïîëó÷èì

ind
(
L1;Hk,ν

q

)
= ind

(
L1;Hk,ν

)
= 0.

Ñëåäîâàòåëüíî, ïîëó÷èëè

ind
(
L;Hk,ν

)
= ind

(
L;Hk,ν

q

)
= ind

(
L1;Hk,ν

q

)
= ind

(
L1;Hk,ν

)
= 0.
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Ãëàâà 3

ÓÑËÎÂÈß Í�ÒÅÐÎÂÎÑÒÈ ÄËß

ÏÎËÓÝËËÈÏÒÈ×ÅÑÊÈÕ

ÎÏÅÐÀÒÎÐÎÂ

Â äàííîé ãëàâå èññëåäîâàíà í¼òåðîâîñòü ïîëóýëëèïòè÷åñêîãî îïåðàòîðà ñ ïîñòîÿííûìè

è ïåðåìåííûìè êîýôôèöèåíòàìè, èìåþùèìè îïðåäåë¼ííîå ïîâåäåíèå íà áåñêîíå÷íîñòè.

Ïîëó÷åíû óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ ñî ñïåöèàëüíûìè êî-

ýôôèöèåíòàìè â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ñîáîëåâà.

3.1 Í¼òåðîâîñòü è èíäåêñ îïåðàòîðîâ ñ ïîñòîÿííûìè êî-

ýôôèöèåíòàìè

Ëåììà 3.1.1. ([57] òåîðåìà 2.3). Ïóñòü X, Y - áàíàõîâû ïðîñòðàíñòâà, A îãðàíè÷åííûé

ëèíåéíûé îïåðàòîð èç X â Y , ñ îáëàñòüþ îïðåäåëåíèÿ X. Îïåðàòîð ÿâëÿåòñÿ íîðìàëüíî

ðàçðåøèìûì, òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

äëÿ ëþáîãî y ∈ Im(A) ñóùåñòâóåò ðåøåíèå x ∈ X(Ax = y), äëÿ êîòîðîãî

‖x‖X ≤ C‖y‖Y . (3.1.1)

Ñëåäñòâèå 3.1.1. Ïóñòü X, Y áàíàõîâû ïðîñòðàíñòâà, A îãðàíè÷åííûé ëèíåéíûé îïå-

ðàòîð èç X â Y , ñ îáëàñòüþ îïðåäåëåíèÿ X, a E0 òàêîå ïîëíîå ïîäïðîñòðàíñòâî ïðî-

ñòðàíñòâà X, ÷òî E0 ∩ Ker(A) = {0}. Äëÿ òîãî, ÷òîáû A : E0 áûëî çàìêíóòûì â Y

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëî d > 0 òàêîå, ÷òî

‖x‖X ≤ d‖Ax‖Y , ∀x ∈ E0.
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Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ñëåäóåò èç òåîðåìû Áàíàõà îá îáðàòíîì îïåðàòîðå, a

äîñòàòî÷íîñòü ÿâëÿåòñÿ ñëåäñòâèåì ëåììû 3.1.1.

Ïóñòü

P (D) =
∑

(α:ν)≤s

aαD
α, (3.1.2)

ãäå aα - çàäàííûå ÷èñëà.

Ëåììà 3.1.2. Ïóñòü P (D) : Hk,ν(Rn) → Hk−s,ν(Rn) � n-íîðìàëüíûé, E0 òàêîå ïîëíîå

ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Hk,ν(Rn), ÷òî E0 ∩Ker(P ) = {0}. Òîãäà P : E0 = P : E0.

Äîêàçàòåëüñòâî. Äîïóñòèì ïðîòèâíîå. Òîãäà, â ñèëó ñëåäñòâèÿ èç ëåììû 3.1.1, ñóùåñòâó-

åò ïîñëåäîâàòåëüíîñòü {ũm} ⊂ E0 òàêàÿ, ÷òî ‖ũm‖k,ν ≥ m‖Pũm‖k−s,ν , è ñëåäîâàòåëüíî,∥∥∥P ( ũm
‖ũm‖k,ν

)∥∥∥
k−s,ν

≤ 1
m
,∀m ∈ N.

Îáîçíà÷èâ um = ũm
‖ũm‖k,ν

, fm = Pum, ïîëó÷èì, ÷òî

‖um‖k,ν = 1, ‖fm‖k−s,ν → 0 ïðè m→∞. (3.1.3)

Â ñèëó òîãî, ÷òî îïåðàòîð (3.1.2) ÿâëÿåòñÿ íîðìàëüíî ðàçðåøèìûì, èç ëåììû 3.1.1

ñëåäóåò, ÷òî ñóùåñòâóþò {u′m} ⊂ Hk,ν(Rn) òàêèå, ÷òî

‖u′m‖k,ν ≤ d‖fm‖k−s,ν ,∀m ∈ N. (3.1.4)

Òàê êàê fm = Pum, òî u
′
m ìîæíî ïðåäñòàâèòü â âèäå u′m = um − u0

m, ãäå u
0
m ∈ Ker(P ).

Èç êîíå÷íîìåðíîñòè Ker(P ) è îãðàíè÷åííîñòè {u0
m} ñëåäóåò, ÷òî èç {u0

m} ìîæíî âûäåëèòü

ñõîäÿùóþñÿ â Ker(P ) ïîäïîñëåäîâàòåëüíîñòü. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæåì ñ÷èòàòü,

÷òî u0
m → u0 â Hk,ν(Rn), ãäå u0 ∈ Ker(P ). Òîãäà â ñèëó îöåíêè (3.1.4) èìååì, ÷òî

‖um − u0‖k,ν ≤ ‖um − u0
m‖k,ν + ‖u0

m − u0‖k,ν ≤ d‖fm‖k−s,ν + ‖u0
m − u0‖k,ν .

Â ïîñëåäíåé îöåíêå ïåðåõîäÿ ê ïðåäåëó ïðè m → ∞, ó÷èòûâàÿ (3.1.3) ïîëó÷èì, ÷òî

um → u0 ïî íîðìå Hk,ν(Rn). Òàê êàê E0∩Ker(P ) = {0}, ñëåäîâàòåëüíî, u0 ≡ 0 è ‖um‖k,ν →

0. Ïîëó÷èëè ïðîòèâîðå÷èå, äîêàçûâàþùåå çàìêíóòîñòü îáðàçà E0. Ëåììà äîêàçàíà.

Ïóñòü îïåðàòîð P ∗ , äåéñòâóþùèé èç
(
Hk−s,ν(Rn)

)∗
â
(
Hk,ν(Rn)

)∗
ñîïðÿæ¼ííûé äëÿ

îïåðàòîðà P , à D′ � ïðîñòðàíñòâî îáîáù¼ííûõ ôóíêöèé íàä C∞0 (Rn).

Òåîðåìà 3.1.1. Îïåðàòîð P (D) : Hk,ν(Rn) → Hk−s,ν(Rn) ÿâëÿåòñÿ í¼òåðîâûì òîãäà è

òîëüêî òîãäà, êîãäà P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) ÿâëÿåòñÿ îáðàòèìûì.
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Äîêàçàòåëüñòâî. Òàê êàê èç îáðàòèìîñòè îïåðàòîðà ñëåäóåò í¼òåðîâîñòü, òî äîêàæåì

òîëüêî íåîáõîäèìóþ ÷àñòü òåîðåìû.

Äëÿ ïðîèçâîëüíîãî R > 0 îáîçíà÷èì ER =
{
u(x) ∈ Hk,ν(Rn), u(x) ≡ 0, |x| ≤ R

}
. Ïîêà-

æåì, ÷òî ñóùåñòâóåò R > 0 òàêîå, ÷òî ER ∩Ker(P ) = {0}.

Ïðåäïîëîæèì îáðàòíîå, òî åñòü äëÿ ëþáîãî R > 0 ER ∩ Ker(P ) \ {0} 6= ∅. Âîçüì¼ì

ïðîèçâîëüíîå R1 > 0. Äëÿ íåãî ñóùåñòâóåò u1(x) ∈ Ker(P ) è ÷èñëî R2 > 0 òàêèå, ÷òî

u1(x) ≡ 0 ïðè |x| ≤ R1 è
∫

|x|≤R2

[u1(x)]2 dx 6= 0. Òàê êàê R2 òàêæå ïî ïðåäïîëîæåíèþ íå

óäîâëåòâîðÿåò òðåáóåìîìó óñëîâèþ, òî ñóùåñòâóåò u2(x) ∈ Ker(P ) è R3 > 0 òàêèå, ÷òî

u2(x) ≡ 0 ïðè |x| ≤ R2 è
∫

|x|≤R3

[u2(x)]2 dx 6= 0. Ïðîäîëæàÿ òàêèì îáðàçîì, ìû ïîëó÷èì

áåñêîíå÷íóþ ñèñòåìó èç ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ â Ker(P ), ÷òî ïðîòèâîðå÷èò òî-

ìó, ÷òî dim Ker(P ) < ∞. Ïðèìåíÿÿ ëåììó 3.1.2 ïîëó÷èì, ÷òî îáðàç ïîäïðîñòðàíñòâà ER

çàìêíóò â Hk−s,ν(Rn). Îòñþäà èç òîãî, ÷òî ER ∩Ker(P ) = {0} è òåîðåìû Áàíàõà (ñì. [60],

ãë. II, ïàð. 5) ñëåäóåò, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

‖u‖k,ν ≤ C‖Pu‖k−s,ν ,∀u ∈ ER. (3.1.5)

Ïóñòü u ∈ C∞0 (Rn). Òîãäà äëÿ íåêîòîðîãî h ∈ Rn τ−hu(x) := u(x− h) ∈ ER, è, ñëåäîâà-

òåëüíî, â ñèëó îöåíêè (3.1.5)

‖Pu‖k−s,ν = ‖τhPτ−hu‖k−s,ν = ‖Pτ−hu‖k−s,ν ≥ C−1‖τ−hu‖k,ν = C−1‖u‖k,ν . (3.1.6)

Èç ïëîòíîñòè C∞0 (Rn) â Hk,ν(Rn) ñëåäóåò, ÷òî îöåíêà (3.1.6) âåðíà äëÿ âñåõ u ∈

Hk,ν(Rn).

Èç îöåíêè (3.1.6) íåïîñðåäñòâåííî ñëåäóåò, ÷òî Ker(P ) = {0}.

Òåïåðü äîêàæåì, ÷òî äëÿ ëþáîãî f ∈ Hk−s,ν(Rn) óðàâíåíèå Pu = f èìååò ðåøåíèå èç

Hk,ν(Rn).

Ïóñòü r = dim Ker(P ∗), {ψ1, . . . , ψr} ⊂ Ker(P ∗) - áàçèñ â Ker(P ∗), à {g1, . . . , gr} ⊂

Hk−s,ν(Rn) òàêèå ôóíêöèè, ÷òî (ψi, gj) = δji , i, j = 1, r è Hk−s,ν(Rn) = Im(P ) ⊕

Span{g1, . . . , gr}, ãäå Span{g1, . . . , gr} ëèíåéíàÿ îáîëî÷êà {g1, . . . , gr}.

Ðàññìîòðèì óðàâíåíèå

Pu = f −
r∑
i=1

(ψi, f)gi, (3.1.7)

ãäå (·, ·) ñêàëÿðíîå ïðîèçâåäåíèå â L2 (Rn).

Òàê êàê äëÿ ëþáîãî f ∈ Hk−s,ν(Rn) f −
r∑
i=1

(ψi, f)gi ∈ Im(P ), òî èç íîðìàëüíîé ðàçðå-

øèìîñòè P èìååì, ÷òî äëÿ ëþáîãî f ∈ Hk−s,ν(Rn) ñóùåñòâóåò u ∈ Hk,ν(Rn), ÿâëÿþùååñÿ
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ðåøåíèåì óðàâíåíèÿ (3.1.7) è äëÿ êîòîðîãî c íåêîòîðîé ïîñòîÿííîé C > 0 âûïîëíÿåòñÿ

îöåíêà

‖u‖k,ν ≤ C

∥∥∥∥∥f −
r∑
i=1

(ψi, f)gi

∥∥∥∥∥
k−s,ν

≤ C ′‖f‖k−s,ν . (3.1.8)

Ïóñòü f0 ∈ C∞0 (Rn), {hm} ⊂ Rn, |hm| → ∞, fm(x) := τ−hmf0(x), à um(x) � ñîîòâåòñòâó-

þùèå fm(x) ðåøåíèÿ óðàâíåíèÿ (3.1.7) , óäîâëåòâîðÿþùèå îöåíêå (3.1.8). Òîãäà ôóíêöèÿ

vm(x) := um(x+ hm) áóäåò ðåøåíèåì ñëåäóþùåãî óðàâíåíèÿ

Pvm(x) = f0(x)−
r∑
i=1

(ψi, τ−hmf0) τhmgi. (3.1.9)

Îòñþäà, â ñèëó îöåíêè (3.1.8), ñëåäóåò, ÷òî {vm} îãðàíè÷åíû â Hk,ν(Rn). Ïóñòü v0(x) ∈

Hk,ν(Rn) � ñëàáûé ïðåäåë íåêîòîðîé ïîäïîñëåäîâàòåëüíîñòè {vm}. Áåç îãðàíè÷åíèÿ îáù-

íîñòè ìîæåì ñ÷èòàòü, ÷òî vm
D′→ v0 ïðè m→∞.

Òîãäà äëÿ ëþáîãî ϕ ∈ C∞0 (Rn) èìååì

lim
m→∞

(Pvm, ϕ) = (Pv0, ϕ) + lim
m→∞

(P (vm − v0), ϕ) = (Pv0, ϕ) . (3.1.10)

Ñ äðóãîé ñòîðîíû(
f0 −

r∑
i=1

(ψi, τ−hmf0) τhmgi, ϕ

)
= (f0, ϕ)−

r∑
i=1

(ψi, τ−hmf0) (τhmgi, ϕ) . (3.1.11)

Â ñèëó òîãî, ÷òî ‖τ−hmf0‖k−s,ν = ‖f0‖k−s,ν ,m = 1, 2, ... ïîñëåäîâàòåëüíîñòü {τ−hmf0}

îãðàíè÷åíà â Hk−s,ν(Rn). Òàê êàê f0 ∈ C∞0 (Rn), òî èìååì, ÷òî τ−hmf0
D′→ 0 ïðè m→∞. Èç

ïîñëåäíåãî è îãðàíè÷åííîñòè {τ−hmf0} ïîëó÷èì, ÷òî lim
m→∞

(ψi, τ−hmf0) = 0, i = 1, r. Òîãäà

èç (3.1.10) è (3.1.11) ïîëó÷èì, ÷òî

(Pv0, ϕ) = (f0, ϕ) .

Îòêóäà ïî ëåììå äþ Áóà-Ðåéìîíäà ïîëó÷èì, ÷òî Pv0 = f0.

Òàê êàê C∞0 (Rn) ïëîòíî â Hk,ν(Rn) è Ker(P ) = {0}, òî îòñþäà íåïîñðåäñòâåííî ñëåäóåò,

÷òî óðàâíåíèå Pu = f äëÿ ëþáîãî f ∈ Hk−s,ν(Rn) èìååò è ïðèòîì åäèíñòâåííîå ðåøåíèå

â Hk,ν(Rn). Ñëåäîâàòåëüíî, P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) ÿâëÿåòñÿ îáðàòèìûì è ind(P ) =

0.

Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò ñâÿçü ìåæäó í¼òåðîâîñòüþ è ïîëóýëëèïòè÷íîñòüþ.

Òåîðåìà 3.1.2. Äëÿ îïåðàòîðà P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) ñëåäóþùèå óñëîâèÿ ýêâèâà-

ëåíòíû:
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1) îïåðàòîð P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) í¼òåðîâûé;

2) îïåðàòîð P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) îáðàòèìûé;

3) ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî

|P (ξ)| ≥ δ (1 + |ξ|ν)s ,∀ξ ∈ Rn.

Äîêàçàòåëüñòâî. Óñëîâèÿ 1) è 2) ýêâèâàëåíòíû ïî òåîðåìå 3.1.1. Äîêàæåì ýêâèâàëåíò-

íîñòü 2) è 3), òåì ñàìûì òåîðåìà 3.1.2 áóäåò äîêàçàíà.

Òàê êàê P (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) � îáðàòèìûé, ñëåäîâàòåëüíî, ïî òåîðåìå Áàíàõà

îá îáðàòíîì îïåðàòîðå, ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

C‖u‖k,ν ≤ ‖Pu‖k−s,ν ,∀u ∈ Hk,ν(Rn). (3.1.12)

Èç (3.1.12) èìååì, ÷òî∫ [
|P (ξ)|2 − C2 (1 + |ξ|ν)2s] |û(ξ)|2 (1 + |ξ|ν)2(k−s) dξ ≥ 0,∀u ∈ Hk,ν(Rn).

Ñëåäîâàòåëüíî,

|P (ξ)| ≥ C (1 + |ξ|ν)s , ∀ξ ∈ Rn. (3.1.13)

Äîêàæåì ïîëóýëëèïòè÷íîñòü P (D).

Îáîçíà÷èì M = max
(α:ν)<s

|aα|. Òîãäà

|P (ξ)− Ps(ξ)| =

∣∣∣∣∣∣
∑

(α:ν)<s

aαξ
α

∣∣∣∣∣∣ ≤M
∑

(α:ν)<s

|ξ1|α1 . . . |ξn|αn ≤M
∑

(α:ν)<s

|ξ|
α1
ν1
ν . . . |ξ|

αn
νn
ν ≤

≤M
∑

(α:ν)<s

|ξ|(α:ν)
ν (3.1.14)

Èç (3.1.13) èìååì

|Ps(ξ)|+ |P (ξ)− Ps(ξ)| ≥ C (1 + |ξ|ν)s ,∀ξ ∈ Rn. (3.1.15)

Ïóñòü t > 0. Ïîäñòàâèâ â (3.1.15) âìåñòî ξ âåêòîð t1/νξ =
(
t1/ν1ξ1, . . . , t

1/νnξn
)
è ó÷èòûâàÿ

(3.1.14), ïîëó÷èì:

ts|Ps(ξ)|+ o(ts)|P (ξ)− Ps(ξ)| ≥ C (1 + t|ξ|ν)s ,∀ξ ∈ Rn, t > 0. (3.1.16)

Ðàçäåëèâ îáå ÷àñòè (3.1.16) íà ts è ïåðåõîäÿ ê ïðåäåëó ïðè t→∞ ïîëó÷èì ïîëóýëëèï-

òè÷íîñòü îïåðàòîðà P (D):

|Ps(ξ)| ≥ C|ξ|sν ,∀ξ ∈ Rn.
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Ïóñòü òåïåðü ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

|P (ξ)| ≥ C (1 + |ξ|ν)s ,∀ξ ∈ Rn. (3.1.17)

Äîêàæåì îáðàòèìîñòü òàêîãî îïåðàòîðà, èç ÷åãî è ñëåäóåò í¼òåðîâîñòü.

Ðàñññìîòðèì ïðîèçâîëüíîå f ∈ Hk−s,ν(Rn) ⊂ S ′. Äîêàæåì, ÷òî èç P (ξ) 6= 0 äëÿ ëþáîãî

ξ ∈ Rn, ñëåäóåò, ÷òî îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè û(ξ) = f̂(ξ)
P (ξ)
∈ S ′, u(x) ∈ S ′

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì â Hk,ν(Rn) óðàâíåíèÿ Pu = f . Äëÿ ýòîãî ïîêàæåì, ÷òî

èç òîãî, ÷òî Pu ∈ Hk−s,ν(Rn) ñëåäóåò, ÷òî u ∈ Hk,ν(Rn), ïðè÷¼ì ñ íåêîòîðîé ïîñòîÿííîé

C > 0 âûïîëíÿåòñÿ îöåíêà

‖Pu‖k−s,ν ≥ C‖u‖k,ν ,∀u ∈ Hk,ν(Rn). (3.1.18)

Èñïîëüçóÿ (3.1.17) ïîëó÷èì

‖Pu‖2
k−s,ν =

∫
|P (ξ)|2|û(ξ)|2 (1 + |ξ|ν)2(k−s) dξ ≥ C2

∫
|û(ξ)|2 (1 + |ξ|ν)2k dξ = C2‖u‖2

k,ν .

ò. å. u ∈ Hk,ν(Rn) è âûïîëíÿåòñÿ îöåíêà (3.1.18).

Èç äîêàçàííîãî ñëåäóåò, ÷òî óðàâíåíèå Pu = f äëÿ ëþáîãî f ∈ Hk−s,ν(Rn) èìååò è

ïðèòîì åäèíñòâåííîå ðåøåíèå â Hk,ν(Rn), òî åñòü P ÿâëÿåòñÿ îáðàòèìûì èç Hk,ν(Rn) â

Hk−s,ν(Rn).

Òåîðåìà äîêàçàíà.

3.2 Í¼òåðîâîñòü è èíäåêñ îïåðàòîðîâ ñî ñïåöèàëüíûìè

ïåðåìåííûìè êîýôôèöèåíòàìè

Ïóñòü k, s ∈ N, k ≥ s, ν ∈ Nn. Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x,D) =
∑

(α:ν)≤s

aα(x)Dα, (3.2.1)

ãäå aα(x) ∈ Ck−s,ν(Rn).

Óñëîâèå 3.2.1. Ïóñòü äëÿ êîýôôèöèåíòîâ aα (x) äèôôåðåíöèàëüíîé ôîðìû P (x,D) âèäà

(3.2.1) ñóùåñòâóþò ïîñòîÿííûå ãα òàêèå, ÷òî D
β(aα (x)− ãα) ⇒ 0 ïðè |x| → ∞ äëÿ âñåõ

β, α ∈ Zn+, (β : ν) ≤ k − s, (α : ν) ≤ s.

Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) óäîâëåòâîðÿåò óñëîâèþ 3.2.1. Òîãäà P (x,D)

ïîðîæäàåò îãðàíè÷åííûé ëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç Hk,ν(Rn) â Hk−s,ν(Rn). Áó-

äåì îáîçíà÷àòü åãî ÷åðåç P (x,D) : Hk,ν(Rn)→ Hk−s,ν(Rn) èëè
(
P ;Hk,ν

)
.
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Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D), óäîâëåòâîðÿþùåé óñëîâèþ 3.2.1, îáîçíà÷èì

P̃ (D) =
∑

(α:ν)≤s

ãαD
α,

T (x,D) =
∑

(α:ν)≤s

(aα (x)− ãα)Dα.

Òåîðåìà 3.2.1. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) óäîâëåòâîðÿåò óñëîâèþ 3.2.1 è

êîýôôèöèåíòû aα(x) ïðè (α : ν) = s ïîñòîÿííû. Òîãäà
(
P ;Hk,ν

)
í¼òåðîâ òîãäà è òîëüêî

òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣P̃ (ξ)
∣∣∣ ≥ δ (1 + |ξ|ν)

s ,∀ξ ∈ Rn.

Äîêàçàòåëüñòâî. Èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

P (x,D) = P̃ (D) + T (x,D).

Â ñèëó òîãî, ÷òî êîýôôèöèåíòû aα(x) ïðè (α : ν) = s ïîñòîÿííû èìååì:

T (x,D) =
∑

(α:ν)<s

(aα (x)− ãα)Dα.

Äîêàæåì êîìïàêòíîñòü îïåðàòîðà T (x,D) : Hk,ν(Rn)→ Hk−s,ν(Rn).

Òàê êàê Dβ(aα (x) − ãα) ⇒ 0 ïðè |x| → ∞ äëÿ âñåõ (β : ν) ≤ k − s, (α : ν) < s, òî äëÿ

ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò N (ε) > 0 òàêîå, ÷òî∣∣Dβ(aα (x)− ãα)
∣∣ < ε,∀x ∈ Rn\KN(ε), (β : ν) ≤ k − s, (α : ν) < s.

Ïóñòü ϕ (x) ∈ C∞0 (Rn) òàêàÿ, ÷òî 0 ≤ ϕ (x) ≤ 1 è ϕ (x) = 1 ïðè |x| ≤ 1 è ϕ (x) = 0 ïðè

|x| ≥ 2. Òîãäà ϕε (x) := ϕ
(

x
N(ε)

)
∈ C∞0 , suppϕε ⊂ K2N(ε), ϕε (x) = 1 ïðè x ∈ KN(ε).

Îáîçíà÷èì T
′
ε = (1− ϕε)T , T

′′
ε = ϕεT . Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C > 0 èìååì

∥∥∥T ′εu∥∥∥
k−s,ν

= ‖(1− ϕε)Tu‖k−s,ν ≤ Cε ‖u‖k,ν , ∀u ∈ H
k,ν(Rn),

à T
′′
ε = ϕεT êîìïàêòíûé îïåðàòîð èçHk,ν(Rn) âHk−s,ν(Rn). Ñëåäîâàòåëüíî, â ñèëó òåîðåìû

8.3.2 ðàáîòû [61], îïåðàòîð T (x,D) : Hk,ν(Rn)→ Hk−s,ν(Rn) êîìïàêòåí.

Ïîýòîìó íà îñíîâàíèè òåîðåìû 8.5.10 ðàáîòû [61], îïåðàòîð P (x,D) : Hk,ν(Rn) →

Hk−s,ν(Rn) ÿâëÿåòñÿ í¼òåðîâûì òîãäà è òîëüêî òîãäà, êîãäà P̃ (D) : Hk,ν(Rn)→ Hk−s,ν(Rn)

ÿâëÿåòñÿ í¼òåðîâûì.

Â òåîðåìå 3.1.2 óñòàíîâëåíî, ÷òî îïåðàòîð P̃ (D) : Hk,ν(Rn)→ Hk−s,ν(Rn) í¼òåðîâ òîãäà

è òîëüêî òîãäà, êîãäà ñ íåêîòîðîé ïîñòîÿííîé δ > 0
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∣∣∣P̃ (ξ)
∣∣∣ ≥ δ (1 + |ξ|ν)

s ,∀ξ ∈ Rn.

Çàìå÷àíèå 3.2.1. Òàê êàê èç óñëîâèÿ
∣∣∣P̃ (ξ)

∣∣∣ ≥ δ (1 + |ξ|ν)
s, ∀ξ ∈ Rn ñëåäóåò ïîëóýë-

ëèïòè÷íîñòü P̃ (D), òî èç í¼òåðîâîñòè P (x,D) : Hk,ν(Rn) → Hk−s,ν(Rn) ñëåäóåò, ÷òî

P (x,D) òàêæå ïîëóýëëèïòè÷åí â Rn.

Òåîðåìó 8.5.14 ðàáîòû [61] ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì:

Òåîðåìà 3.2.2. Ïóñòü A îãðàíè÷åííûé ëèíåéíûé îïåðàòîð èç áàíàõîâî ïðîñòðàíñòâà

X â áàíàõîâî ïðîñòðàíñòâî Y . Òîãäà:

1. åñëè A îáëàäàåò ëåâûì ðåãóëÿðèçàòîðîì, òî ÿäðî îïåðàòîðà A â X êîíå÷íîìåðíî;

2. åñëè A îáëàäàåò ïðàâûì ðåãóëÿðèçàòîðîì, òî îáëàñòü çíà÷åíèé îïåðàòîðà A çà-

ìêíóòà â Y è êîÿäðî êîíå÷íîìåðíî.

Â ÷àñòíîñòè, A îáëàäàåò ëåâûì è ïðàâûì ðåãóëÿðèçàòîðîì òîãäà è òîëüêî òîãäà, êîãäà

A í¼òåðîâûé îïåðàòîð.

Èç òåîðåìû 2.4 ðàáîòû [4] ñëåäóåò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3.2.3. Ïóñòü ñåìåéñòâî í¼òåðîâûõ îïåðàòîðîâ At, ãäå t ∈ [0, 1], èç áàíàõîâà

ïðîñòðàíñòâà X â áàíàõîâî ïðîñòðàíñòâî Y , íåïðåðûâíî ïî t.

Òîãäà ind(A0) = ind(A1).

Òåîðåìà 3.2.4. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D), êîýôôèöèåíòû êîòîðîé óäîâëå-

òâîðÿþò óñëîâèþ 3.2.1, ïîëóýëëèïòè÷íà â Rn. Òîãäà
(
P ;Hk,ν

)
í¼òåðîâ òîãäà è òîëüêî

òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî

|P̃ (ξ)| ≥ δ(1 + |ξ|ν)s,∀ξ ∈ Rn, (3.2.2)

ïðè ýòîì ind(P ;Hk,ν) = ind(P̃ ;Hk,ν) = 0.

Äîêàçàòåëüñòâî. Äîêàæåì ñïåðâà äîñòàòî÷íîñòü.

Â ñèëó îöåíêè (3.2.2) îïåðàòîð (P̃ ;Hk,ν) îáðàòèì. Äëÿ P̃ (D) èìååò ìåñòî ñëåäóþùåå

ïðåäñòàâëåíèå:

P̃ (D) = P (x,D)− T (x,D).
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Èç ïîñëåäíåãî è èç îáðàòèìîñòè
(
P̃ ;Hk,ν

)
ñ íåêîòîðîé ïîñòîÿííîé C > 0 èìååì

‖u‖k,ν ≤ C‖P̃ u‖k−s,ν ≤ C‖Pu‖k−s,ν + C‖Tu‖k−s,ν ,∀u ∈ Hk,ν(Rn).

Â ñèëó óñëîâèÿ òåîðåìû, äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò N(ε) > 0 òàêîå, ÷òî∣∣Dβ(aα(x)− ãα)
∣∣ < ε,∀x ∈ Rn\KN(ε), (β : ν) ≤ k − s, (α : ν) ≤ s. (3.2.3)

Ïóñòü η(x) ∈ C∞0 (Rn) òàêàÿ, ÷òî 0 ≤ η (x) ≤ 1 è η (x) = 1 ïðè |x| ≤ 1 è η (x) = 0 ïðè

|x| ≥ 2. Òîãäà ηε(x) := η( x
N(ε)

) ∈ C∞0 (Rn), supp ηε ⊂ K2N(ε) è ηε(x) = 1 ïðè x ∈ KN(ε). Èç

(3.2.3) ëåãêî ïîëó÷èòü, ÷òî ñ íåêîòîðîé ïîñòîÿííîé C1 > 0 èìååò ìåñòî:

‖(1− ηε)Tu‖k−s,ν ≤ C1ε‖u‖k,ν ,∀u ∈ Hk,ν(Rn). (3.2.4)

Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [58] ïîëó÷èì

‖ηεTu‖k−s,ν ≤ C2

(
‖Pu‖k−s,ν + ‖u‖L2(KN(ε))

)
,∀u ∈ Hk,ν(Rn). (3.2.5)

Èç (3.2.4) è (3.2.5) ñ íåêîòîðîé ïîñòîÿííîé C3 > 0 èìååì

‖u‖k,ν ≤ C3‖Pu‖k−s,ν + C1ε‖u‖k,ν + C2‖u‖L2(KN(ε)),∀u ∈ H
k,ν(Rn).

Ïðè ε < 1
C1

ñ íåêîòîðîé ïîñòîÿííîé C4 > 0 ïîëó÷èì

‖u‖k,ν ≤ C4

(
‖Pu‖k−s,ν + ‖u‖L2(KN(ε))

)
,∀u ∈ Hk,ν(Rn).

Èç ïîñëåäíåé îöåíêè â ñèëó ñëåäñòâèÿ 1.1.1 ïîëó÷èì, ÷òî
(
P ;Hk,ν

)
� n�íîðìàëüíûé.

Äîêàæåì êîíå÷íîìåðíîñòü coker
(
P ;Hk,ν

)
.

Ïóñòü R̃ : Hk−s,ν(Rn)→ Hk,ν(Rn) � îáðàòíûé äëÿ îïåðàòîðà P̃ : Hk,ν(Rn)→ Hk−s,ν(Rn).

Èñïîëüçóÿ (3.2.3) ëåãêî ïðîâåðèòü, ÷òî ñ íåêîòîðûìè ïîñòîÿííûìè C5, C6 > 0 èìååò

ìåñòî: ∥∥∥T ((1− ηε)R̃u
)∥∥∥

k−s,ν
≤ C5ε‖R̃u‖k,ν ≤ C6ε‖u‖k−s,ν ,∀u ∈ Hk−s,ν(Rn). (3.2.6)

Âîçüì¼ì ε0 = 1
2C6

. Îáîçíà÷èì T1 := T (1− ηε0)R̃. Èç (3.2.6) èìååì:

‖T1u‖k−s,ν ≤
1

2
‖u‖k−s,ν ,∀u ∈ Hk−s,ν(Rn). (3.2.7)

Ïóñòü m ∈ N, {ϕi}mi=1, {ψi}mi=1 ⊂ C∞0 (Rn), � ñèñòåìû ôóíêöèé òàêèå, ÷òî ψi(x) = 1 ïðè

x ∈ suppϕi,
m∑
i=1

ϕi(x) = 1 � ðàçáèåíèå åäèíèöû â supp ηε0 , à P
i(x,D) : Hk,ν(Rn)→ Hk−s,ν(Rn)

� îïåðàòîðû ñ ìàëî èçìåíÿþùèìèñÿ â Rn êîýôôèöèåíòàìè, óäîâëåòâîðÿþùèå

ϕiP
i(x,D)ψi = ϕiP (x,D)ψi, i = 1,m.
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Òîãäà â ñèëó ëåììû 2.2.3 äëÿ
(
P i;Hk,ν

)
ñóùåñòâóåò êâàçèðåãóëÿðèçàòîð Ri :

Hk−s,ν(Rn)→ Hk,ν(Rn) òàêîé, ÷òî

P iRi = I + T i,

ãäå T i : Hk−s,ν(Rn)→ Hk−s+σ,ν(Rn) ñ σ = σ(ν) > 0.

Ðàññìîòðèì ñëåäóþùèå îïåðàòîðû

B :=
m∑
j=1

ψjR
jϕj, (3.2.8)

R := (1− ηε0)R̃ + ηε0B, (3.2.9)

äåéñòâóþùèå èç Hk−s,ν(Rn) â Hk,ν(Rn).

Òîãäà èìååì

PR = P
(

(1− ηε0)R̃
)

+ P (ηε0B) = P̃
(

(1− ηε0)R̃
)

+ T
(

(1− ηε0)R̃
)

+ P (ηε0B) =

= (1− ηε0)P̃ R̃ +
[
P̃
(

(1− ηε0)R̃
)
− (1− ηε0)P̃ R̃

]
+ ηε0PB + [P (ηε0B)− ηε0PB] +

+ T1. (3.2.10)

Îáîçíà÷èì T2 :=
[
P̃
(

(1− ηε0)R̃
)
− (1− ηε0)P̃ R̃

]
+ [P (ηε0B)− ηε0PB].

Ëåãêî ïðîâåðèòü, ÷òî T2 : Hk−s,ν(Rn)→ Hk−s,ν(Rn) êîìïàêòíûé îïåðàòîð.

Â ñèëó ñâîéñòâ ôóíêöèé {ϕi}mi=1, {ψi}mi=1 ëåãêî ïðîâåðèòü, ÷òî èìååò ìåñòî

ηε0P (x,D)u = ηε0

m∑
i=1

ϕiP (x,D)u = ηε0

m∑
i=1

ϕiP (x,D)ψiu.

Òîãäà ïîëó÷èì

ηε0PBu = ηε0

m∑
i,j=1

ϕiP (x,D)ψiϕjR
jψju = ηε0

m∑
i,j=1

ϕiP
i(x,D)ψiϕjR

jψju =

= ηε0

m∑
i,j=1

ϕiψiϕjP
j(x,D)Rjψju+

+ ηε0

m∑
i,j=1

ϕi
[
P j(x,D)ψiϕjR

jψju− ψiϕjP j(x,D)Rjψju
]

=

= ηε0

m∑
i,j=1

ϕjϕiu+ ηε0

m∑
i,j=1

ϕiϕjT
jψju+

+ ηε0

m∑
i,j=1

ϕi
[
P j(x,D)ψiϕjR

jψju− ψiϕjP j(x,D)Rjψju
]
. (3.2.11)
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Îáîçíà÷èì T3 := ηε0
m∑

i,j=1

ϕi [P
j(x,D)ψiϕjR

jψju− ψiϕjP j(x,D)Rjψju].

Ëåãêî ïðîâåðèòü, ÷òî T3 : Hk−s,ν(Rn)→ Hk−s,ν(Rn) � êîìïàêòíûé îïåðàòîð.

Â ñèëó òîãî, ÷òî T j : Hk−s,ν(Rn) → Hk−s+σ,ν(Rn) îãðàíè÷åííûé îïåðàòîð, òî T4 :=

ηε0
m∑

i,j=1

ϕiϕjT
jψj êîìïàêòíûé îïåðàòîð èç H

k−s,ν(Rn) â Hk−s,ν(Rn).

Èç (3.2.10) è (3.2.11) ïîëó÷èì

PR = (1− ηε0)I + ηε0I + T1 + T2 + T3 + T4 = I + T1 + T2 + T3 + T4. (3.2.12)

ãäå T5 := T2 + T3 + T4 êîìïàêòíûé îïåðàòîð èç H
k−s,ν(Rn) â Hk−s,ν(Rn).

Â ñèëó (3.2.7) ñóùåñòâóåò (I + T1)−1 : Hk−s,ν(Rn)→ Hk−s,ν(Rn), ñëåäîâàòåëüíî

PR(I + T1)−1 = I + T5(I + T1)−1.

Èç ïîñëåäíåãî ïîëó÷èì, ÷òî R(I + T1)−1 ÿâëÿåòñÿ ïðàâûì ðåãóëÿðèçàòîðîì äëÿ(
P ;Hk,ν

)
.

Ïî òåîðåìå 3.2.2 èç ñóùåñòâîâàíèÿ ïðàâîãî ðåãóëÿðèçàòîðà ñëåäóåò êîíå÷íîìåðíîñòü

coker
(
P ;Hk,ν

)
. Òåì ñàìûì í¼òåðîâîñòü

(
P ;Hk,ν

)
äîêàçàíà.

Àíàëîãè÷íûì îáðàçîì èç í¼òåðîâîñòè (P ;Hk,ν) ìîæíî äîêàçàòü í¼òåðîâîñòü
(
P̃ ;Hk,ν

)
.

Â ñèëó òåîðåìû 3.1.2 îïåðàòîð
(
P̃ ;Hk,ν

)
í¼òåðîâ òîãäà è òîëüêî òîãäà, êîãäà ñ íåêî-

òîðîé ïîñòîÿííîé δ > 0

∣∣∣P̃ (ξ)
∣∣∣ ≥ δ(1 + |ξ|ν)s, ∀ξ ∈ Rn.

Òåì ñàìûì íåîáõîäèìîñòü îöåíêè (3.2.2) äîêàçàíà.

Çàìåòèì, ÷òî τP + (1− τ)P̃ , τ ∈ [0, 1] óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû, ñëåäîâàòåëüíî,

ïðè âûïîëíåíèè îöåíêè (3.2.2) ÿâëÿåòñÿ í¼òåðîâûì äëÿ âñåõ çíà÷åíèé τ ∈ [0, 1]. Òîãäà ïî

òåîðåìå 3.2.3 èìååì, ÷òî

ind
(
P ;Hk,ν

)
= ind

(
P̃ ;Hk,ν

)
= 0.

Ïðèìåð 3.2.1. Ðàññìîòðèì Pu = u′′+ 2−x2
√

1+x2

4(1+x2)
3
2
u, P : H2(R1)→ L2(R1) è P̃ u = u′′− 1

4
u,

P̃ : H2(R1)→ L2(R1).

Îïåðàòîð P̃ : H2(R1)→ L2(R1) í¼òåðîâ ïî òåîðåìå 3.1.2 ñ

dim Ker(P̃ ) = dim coker(P̃ ) = ind(P̃ ) = 0.
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Îïåðàòîð P : H2(R1)→ L2(R1) í¼òåðîâ ïî òåîðåìå 3.2.4 ñ

Ker (P ) = Span{e−
1
2

√
1+x2},

dim Ker (P ) = dim coker (P ) = 1, ind (P ) = 0.

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ôîðìó

P (x,D) =
∑

(α:ν)≤s

(
a0
α(x)q(x)s−(α:ν) + a1

α(x)
)
Dα, (3.2.13)

ãäå q ∈ Qk−s,ν , a0
α (x) ∈ Ck−s,ν(Rn), Dβ (a1

α (x)) = o(q(x)s−(α:ν)+(β:ν)) ïðè |x| → ∞ äëÿ âñåõ

(α : ν) ≤ s è (β : ν) ≤ k − s.

Óñëîâèå 3.2.2. Ïóñòü P (x,D) äèôôåðåíöèàëüíàÿ ôîðìà âèäà (3.2.13) òàêàÿ, ÷òî äëÿ

êîýôôèöèåíòîâ a0
α (x) ∈ Ck−s,ν(Rn) ñóùåñòâóþò ãα êîíñòàíòû òàêèå, ÷òî a0

α (x) ⇒ ãα

ïðè |x| → ∞ äëÿ âñåõ (α : ν) ≤ s.

Äëÿ äèôôåðåíöèàëüíîé ôîðìû P (x,D), êîýôôèöèåíòû êîòîðîé óäîâëåòâîðÿþò óñëî-

âèþ 3.2.2, îáîçíà÷èì

P (x,D) =
∑

(α:ν)≤s

ãαq(x)s−(α:ν)Dα.

Óñëîâèå 3.2.3. Ïóñòü ∑
(α:ν)≤s

ãαλ
s−(α:ν)ξα 6= 0,∀ξ ∈ Rn, λ > 0.

Ïðåäëîæåíèå 3.2.1. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D) êîýôôèöèåíòû êîòîðîé

óäîâëåòâîðÿþò óñëîâèÿì 3.2.2, 3.2.3 è ïîñòîÿííû ïðè (α : ν) = s, ïîëóýëëèïòè÷íà â Rn.

Òîãäà
(
P ;Hk,ν

q

)
í¼òåðîâ.

Äîêàçàòåëüñòâî. Íà îñíîâàíèè óñëîâèÿ 3.2.2 ïðåäñòàâèì P (x,D) â ñëåäóþùåì âèäå

P (x,D) = P (x,D) +
∑

(α:ν)<s

(
a0
α (x)− ãα

)
q(x)s−(α:ν)Dα +

∑
(α:ν)<s

a1
α (x)Dα

è îáîçíà÷èì

T 1 (x,D) =
∑

(α:ν)<s

(
a0
α (x)− ãα

)
q(x)s−(α:ν)Dα,

T 2 (x,D) =
∑

(α:ν)<s

a1
α (x)Dα.
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Òàê êàê äëÿ âñåõ (α : ν) < s a0
α (x) ⇒ ãα è

1
q(x)

⇒ 0 ïðè |x| → ∞ , òî äëÿ ïðîèçâîëüíîãî

ε > 0 ñóùåñòâóåò N1 (ε) > 0 òàêîå, ÷òî∣∣Dγ(a0
α (x)− ãα)

∣∣
q(x)(γ:ν)

< ε,∀x ∈ Rn\KN1(ε), (γ : ν) ≤ k − s, (α : ν) < s. (3.2.14)

Ïóñòü ϕ (x) ∈ C∞0 òàêàÿ, ÷òî 0 ≤ ϕ (x) ≤ 1 è ϕ (x) = 1 ïðè |x| ≤ 1 è ϕ (x) = 0 ïðè

|x| ≥ 2. Òîãäà ϕε (x) := ϕ
(

x
N1(ε)

)
∈ C∞0 , suppϕε ⊂ K2N1(ε), ϕε (x) = 1 ïðè x ∈ KN1(ε) è

T 1 = (1− ϕε)T 1 + ϕεT
1.

Â ñèëó îöåíêè (3.2.14) ñ íåêîòîðûìè ïîñòîÿííûìè C1, C2 > 0 äëÿ âñåõ (β : ν) ≤ k − s

è (α : ν) < s èìååì

∥∥∥Dβ
(
(1− ϕε (x))

(
a0
α (x)− ãα

)
D
α
u(x)

)
q(x)k−s−(β:ν)

∥∥∥
L2(Rn)

≤

≤ C1

∑
0≤γ≤β

∥∥∥Dγ
(
(1− ϕε (x))

(
a0
α (x)− ãα

))
Dα+β−γu (x) q(x)k−s−(β:ν)

∥∥∥
L2(Rn)

≤

≤ C2ε
∑

0≤γ≤β

∥∥Dα+β−γu · qk−(β:ν)−(α:ν)+(γ:ν)
∥∥
L2(Rn)

.

Îòñþäà ñ íåêîòîðûìè ïîñòîÿííûìè C3, C4 > 0 ïîëó÷èì, ÷òî

∥∥(1− ϕε)T 1(x,D)u
∥∥
k−s,ν,q ≤

≤ C3

∑
(β:ν)≤k−s

∑
(α:ν)<s

∥∥∥Dβ
(
(1− ϕε (x))

(
a0
α (x)− ãα

)
Dαu (x)

)
q(x)k−s−(β:ν)

∥∥∥
L2(Rn)

≤

≤ C4ε ‖u‖k,ν,q, ∀u ∈ H
k,ν(Rn).

Òàê êàê ϕεT
1 : Hk,ν

q (Rn)→Hk−s,ν
q (Rn) êîìïàêòåí, òî îòñþäà íà îñíîâàíèè òåîðåìû 8.3.2

ðàáîòû [61] ïîëó÷èì, ÷òî îïåðàòîð T 1 (x,D) : Hk,ν
q (Rn)→ Hk−s,ν

q (Rn) òàêæå êîìïàêòåí.

Ðàññìîòðèì îïåðàòîð T 2 (x,D) : Hk,ν
q (Rn)→ Hk−s,ν

q (Rn).

Â ñèëó óñëîâèÿ 3.2.2 äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò N2 (ε) > 0 òàêîå, ÷òî

|Dγa1
α (x)|

q(x)s−(α:ν)+(γ:ν)
< ε,∀x ∈ Rn\KN2(ε), (γ : ν) ≤ k − s, (α : ν) < s.

Òîãäà ψε (x) := ψ
(

x
N2(ε)

)
∈ C∞0 (Rn) , suppψε ⊂ K2N2(ε), ψε (x) = 1 ïðè x ∈ KN2(ε).

Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ êàê ïðè äîêàçàòåëüñòâå êîìïàêòíîñòè îïåðàòîðà

T 1 (x,D) : Hk,ν
q (Rn) → Hk−s,ν

q (Rn), ñ çàìåíîé T 1 íà T 2 è ϕε íà ψε, â ñèëó òåîðåìû 8.3.2

ðàáîòû [61] ïîëó÷èì, ÷òî T 2 (x,D) : Hk,ν
q (Rn)→ Hk−s,ν

q (Rn) òàêæå êîìïàêòåí.
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Ïðè óñëîâèÿõ òåîðåìû, ñ ïîìîùüþ ðåçóëüòàòîâ ðàáîòû [51], ïîëó÷èì, ÷òî îïåðàòîð

P (x,D) : Hk,ν
q (Rn) → Hk−s,ν

q (Rn) í¼òåðîâ. Òîãäà íà îñíîâàíèè òåîðåìû 8.5.10 ðàáîòû [61]

ïîëó÷èì, ÷òî îïåðàòîð P (x,D) : Hk,ν
q (Rn)→ Hk−s,ν

q (Rn) òàêæå í¼òåðîâ.

Òåîðåìà 3.2.5. Ïóñòü äèôôåðåíöèàëüíàÿ ôîðìà P (x,D), êîýôôèöèåíòû êîòîðîé óäî-

âëåòâîðÿþò óñëîâèþ 3.2.2 ïîëóýëëèïòè÷íà â Rn. Òîãäà
(
P ;Hk,ν

q

)
í¼òåðîâ òîãäà è òîëüêî

òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣
∑

(α:ν)≤s

ãαλ
s−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

Q1(x,D) =
∑

(α:ν)≤s

(
a0
α(x)− ãα

)
q(x)s−(α:ν)Dα,

Q2(x,D) =
∑

(α:ν)≤s

a1
α(x)Dα.

Èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå äëÿ P (x,D):

P (x,D) = P (x,D)−Q1(x,D)−Q2(x,D). (3.2.15)

Äîêàæåì äîñòàòî÷íîñòü. Â ñèëó óñëîâèé òåîðåìû, èç òåîðåìû 4.1 ðàáîòû [51], ïîëó÷èì,

÷òî äëÿ îïåðàòîðà
(
P ;Hk,ν

q

)
ñ íåêîòîðîé ïîñòîÿííîé C > 0 è ÷èñëîì M > 0 âûïîëíÿåòñÿ

îöåíêà:

‖u‖k,ν,q ≤ C
(∥∥Pu∥∥

k−s,ν,q + ‖u‖L2(KM )

)
,∀u ∈ Hk,ν

q (Rn). (3.2.16)

Â ñèëó óñëîâèÿ 3.2.2 è òîãî, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞ äëÿ ïðîèçâîëüíîãî ε > 0

ñóùåñòâóåò N(ε) > 0 òàêîå, ÷òî

|Dγ (a0
α(x)− ãα)|

q(x)(γ:ν)
< ε,

|Dγa1
α(x)|

q(x)s−(α:ν)+(γ:ν)
< ε,

∀x ∈ Rn\KN(ε), ∀α, γ ∈ Zn+, (γ : ν) ≤ k − s, (α : ν) ≤ s.

(3.2.17)

Ïóñòü ϕ(x) ∈ C∞0 (Rn) òàêàÿ, ÷òî 0 ≤ ϕ ≤ 1 è ϕ(x) = 1 ïðè |x| ≤ 1 è ϕ(x) = 0 ïðè

|x| ≥ 2. Òîãäà ϕε(x) := ϕ
(

x
N(ε)

)
∈ C∞0 (Rn), suppϕε ⊂ K2N(ε), ϕε(x) = 1 ïðè x ∈ KN(ε).

Èñïîëüçóÿ (3.2.17) íåòðóäíî óáåäèòüñÿ, ÷òî ñ íåêîòîðîé ïîñòîÿííîé C1 > 0 èìååò ìåñòî:

∥∥(Q1(x,D) +Q2(x,D)
)

((1− ϕε)u)
∥∥
k−s,ν,q ≤ C1ε‖u‖k,ν,q,∀u ∈ Hk,ν

q (Rn). (3.2.18)
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Òàê êàê P (x,D) ïîëóýëëèïòè÷åí â Rn, òî èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [58] èìååì

îöåíêó

∥∥(Q1(x,D) +Q2(x,D)
)

(ϕεu)
∥∥
k−s,ν,q ≤ C2‖ϕεu‖k,ν,q ≤

≤ C3

(
‖Pu‖k−s,ν,q + ‖u‖L2(K2N(ε))

)
,∀u ∈ Hk,ν

q (Rn). (3.2.19)

Èç îöåíêè (3.2.16) â ñèëó (3.2.15), (3.2.18)�(3.2.19) ïîëó÷èì

‖u‖k,ν,q ≤ C
(∥∥(Q1 +Q2

)
u
∥∥
k−s,ν,q + ‖Pu‖k−s,ν,q + ‖u‖L2(KM )

)
≤

≤ C
(∥∥(Q1 +Q2

)
((1− ϕε)u)

∥∥
k−s,ν,q +

∥∥(Q1 +Q2)(ϕεu)
∥∥
k−s,ν,q + ‖Pu‖k−s,ν,q + ‖u‖L2(KM )

)
≤

≤ (C + C3)‖Pu‖k−s,ν,q + εCC1‖u‖k,ν,q + C3‖u‖L2(K2N(ε)) + C‖u‖L2(KM ).

Âîçüì¼ì ε < 1
CC1

.

Òîãäà ñ íåêîòîðîé ïîñòîÿííîé C4 > 0 è ÷èñëîì R = max(2N(ε),M) ïîëó÷èì

‖u‖k,ν,q ≤ C4

(
‖Pu‖k−s,ν,q + ‖u‖L2(KR)

)
,∀u ∈ Hk,ν

q (Rn).

Â ñèëó ñëåäñòâèÿ 1.1.1 n�íîðìàëüíîñòü
(
P ;Hk,ν

q

)
äîêàçàíà.

Òåïåðü ïîñòðîèì ïðàâûé ðåãóëÿðèçàòîð àíàëîãè÷íî òåîðåìå 3.2.4. Èç ñóùåñòâîâàíèÿ

ïðàâîãî ðåãóëÿðèçàòîðà ïî òåîðåìå 3.2.2 ñëåäóåò êîíå÷íîìåðíîñòü coker
(
P ;Hk,ν

q

)
. Òåì

ñàìûì í¼òåðîâîñòü
(
P ;Hk,ν

q

)
áóäåò äîêàçàíà.

Èç ðåçóëüòàòîâ ðàáîòû [51] ïîëó÷èì, ÷òî îïåðàòîð
(
P ;Hk,ν

q

)
í¼òåðîâûé. Òîãäà ïî òåî-

ðåìå 3.2.2 ñóùåñòâóåò ïðàâûé ðåãóëÿðèçàòîð äëÿ
(
P ;Hk,ν

q

)
. Îáîçíà÷èì åãî R1. Toãäà èìååò

ìåñòî:

PR1 = I + T1,

ãäå T1 : Hk−s,ν
q (Rn)→ Hk−s,ν

q (Rn) êîìïàêòíûé îïåðàòîð.

Àíàëîãè÷íî îöåíêå (3.2.18) ëåãêî ïðîâåðèòü, ÷òî ñóùåñòâóåò ε0 > 0 òàêîå, ÷òî∥∥(1− ϕε0)
(
Q1(x,D) +Q2(x,D)

)
R1u

∥∥
k−s,ν,q ≤

1

2
‖u‖k−s,ν,q,∀u ∈ Hk−s,ν

q (Rn). (3.2.20)

Â ñèëó ïîëóýëëèïòè÷íîñòè P (x,D) àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 3.2.4 ðàññìîò-

ðèì îïåðàòîð B, äåéñòâóþùèé èçHk−s,ν(Rn) âHk,ν(Rn) (ñì. (3.2.8) è (3.2.11)) äëÿ êîòîðîãî

âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå:

Pϕε0Bu = ϕε0u+ ϕε0T2u,

ãäå T2 : Hk−s,ν(Rn)→ Hk−s,ν(Rn) � êîìïàêòíûé, ñëåäîâàòåëüíî, T3 := ϕε0T2 � êîìïàêòíûé

îïåðàòîð èç Hk−s,ν
q (Rn) â Hk−s,ν

q (Rn).
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Îáîçíà÷èì

R := (1− ϕε0)R1 + ϕε0B.

Îáîçíà÷èì T4 := (1− ϕε0) (Q1 +Q2)R1. Òåì ñàìûì ïîëó÷èì

PRu = P (1− ϕε0)R1u+ Pϕε0Bu =

= (1− ϕε0)PR1u+ [P (1− ϕε0)R1u− (1− ϕε0)PR1u)] + ϕε0u+ T3u =

= (1− ϕε0)u+ (1− ϕε0)T1u+ T4u+ ϕε0u+ T3u+ [P (1− ϕε0)R1u− (1− ϕε0)PR1u] .

Îáîçíà÷èì T5 := P (1−ϕε0)R1−(1−ϕε0)PR1. Íåòðóäíî ïðîâåðèòü, ÷òî T5 : Hk−s,ν
q (Rn)→

Hk−s,ν
q (Rn) êîìïàêòíûé îïåðàòîð.

Â ñèëó (3.2.20) ñóùåñòâóåò îáðàòíûé îïåðàòîð äëÿ I + T4, äåéñòâóþùèé èç H
k−s,ν
q (Rn)

â Hk−s,ν
q (Rn). Òîãäà ïîëó÷èì

PR(I + T4)−1 = I + (T1 + T3 + T5)(I + T4)−1,

ãäå îïåðàòîð T6 := (T1 + T3 + T5)(I + T4)−1 êîìïàêòåí èç Hk−s,ν
q (Rn) â Hk−s,ν

q (Rn).

Àíàëîãè÷íûì îáðàçîì èç í¼òåðîâîñòè
(
P ;Hk,ν

q

)
ìîæíî äîêàçàòü í¼òåðîâîñòü äëÿ(

P ;Hk,ν
q

)
. Â ñèëó òåîðåìû 1.2.2 è ñëåäñòâèÿ 1.1.1 èç í¼òåðîâîñòè

(
P ;Hk,ν

q

)
ñëåäóåò, ÷òî

ñ íåêîòîðîé ïîñòîÿííîé δ > 0 èìååò ìåñòî îöåíêà

∣∣∣∣∣∣
∑

(α:ν)≤s

ãαλ
s−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s,∀ξ ∈ Rn, λ > 0.

Òåì ñàìûì íåîáõîäèìîñòü òàêæå äîêàçàíà.

Òåîðåìà 3.2.6. Ïóñòü P (x,D) äèôôåðåíöèàëüíàÿ ôîðìà âèäà (3.2.13) ñ êîýôôèöèåíòàìè

óäîâëåòâîðÿþùèìè lim
|x|→∞

max
|x−y|≤1

|a0
α(x)− a0

α(y)| = 0 ïðè α ∈ Zn+, (α : ν) ≤ s. Òîãäà
(
P ;Hk,ν

q

)
í¼òåðîâ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ïîñòîÿííàÿ δ > 0 òàêàÿ, ÷òî∣∣∣∣∣∣

∑
(α:ν)≤s

a0
α(x)λs−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν)s, ∀ξ ∈ Rn, λ > 0, |x| ≥M, (3.2.21)

ãäå M ∈ R+ íåêîòîðîå ÷èñëo.

Äîêàçàòåëüñòâî. Ïóñòü δ0 ∈ R+,ϕ (x) ∈ C∞0 (Rn) òàêàÿ, ÷òî 0 ≤ ϕ (x) ≤ 1 è ϕ (x) = 1 ïðè

x ∈ K δ0
2

, ϕ (x) = 0 ïðè |x| ≥ δ0 è ψ ∈ C∞0 (Rn) òàêàÿ, ÷òî suppψ ⊂ K2δ0 è ψ(x) = 1 ïðè

x ∈ Kδ0 . Ïóñòü ω ∈ R+ òàêàÿ, ÷òî ω
√
n < δ0. Îáîçíà÷èì ÷åðåç {zm}∞m=0 òî÷êè ðåøåòêè â

ïðîñòðàíñòâå Rn ñî ñòîðîíîé ω.
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Îáîçíà÷èì

ϕm(x) := ϕ(x− zm)

(
∞∑
q=0

ϕ(x− zq)

)−1

, ψm(x) := ψ(x− zm), m ∈ Z+.

Òîãäà {ϕm}∞m=0 ðàçáèåíèå åäèíèöû, óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

(i). max
x,y∈suppϕm

|x− y| < δ0,

(ii). ñóùåñòâóåò r ∈ N òàêîå, ÷òî äëÿ ïðîèçâîëüíîãî íîìåðà i íàéä¼òñÿ íå áîëåå r ôóíêöèé

ϕj(x) òàêèõ, ÷òî suppϕi ∩ suppϕj 6= ∅;

(iii). |Dαϕm(x)| ≤ Cα,∀m ∈ Z+,∀α ∈ Zn+.

Îáîçíà÷èì Wm = suppϕm,m ∈ Z+. Ïóñòü xm ∈ Wm.

Äëÿ m ∈ Z+ îáîçíà÷èì

Pm(x,D) :=
∑

(α:ν)≤s

(
ψm(x)

(
a0
α(x)q(x)s−(α:ν) − a0

α(xm)q(xm)s−(α:ν)
)

+ a0
α(xm)q(xm)s−(α:ν)

)
Dα.

Òàê êàê q ∈ Qk−s,ν , lim
m→∞

max
|x−xm|≤1

|a0
α(x)− a0

α(xm)| = 0, òî íåòðóäíî óáåäèòüñÿ, ÷òî ñóùå-

ñòâóåò m0 òàêîå, ÷òî ïðè m > m0 âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2.2 èç [51] è ñóùåñòâóåò

îïåðàòîð Rm : Hk−s,ν
q (Rn)→ Hk,ν

q (Rn) îáðàòíûé äëÿ Pm : Hk,ν
q (Rn)→ Hk−s,ν

q (Rn).

Äëÿ m ≤ m0 îáîçíà÷èì

Pm(x,D) :=
∑

(α:ν)≤s

(ψm(x) (aα(x)− aα(xm)) + aα(xm))Dα.

Âîçüì¼ì δ0 èç óñëîâèÿ (i) íàñòîëüêî ìàëûì, ÷òî ïî ëåììå 2.2.3 äëÿ m ≤ m0 ñóùåñòâóåò

îïåðàòîð Rm : Hk−s,ν(Rn)→ Hk,ν(Rn) òàêîé, ÷òî

PmRm = I + Tm,

ãäå Tm : Hk−s,ν(Rn)→ Hk−s+σ,ν(Rn) ñ íåêîòîðûì ÷èñëîì σ = σ(ν) > 0.

Îáîçíà÷èì

L(x,D) :=
∑

(α:ν)≤s

a1
α(x)Dα,

R :=
∞∑
q=0

ψqR
qϕq.

Äëÿ P (x,D) è RP (x,D) èìåþò ìåñòî ñëåäóþùèå ïðåäñòàâëåíèÿ

P (x,D) =
∞∑
m=0

ϕmP (x,D)ψm

=

m0∑
m=0

ϕmP
m(x,D)ψm +

∞∑
m=m0+1

ϕmP
m(x,D)ψm +

∞∑
m=m0+1

ϕmL(x,D)ψm,
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RP =

m0∑
q,m=0

ψqR
qϕqϕmP

mψm +

m0∑
q=0

∞∑
m=m0+1

ψqR
qϕqϕmP

mψm

+
∞∑

q=m0+1

m0∑
m=0

ψqR
qϕqϕmP

mψm +
∞∑

q,m=m0+1

ψqR
qϕqϕmP

mψm

+

m0∑
q=0

ψqR
qϕq

∞∑
m=m0+1

ϕmLψm +
∞∑

q,m=m0+1

ψqR
qϕqϕmLψm. (3.2.22)

Ðàññìîòðèì

m0∑
q,m=0

ψqR
qϕqϕmP

mψm =

m0∑
q,m=0

ψqR
qP qϕqϕmψm +

m0∑
q,m=0

ψqR
q [ϕqϕmP

mψm − Pmϕqϕmψm]

=

m0∑
q,m=0

ϕqϕm +

m0∑
q,m=0

ψqT
qϕqϕm +

m0∑
q,m=0

ψqR
q [ϕqϕmP

mψm − Pmϕqϕmψm] .

Èç ïîñëåäíåãî ïîëó÷èì, ÷òî

m0∑
q,m=0

ψqR
qϕqϕmP

mψm =

m0∑
q,m=0

ϕqϕm + T1,

ãäå T1 : Hk,ν
q (Rn)→ Hk,ν

q (Rn), êàê íåòðóäíî óáåäèòüñÿ, êîìïàêòíûé îïåðàòîð.

Ðàññìîòðèì

∞∑
q,m=m0+1

ψqR
qϕqϕmP

mψm =
∞∑

q,m=m0+1

ϕqϕm +
∞∑

q,m=m0+1

ψqR
q [ϕqϕmP

mψm − Pmϕqϕmψm] .

Èñïîëüçóÿ òî, ÷òî 1
q(x)

⇒ 0 ïðè |x| → ∞ è òî, ÷òî íîðìû îïåðàòîðîâ Rq, äåé-

ñòâóþùèõ èç Hk−s,ν
q (Rn) â Hk,ν

q (Rn), ðàâíîìåðíî îãðàíè÷åíû, ìîæíî äîêàçàòü, ÷òî äëÿ

T2 :=
∞∑

q,m=m0+1

ψqR
q [ϕqϕmP

mψm − Pmϕqϕmψm] èçHk,ν
q (Rn) âHk,ν

q (Rn) ïðè äîñòàòî÷íî áîëü-

øîì m0 èìååò ìåñòî ‖T2‖ <
1

2
.

Àíàëîãè÷íî, â ñèëó óñëîâèé íà êîýôôèöèåíòû a1
α(x), ïîëó÷èì, ÷òî ïðè äîñòàòî÷íî

áîëüøîì m0 ∞∑
q=0

ψqR
qϕq

∞∑
m=m0+1

ϕmLψm = T3,

ãäå T3 : Hk,ν
q (Rn)→ Hk,ν

q (Rn) è ‖T3‖ <
1

2
.

Ðàññìàòðèâàÿ îñòàëüíûå ñëàãàåìûå èç ïðåäñòàâëåíèÿ (3.2.22), íåòðóäíî óáåäèòüñÿ, ÷òî

èìååò ìåñòî

RP =
∞∑

q,m=0

ϕqϕm + T
′

1 + T
′

2 = I + T
′

1 + T
′

2,
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ãäå T
′
1 : Hk,ν

q (Rn)→ Hk,ν
q (Rn) � êîìïàêòíûé îïåðàòîð, à ‖T ′2‖ < 1. Ñëåäîâàòåëüíî(

I + T
′

2

)−1

RP = I +
(
I + T

′

2

)−1

T
′

1,

ãäå T :=
(
I + T

′
2

)−1
T
′
1 : Hk,ν

q (Rn) → Hk,ν
q (Rn) � êîìïàêòíûé îïåðàòîð è, ñëåäîâàòåëüíî,(

I + T
′
2

)−1
R : Hk−s,ν

q (Rn)→ Hk,ν
q (Rn) � ëåâûé ðåãóëÿðèçàòîð.

Àíàëîãè÷íûì îáðàçîì ìîæíî ïîñòðîèòü è ïðàâûé ðåãóëÿðèçàòîð.

Òåì ñàìûì í¼òåðîâîñòü (P ;Hk,ν
q ) äîêàçàíà.

Íåîáõîäèìîñòü óñëîâèÿ (3.2.21) äëÿ í¼òåðîâîñòè (P ;Hk,ν
q ) ñëåäóåò èç òåîðåìû 1.2.3.
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ÇÀÊËÞ×ÅÍÈÅ

1. Àïðèîðíûå îöåíêè â àíèçîòðîïíûõ ïðîñòðàíñòâàõ

(a) Óñòàíîâëåíû óñëîâèÿ íà ñèìâîë îïåðàòîðà, íåîáõîäèìûå äëÿ âûïîëíåíèÿ àïðè-

îðíûõ îöåíîê ñïåöèàëüíîãî âèäà â àíèçîòðîïíûõ âåñîâûõ ïðîñòðàíñòâàõ, à òàê-

æå â ïðîñòðàíñòâàõ áåç âåñà.

(b) Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ äëÿ âûïîëíåíèÿ àïðèîðíûõ îöåíîê äëÿ ïîëó-

ýëëèïòè÷åñêèõ îïåðàòîðîâ, äåéñòâóþùèõ â ñïåöèàëüíûõ àíèçîòðîïíûõ âåñîâûõ

ïðîñòðàíñòâàõ.

(c) Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè÷åñêîãî îïåðàòîðà

â òåðìèíàõ âûïîëíåíèÿ ñïåöèàëüíûõ àïðèîðíûõ îöåíîê.

2. Èññëåäîâàíèå ñòàáèëüíîñòè èíäåêñà

(a) Äîêàçàíà èíâàðèàíòíîñòü èíäåêñà äëÿ ïîëóýëëèïòè÷åñêîãî îïåðàòîðà íà øêà-

ëå àíèçîòðîïíûõ ïðîñòðàíñòâ ïðè îïðåäåë¼ííûõ óñëîâèÿõ íà êîýôôèöèåíòû

ãëàâíîé ÷àñòè îïåðàòîðà.

(b) Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ äëÿ ñòàáèëüíîñòè èíäåêñà îòíîñèòåëüíî âîçìó-

ùåíèé ìëàäøèìè ÷ëåíàìè äèôôåðåíöèàëüíîãî âûðàæåíèÿ.

3. Óñëîâèÿ í¼òåðîâîñòè äëÿ ïîëóýëëèïòè÷åñêèõ îïåðàòîðîâ

(a) Îïèñàí êëàññ í¼òåðîâûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ïîñòîÿííûìè êîýô-

ôèöèåíòàìè, äåéñòâóþùèõ â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ â Rn.

(b) Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè-

÷åñêîãî îïåðàòîðà ñ ïåðåìåííûìè êîýôôèöèåíòàìè, èìåþùèìè îïðåäåë¼ííîå

ïîâåäåíèå íà áåñêîíå÷íîñòè, äåéñòâóþùåãî â àíèçîòðîïíûõ ñîáîëåâñêèõ ïðî-

ñòðàíñòâàõ â Rn, óñòàíîâëåíî ðàâåíñòâî íóëþ èíäåêñà òàêèõ îïåðàòîðîâ.
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(c) Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ í¼òåðîâîñòè ïîëóýëëèïòè-

÷åñêèõ îïåðàòîðîâ ñî ñïåöèàëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè, äåéñòâóþ-

ùèõ â àíèçîòðîïíûõ âåñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ â Rn.
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