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General description of the work

Relevance of the topic. Let us denote by L (q, α, β) the following Sturm-

Liouville boundary value problem

−y′′ + q (x) y = µy ≡ λ2y, x ∈ (0, π) , µ ∈ C, (0.1)

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π] , (0.2)

y (π) cosβ + y′ (π) sinβ = 0, β ∈ [0, π) , (0.3)

where the potential q is a real-valued, summable function on [0, π] (we write q ∈
L1
R [0, π]).

By L (q, α, β) we also denote the self-adjoint operator generated by the problem

(0.1)–(0.3) in Hilbert space L2 [0, π] (see [1, 2]). It is well-known, that the spectrum

of L (q, α, β) is discrete and consists of real, simple eigenvalues (see [1, 2, 3]), which

we denote by µn (q, α, β) , n = 0, 1, 2, . . . , emphasizing the dependence on q, α and

β. We assume that eigenvalues µn are enumerated in increasing order:

µ0 (q, α, β) < µ1 (q, α, β) < · · · < µn (q, α, β) < . . . .

Let ϕ (x, µ, α) and ψ (x, µ, β) be the solutions of (0.1), satisfying the initial condi-

tions

ϕ (0, µ, α) = sinα, ϕ′ (0, µ, α) = − cosα, (0.4)

ψ (π, µ, β) = sinβ, ψ′ (π, µ, β) = − cosβ. (0.5)

It is easy to see that the functions ϕn (x) := ϕ(x, µn, α) and ψn (x) := ψ (x, µn, β) ,

n = 0, 1, 2, . . . , are the eigenfunctions corresponding to the eigenvalue µn. The

squares of the L2 norms of these eigenfunctions:

an = an (q, α, β) =

π∫
0

ϕ2
n (x) dx, bn = bn (q, α, β) =

π∫
0

ψ2
n (x) dx, (0.6)

are called norming constants.

The existence, countability and asymptotic formulae for the eigenvalues, asymp-

totic formulae for the norming constants, completeness of the eigenfunctions in

L2 [0, π] , convergence of expansion for eigenfunctions for various classes of func-

tions, which are the ingredients of the direct Sturm-Liouville problem, have been
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studied since the mid-19th and early 20th century (see [4, 5, 6, 7, 8, 9, 10, 11,

12, 13, 14, 15, 16, 17]) and have received a fairly complete form at the end of

20th century thanks to the works of Titchmarsh, Levitan, Marchenko and others

in those case when q ∈ L2
R [0, π] , sinα 6= 0, sinβ 6= 0 and α = π, β = 0 (see

[18, 19, 2, 20, 21, 22, 23, 3]).

Inverse Sturm-Liouville problems originates from one work of Ambarzumian (dated

1929), where the following uniqueness theorem was proved:

Theorem 1 ([24]) If the eigenvalues µn

(
q,
π

2
,
π

2

)
= n2, n ≥ 0, then q (x) = 0 a.e.

on (0, π) .

The first, who pointed out the importance of the result of Ambarzumian, was

Swedish mathematician Göran Borg. He showed [25] that Ambarzumian’s result is

an exception from the “rule” - one spectrum does not determine a Sturm-Liouville

operator. In the same paper, Borg showed that two spectra of a Sturm-Liouville

operator (for different boundary conditions) determine it uniquely.

In 1950 Marchenko, using transformation operators (for arbitrary Sturm-Liouville

equations constructed by Povzner [26]), proved that the so-called spectral function

determines the operator uniquely (see [27, 22]). In the case of regular operator

(defined on a finite interval for summable potential) the spectral function is defined

by two sequences - eigenvalues and the norming constants.

Other types of uniqueness theorems were studied by Levinson ([28]), Hochstadt

and Lieberman ([29]), Isaacson and Trubowitz ([30]), McLaughlin and Rundell

([31]), McLaughlin ([32]), Harutyunyan ([33]) and others.

In 1951 in their fundamental work [34] Gelfand and Levitan succeeded in giving

an efficient algorithm for constructive solution of inverse Sturm-Liouville problem

through the spectral function for twice differentiable potential. In the case of regular

operator their result provides necessary and sufficient conditions for two sequences

{µn}∞n=0 and {an}∞n=0 , to be the spectrum and the norming constants of a problem

L(q, α, β), α, β ∈ (0, π) , respectively. Afterwards this result was generalized (for

more general classes of potentials and for different types of given spectral data) by

descendants of Gelfand and Levitan and by other mathematicians (see [19, 35, 36,

37] and the references therein).

Another interesting approach for studying inverse Sturm-Liouville problems was

suggested by E. Trubowitz and his colleagues (see [30, 38, 39, 36]). This approach

is connected with the description of all problems of the form (0.1)–(0.3) that have

4



the same spectrum (also called isospectrality problem). One of the main ingredients

here is the classical Darboux transformation [40, 41], which allows authors in [30, 38]

to reduce the problem of the form (0.1)–(0.3) (sinα 6= 0, sinβ 6= 0) to the equation

of the form (0.1) with the Dirichlet boundary conditions (y (0) = 0, y (π) = 0)

(Dirichlet problem). The whole book [36] is devoted to the study of the Dirichlet

problem. Some aspects of this approach were also studied for the case sinα = 0,

sinβ 6= 0 (α = π, β ∈ (0, π)) (see [39, 42, 43]).

In 1997, Jodeit and Levitan (see [44]) suggested to use Gelfand-Levitan equation

(see [34]) and transformation operators (see [26]) to deal with isospectrality problem.

They themselves solved the isospectrality problem (explicit formulas are given for

parameters determining boundary conditions, implicit formula is given for potential)

under assumptions q′ ∈ L2
R [0, π] and sinα 6= 0, sinβ 6= 0 (α, β ∈ (0, π)) , with some

remarks for the other cases at the end of the paper [44].

The recent research, especially in the theory of inverse Sturm-Liouville problems,

shows that, in addition to such classical problems as vibrations of strings (see [45,

46, 47, 48, 49, 50, 51]), Schrödinger equation in quantum mechanics (see [52, 53, 54])

and Korteweg-de Vries equation in the theory of nonlinear waves (see [55, 40, 56]),

Sturm-Liouville problems arise in the theory of plasma dynamics (see [57]), in the

biomedical engineering (see [58]) and in many other branches of applied sciences.

Objectives. Despite the extensive study in the field of the inverse Sturm-

Liouville problems, to our knowledge, so far, the necessary and sufficient condi-

tions for the sequences {µn}∞n=0 and {an}∞n=0 to be the spectrum and the norming

constants for the problem L (q, π, β) (analogously for L (q, α, 0)) with q ∈ L1
R [0, π]

have not been found, which in particularly means that the constructive solution of

the inverse Sturm-Liouville problem in this case is not given. Our primary goal

within the thesis is to find these conditions and provide an efficient algorithm for

the constructive solution of the inverse problem. With this purpose, in the thesis

the following problems, also having separate interest, are studied.

1) Uniform convergence of the expansion of an absolutely continuous function

for eigenfunctions of the Sturm-Liouville problems L (q, π, β) , β ∈ (0, π) and

L (q, α, 0) , α ∈ (0, π) , with summable potential q ∈ L1
R [0, π] ;

2) Asymptotic formula for the eigenvalues of the problem L (q, π, β) , with q ∈
L1
R [0, π] and β ∈ (0, π) ;

3) Asymptotic formulae for the norming constants of the problem L (q, α, β) ,
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with q ∈ L1
R [0, π] and (α, β) ∈ (0, π]× [0, π) ;

4) Riesz basicity of the systems {cos√µnx}∞n=0 and {sin√µnx}∞n=0 in L2 [0, π] ;

5) Derivation of an analogue of the Gelfand-Levitan equation for our case α = π,

q ∈ L1
R [0, π] ;

6) Existence and uniqueness of the solution of this Gelfand-Levitan equation as

well as reconstruction of the function q (i.e. the reconstruction of differential

equation) and the boundary conditions.

Besides, the dependence of the zeros of eigenfunctions of Sturm-Liouville problem

on the parameters determining the boundary conditions is studied in the thesis.

Research methods. Methods of entire and meromorphic functions, methods

of the theory of series, methods of differential and integral equations, as well as

methods of functional analysis are used to obtain the results of the thesis.

Scientific novelty. All results of the thesis are new.

Theoretical and practical value. The results of the thesis have a theoretical

value and can be applied in some direct and inverse Sturm-Liouville problems.

Approbation of the results. The main results of the thesis have been presented

at the scientific seminars of the chair of “Differential Equations” at the Yerevan

State University, at the scientific seminars of the department of “Differential and

Integral Equations” and Young Scientists Council of the Institute of Mathematics

of National Academy of Sciences of RA, at the international conferences “Harmonic

Analysis and Approximations, V” (Tsaghkadzor, Armenia, 2011), “Mathematics

in Armenia: Advances and Perspectives” (Tsaghkadzor, Armenia, 2013), “The IV

International Conference of the Georgian Mathematical Union” (Tbilisi-Batumi,

Georgia, 2013) and at the annual sessions of Armenian Mathematical Union (Yere-

van, Armenia, 2012, 2013, 2015).

Publications. On the topic of the thesis 5 scientific articles and 6 abstracts of

the conferences talks have been published, the list of which is provided at the end

of the synopsis.

Structure and volume of the thesis. The thesis is exposed on 85 pages. It

is comprised of Introduction, 3 Chapters divided into 9 Sections, Conclusion, Ac-

knowledgments, Bibliography, consisting of 94 items, and the author’s publications

on the topic of the thesis (see [Art1–Art5] and [Abs1-Abs6]).
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The main content of the thesis

In Section 1.1 of Chapter 1 of the thesis we investigate the uniform convergence of

the expansion of an absolutely continuous function for eigenfunctions of the Sturm-

Liouville problems. Namely, we prove the following two theorems:

Theorem 2 Let q ∈ L1
R [0, π] , α = π, β ∈ (0, π) and f be an absolutely continuous

function on [0, π] . Then for arbitrary a ∈ (0, π)

lim
N→∞

max
x∈[a,π]

∣∣∣∣∣f (x)−
N∑

n=0

cnϕn (x)

∣∣∣∣∣ = 0, cn =
1

an

π∫
0

f (t)ϕn (t)dt, (0.7)

where ϕn (x) ≡ ϕ (x, µn (q, π, β) , π) ≡ ϕ (x, µn, π) .

Theorem 3 Let q ∈ L1
R [0, π] , α ∈ (0, π) , β = 0 and f be an absolutely continuous

function on [0, π] . Then for arbitrary b ∈ (0, π)

lim
N→∞

max
x∈[0,b]

∣∣∣∣∣f (x)−
N∑

n=0

cnϕn (x)

∣∣∣∣∣ = 0, cn =
1

an

π∫
0

f (t)ϕn (t)dt, (0.8)

where ϕn (x) ≡ ϕ (x, µn (q, α, 0) , α) .

These results are used to obtain new, more precise asymptotic formulae for the

eigenvalues of the problem L (q, π, β) , with q ∈ L1
R [0, π] and β ∈ (0, π) and for

the norming constants of the problem L (q, α, β) , with q ∈ L1
R [0, π] and (α, β) ∈

(0, π]× [0, π) . Section 1.2 and Section 1.3 of Chapter 1 are devoted to the study of

these problems. Before formulation of the results let us recall some concepts and

results that will be used further.

In the paper [59] Harutyunyan, while studying the dependence of the eigenval-

ues on parameters α and β determining the boundary conditions (0.2) and (0.3),

introduced the concept of the function of δn (α, β) , which is defined by the formula

δn (α, β) :=
√
µn (0, α, β)− n = λn (0, α, β)− λn

(
0,
π

2
,
π

2

)
, n ≥ 2, (0.9)

and proved that −1 ≤ δn (α, β) ≤ 1 and it is a solution of the following transcen-

dental equation:

δ =
1

π
arccos

cosα√
(n+ δ)

2
sin2 α+ cos2 α

−

− 1

π
arccos

cosβ√
(n+ δ)

2
sin2 β + cos2 β

. (0.10)
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In the thesis (see Section 2.4 of Chapter 2) we prove that the equation (0.10) has

a unique solution for each fixed n = n0 ≥ 2, α = α0 ∈ (0, π] , β = β0 ∈ [0, π) .

The next theorem, proved by Harutyunyan in [60], gives more precise estimate of

the remainder term in the asymptotic formulae for eigenvalues.

Theorem 4 ([60]) Let q ∈ L1
R [0, π] and let λ2n (q, α, β) = µn (q, α, β) . Then

(a) The asymptotic relation (n→ ∞)

λn (q, α, β) = n+δn (α, β)+
[q]

2 (n+ δn (α, β))
+ ln (q, α, β)+O

(
1

n2

)
, (0.11)

holds, where [q] =
1

π

π∫
0

q (t) dt,

ln (q, α, β) =
1

2π (n+ δn (α, β))

π∫
0

q(x) cos 2 (n+ δn (α, β))xdx, α ∈ (0, π) ,

and

ln (q, π, β) = − 1

2π (n+ δn (π, β))

π∫
0

q(x) cos 2 (n+ δn (π, β))xdx. (0.12)

The estimate O

(
1

n2

)
of the remainder in (0.11) is uniform in all α, β ∈ [0, π],

and q ∈ BL1
R [0, π] (here and below BL1

R [0, π] stands for bounded subsets of

L1
R [0, π]).

(b) For α, β ∈ (0, π) and for the case α = π, β = 0 the function l, defined by the

formula

l(x) =

∞∑
n=2

ln (q, α, β) sin (n+ δn (α, β))x, (0.13)

is absolutely continuous on arbitrary segment [a, b] ⊂ (0, 2π) , that is l ∈
AC (0, 2π) .

The proof of the Theorem 4 does not cover the case α = π, β ∈ (0, π) . In Section

1.2 of Chapter 1 using Theorem 2 we handle this case and prove the following

theorem:
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Theorem 5 The function l, defined by the formula

l (x, β) =

∞∑
n=2

ln (q, π, β) sin (n+ δn (π, β))x

is absolutely continuous on arbitrary segment [a, b] ⊂ (0, 2π) , i.e. l ∈ AC (0, 2π) .

In Section 1.3 of Chapter 1 of the thesis the following two theorems are proved.

Theorem 6 Let q ∈ L1
R [0, π] . For norming constants an and bn the following

asymptotic formulae hold (when n→ ∞):

an (q, α, β) =
π

2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ rn

]
sin2 α+

+
π

2 [n+ δn(α, β)]
2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ r̃n

]
cos2 α, (0.14)

bn (q, α, β) =
π

2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ pn

]
sin2 β+

+
π

2 [n+ δn(α, β)]
2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ p̃n

]
cos2 β,

where

sn = sn (q, α, β) = −1

2

π∫
0

(π − t) q (t) sin 2 [n+ δn (α, β)] tdt, (0.15)

rn = rn (q, α, β) = O

(
1

n2

)
and r̃n = r̃n (q, α, β) = O

(
1

n2

)
(the same estimate is

true for pn and p̃n), when n→ ∞, uniformly in α, β ∈ [0, π] and q ∈ BL1
R [0, π] .

Theorem 7 The function s, defined by the formula

s (x) =
∞∑

n=2

sn (q, α, β)

n+ δn (α, β)
cos (n+ δn (α, β))x (0.16)

(a) is absolutely continuous on arbitrary segment [a, b] ⊂ (0, 2π) , for both α, β ∈
(0, π) and α = π, β = 0;

(b) is absolutely continuous on [0, 2π] , for α = π, β ∈ (0, π) .
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In Section 1.4 of Chapter 1 we investigate the Riesz basicity of the systems

{cosλn (q, α, β)x}∞n=0 and {sinλn (q, α, β)x}∞n=0 in L2 [0, π] and prove the follow-

ing two theorems:

Theorem 8 The system of functions {cosλn (q, α, β)x}∞n=0 is a Riesz basis in

L2 [0, π] for each triple (q, α, β) ∈ L1
R [0, π] × (0, π] × [0, π) , except one case: when

α = π, β = 0, the system {cosλn (q, π, 0)x}∞n=0 is not a basis, but the system

{cosλx} ∪ {cosλn (q, π, 0)x}∞n=0 is a Riesz basis in L2 [0, π] , where λ2 6= λ2n for

every n = 0, 1, 2, . . . .

Theorem 9 1. Let α, β ∈ (0, π) . Then the systems

(a) {sinλnx}∞n=1 , if there is no zeros among λn = λn (q, α, β) , n = 0, 1, 2, . . .

(i.e. in this case we “throw away” sinλ0x),

(b) {sinλnx}n0−1
n=0 ∪ {sinλnx}∞n=n0+1 , if λn0

(q, α, β) = 0 (we “throw away”

sinλn0
x ≡ 0)

are Riesz bases in L2 [0, π] .

2. Let α = π, β ∈ (0, π) or α ∈ (0, π) , β = 0. Then the systems

(a) {sinλnx}∞n=0 , if there is no zeros among λn = λn (q, α, β) , n = 0, 1, 2, . . . ,

(b) {sinλnx}n0−1
n=0 ∪ {x} ∪ {sinλnx}∞n=n0+1 , if λn0 = 0

are Riesz bases in L2 [0, π] .

3. Let α = π, β = 0. The answer is the same as in case 2.

In Section 2.1 of Chapter 2 of the thesis we derive an analogue of the Gelfand-

Levitan equation for the case q ∈ L1
R [0, π] , α = π, β ∈ (0, π) . Transformation

(transmutation) operators play an important role here.

Theorem 10 ([37]) For the function ϕ (x, µ, π) the following representation holds

ϕ (x, µ, π) = (I+ P)
sinλx

λ
:=

sinλx

λ
+

x∫
0

P (x, t)
sinλt

λ
dt, (0.17)

where P (x, t) , 0 ≤ t ≤ x ≤ π, is a real continuous function with the same smooth-

ness as

x∫
0

q(t)dt, and

P (x, x) =
1

2

x∫
0

q(t)dt, P (x, 0) = 0. (0.18)
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The proof of the Theorem 10 was given for the case q ∈ L2
R [0, π] (see [37]), but

it can be easily done for the case q ∈ L1
R [0, π] , without any significant changes.

Let us now consider the function

F (x, t) =

∞∑
n=0

(
1

an

sinλnx

λn

sinλnt

λn
−

− 1

an (0, π, β)

sinλn (0, π, β)x

λn (0, π, β)

sinλn (0, π, β) t

λn (0, π, β)

)
, (0.19)

where {λn}∞n=0 and {an}∞n=0 are two sequences satisfying some asymptotic relations

(see Theorem 12 below).

It is proved in the same Section 2.1, that F (x, t) is a continuous function in

{[0, π]× [0, π]} \ {(π, π)} and d

dx
F (x, x) ∈ L1

R (0, π) . Further, the following theorem

is proved:

Theorem 11 For each fixed x ∈ (0, π] , the kernel P (x, t) of the transformation

operator (see (0.17)) satisfies the following linear integral equation

P (x, t) + F (x, t) +

x∫
0

P (x, s)F (s, t) ds = 0, 0 ≤ t < x, (0.20)

which is also called Gelfand-Levitan equation.

In Section 2.2 of Chapter 2 the following four lemmas, which provide the solution

of the inverse Sturm-Liouville problem, are proved.

Lemma 1 For each fixed x ∈ (0, π] , equation (0.20) has a unique solution P (x, ·)
in L2 [0, x) .

Let us define

ϕπ (x, µ) ≡ ϕπ

(
x, λ2

)
:=

sinλx

λ
+

x∫
0

P (x, t)
sinλt

λ
dt, q (x) := 2

d

dx
P (x, x) .

Lemma 2 The following relations hold

−ϕ′′
π (x, µ) + q (x)ϕπ (x, µ) = µϕπ (x, µ) , (0.21)

ϕπ (0, µ) = 0, ϕ′
π (0, µ) = 1. (0.22)

11



Lemma 3 The following relation holds

π∫
0

ϕπ (t, µk)ϕπ (t, µn) dt =

0, n 6= k,

an, n = k.
(0.23)

Lemma 4 For all n,m ≥ 0

ϕ′
π (π, µn)

ϕπ (π, µn)
=
ϕ′
π (π, µm)

ϕπ (π, µm)
= const. (0.24)

Thus, the following result holds:

Theorem 12 For two real sequences {µn}∞n=0 and {an}∞n=0 to be the spectrum and

the norming constants of a problem L (q, π, β) , with q ∈ L1
R [0, π] and some β ∈

(0, π) , it is necessary and sufficient that the following relations hold:

√
µn ≡ λn = n+ δn (π, β) +

c

2 (n+ δn (π, β))
+ ln, µn 6= µm (n 6= m) , (0.25)

an =
π

2(n+ δn (π, β))
2

(
1 +

2 sn
π (n+ δn (π, β))

)
, an > 0, (0.26)

where c is a constant, the remainders ln = o

(
1

n

)
(when n → ∞) are such that,

the function

l (t) =

∞∑
n=2

ln sin (n+ δn (π, β)) t (0.27)

is absolutely continuous on arbitrary segment [a, b] ⊂ (0, 2π) (we will write l ∈
AC (0, 2π)) and the remainders sn = o (1) (when n→ ∞) are such that, the function

s (t) =

∞∑
n=2

sn
n+ δn (π, β)

cos (n+ δn (π, β)) t (0.28)

is absolutely continuous on [0, 2π] (we will write s ∈ AC [0, 2π]).

In Section 3.1 of Chapter 3 we study the dependence of the zeros of eigenfunc-

tions of Sturm-Liouville problem on the parameters that determining the boundary

conditions. As a corollary, we obtain Sturm oscillation theorem (for q ∈ L1
R [0, π]).

Theorem 13 Let q ∈ L1
R [0, π] . Then the eigenfunctions of the problem L (q, α, β)

corresponding to the n-th eigenvalue µn (q, α, β) , n = 0, 1, 2, . . . , have exactly n

zeros in (0, π) . All these zeros are simple. If α = π and β = 0, then the n-th

eigenfunction has n + 2 zeros in [0, π] , and if either α = π, β ∈ (0, π) or β = 0,

α ∈ (0, π) , then the n-th eigenfunction has n+ 1 zeros in [0, π] .

12
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pures et appliquées, pages 107–108, 1837.

[12] V.A. Steklov. The problem of cooling an inhomogeneous solid rod. Communi-

cations of the Kharkov Mathematical Society, 5:136–181, 1897.

[13] V.A. Steklov. Sur le problème de refroidissement d’une barre hétérogène.
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ԱՄՓՈՓՈՒՄ

Ատենախոսության հիմնական արդյունքները հետևյալն են՝

1) {µn}∞n=0 և {an}
∞
n=0 հաջորդականութունների համար ստացված են անհրաժեշտ

և բավարար պայմաններ, որոնց դեպքում նրանք հանդիսանում են L (q, π, β) ,

q ∈ L1
R [0, π] և որևէ β ∈ (0, π) խնդրի սեփական արժեքներ և նորմավորող

հաստատուններ;

2) Ապացուցված է բացարձակ անընդհատ ֆունկցիայի ըստ Շտուրմ-Լիուվիլի

L (q, π, β) , β ∈ (0, π) և L (q, α, 0) , α ∈ (0, π) խնդիրների սեփական ֆունկ֊

ցիաների վերլուծության հավասարաչափ զուգամիտությունը հանրագումարելի

պոտենցիալի դեպքում;

3) Ստացված է L (q, π, β) , q ∈ L1
R [0, π] և β ∈ (0, π) խնդրի սեփական արժեքների

ավելի ճշգրիտ ասիմպտոտական բանաձև;

4) Ստացված են L (q, α, β) , q ∈ L1
R [0, π] և (α, β) ∈ (0, π]× [0, π) խնդրի նորմա֊

վորող հաստատունների նոր և ավելի ճշգրիտ ասիմպտոտական բանաձևեր;

5) Հետազոտված է {cosλn (q, α, β)x}∞n=0 և {sinλn (q, α, β)x}∞n=0 համակարգերի

բազիսությունը ըստ Ռիսի L2 [0, π] տարածությունում;

6) Ստացված է Գելֆանդ-Լևիտանի հավասարումը α = π, q ∈ L1
R [0, π] դեպքում;

7) Ապացուցված է Գելֆանդ-Լևիտանի հավասարման
(
α = π, q ∈ L1

R [0, π]
)
լուծ֊

ման գոյությունը և միակությունը;

8) Ներկայացված է Շտուրմ-Լիուվիլի L (q, π, β) , q ∈ L1
R [0, π] , β ∈ (0, π) խնդրի

վերականգնման արդյունավետ ալգորիթմ;

9) ՈՒսումնասիրված է Շտուրմ-Լիուվիլի եզրային խնդրի սեփական ֆունկցիաների

զրոների կախվածությունը եզրային պայմանները որոշող պարամետրերից։ Որ֊

պես հետևանք ստացված է Շտուրմի օսցիլյացիայի թեորեմը (q ∈ L1
R [0, π]-ի

համար)։
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Çàêëþ÷åíèå

Îñíîâíûìè ðåçóëüòàòàìè äèññåðòàöèè ÿâëÿþòñÿ:

1) Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà ïîñëåäîâàòåëüíîñòè

{µn}∞n=0 è {an}∞n=0 , ïðè êîòîðûõ îíè ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè

è íîðìèðîâî÷íûìè ïîñòîÿííûìè êðàåâîé çàäà÷è L (q, π, β) , q ∈ L1
R [0, π]

è íåêîòîðîé β ∈ (0, π) ;

2) Äîêàçàíà ðàâíîìåðíàÿ ñõîäèìîñòü ðàçëîæåíèÿ àáñîëþòíî íåïðåðûâíîé

ôóíêöèè ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷èØòóðìà-Ëèóâèëëÿ L (q, π, β) ,

β ∈ (0, π) è L (q, α, 0) , α ∈ (0, π) ñ ñóììèðóåìûì ïîòåíöèàëîì q ∈ L1
R [0, π] ;

3) Ïîëó÷åíà áîëåå òî÷íàÿ àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ñîáñòâåííûõ çíà-

÷åíèé çàäà÷è L (q, π, β) , q ∈ L1
R [0, π] , è β ∈ (0, π) ;

4) Ïîëó÷åíû íîâûå, áîëåå òî÷íûå àñèìïòîòè÷åñêèå ôîðìóëû äëÿ íîðìèðî-

âî÷íûõ ïîñòîÿííûõ çàäà÷è L (q, α, β) , q ∈ L1
R [0, π] è (α, β) ∈ (0, π]× [0, π) ;

5) Èçó÷åíà áàçèñíîñòü ïî Ðèññó ñèñòåì ôóíêöèé {cosλn (q, α, β)x}∞n=0 è

{sinλn (q, α, β)x}∞n=0 â ïðîñòðàíñòâå L
2 [0, π] ;

6) Ïîëó÷åíî óðàâíåíèå Ãåëüôàíäà-Ëåâèòàíà äëÿ ñëó÷àÿ α = π, q ∈ L1
R [0, π] ;

7) Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ óðàâíåíèÿ Ãåëüôàíäà-

Ëåâèòàíà â ñëó÷àå α = π, q ∈ L1
R [0, π] ;

8) Ïðåäñòàâëåí ýôôåêòèâíûé àëãîðèòì âîññòàíîâëåíèÿ çàäà÷è Øòóðìà-

Ëèóâèëëÿ L (q, π, β) , q ∈ L1
R [0, π] , β ∈ (0, π) ;

9) Èçó÷åíà çàâèñèìîñòü íóëåé ñîáñòâåííûõ ôóíêöèé êðàåâîé çàäà÷èØòóðìà-

Ëèóâèëëÿ îò ïàðàìåòðîâ, îïðåäåëÿþùèõ êðàåâûå óñëîâèÿ. Â êà÷åñòâå

ñëåäñòâèÿ ïîëó÷åíà òåîðåìà îñöèëëÿöèèØòóðìà (äëÿ ñëó÷àÿ q ∈ L1
R [0, π]).
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