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Uwmbuwfunwunipjwu punhwunip uuwpwughpp

@tdwih wpnhwlwunipyniup. Upnwdnidubiph pwpnnipjwi wbunipniup nwnwiuwuppnid
E pwpnnigjwtu qunwihwpp npwdwpwunigjuu nbuwuyniuphg: (Gtnptdh wwwgnigdwu
pwnnnupjwu dbdnipniup Yuipbh § ulwpwgpb) wwppbp Bnuwuwlubpng' huswyhupu Bu
npqwd hwdwYupgnid upw Yupdwgnyl wuwwgnygh Gplwpnipiniup (size), pwjiph pwuwyp
(steps), oguwgnpdywd wnwpwdniRywl  dbdnuyeiniup  (space), jnipwpwlgnp  puyntd
ogunwagnpdywsd wunnwiubiph dkdwgnyu Gplwpnieiniup (width): Puwywu £, np wwwgnygh
owwhdwineyniup bwwbiu Ywiudjws £ wju hwdwlwnghg, npnud Yuwnwnynid £ wwwgnygp:
Snpdw| nbunygniuubphg wdbtwwwng' wunypwihtu hwodh wprnwddwu pwpnniejwl
htunwgnunuiubiph pdwgjw) wywpgnueyniup b hnbwpwp twb ng wiupwu Ywplnp hubp
Yunpwlwuwwbu hbpptig Yniyh W Nhpwnth’ hnndwdp, npunbn wwwgnigdl) Ep, np
wunypwjhtu wpnwdnwiubph Gplupnieniuutiph W hwywpybithnygjwu pwpnniejwt nwubiph
nwpwuswndwy dhol wnfw b dniunwdbunw) Yuw' NP nuup thwy b pugdwu ufuwndwdp
wju b dhwju wju nbwpnud, Geb gnjnieniu niuh wunypwiht hwadh wjuwhuh wpunwddwu
hwdwlwpg, npnwd  pninp unyuwpwunyeniiutph - wpwnwsénwiubiph - Bplwpnieyniutbpp
pwqlwunwdnpbt uwhdwuwthwy Gu /wjnwhuh hwdwlwnpgp htinhuwlubpp wujwund Gu
uniybp hwdwlwng/: Wn nhunwytinhg wnwowgb £ wjuwybu Ynsgws  YUny-Ntpwnt
Spwaghpp, npp hwunhuwund £ wunypwihtu hwoyh  hwdwlwpgbpnd - wpnwddwu
pwnnniRjwl punipwgnphsutiph hbinnwgnundwu wlwnhjugdwu uygpuwybnbphg deyp U npp
ubpwnnud b hbnbyw| hhduwlwu ninnnieyniubpp’

e wnpywd hwdwwpgnd pwuwdubph wpnwddwt punipwgphsutiph quwhwwnnid,
e Unp, wnwyb) wpryniwwybin hwdwywpgbiph uwhdwunud,
e unp, wnwyb| pwpn wpunwdynn pwuwdlbph npnunud:

dbpobipu Onpnbuh U <bjuitiph? Ynndhg wwwgnigyti , np NP=PSPACE L, htunlbwpwp, NP
= coNP = PSPACE: UWuwhuny, umuwbp hwdwlywpg gnnipyniu muh: <wjnup £, np
pwqudwphy hwdwlwpgbp unwybp s6U, vwlwiy wunypwht hwoyh wnwyb|] puwywu
(utydbughwy Ywd Sdptgbh) hwdwlwpgbph, huswbu twl ybpebipu Ywnnigwd npno
hwdwlwpgbph Jbpwpbpju) unwwbp hubine fuunhpp nbin pwg E, hGwnbwpwp  fuhunn
wpnhwywu £ L wubpwdbonn  winwhuh  hwdwlwpgbph  nwnwiuwuhpnieniup
wpuwdnwiubiph pwpnnipjwu tnbuwulyniuhg:

Uw htnwhwp tywwnwlt £, vwlwju wnw U twb w) hbwnwppppnigyniuutin, npnugny
unyuwwbu  wwwbwnwpwuynd  Gu wyy npppnnd wnlw  hEnwgnunnieniuutiph
dadwdwuungyniup: Unwhup fuunhpubphg b, dwutwynpwwbu, bPUINPOELPNRE3UL
fuunpp /SAT problem-h/ |nidnuwip, npp Ywpnn £ pwgwhwjntp wpnbu P W NP nwubpp
thnfuhwpwpbipnueyntup: <wynuh £, np wunypwiht hwadh jnipwpwtginip puwtiwdl npnawyh
Suwihnfunypjwdp Ywpbih b ubpluywgut) wjuyhuh Ynupniwyunpy unpdw; uny (4LA), nph
GpYwpnigyntup niwh ng wybhtu, pwu gdéwihu wé uygpuwlwu pwuwdslh GpYupniyejwu

1 Cook S. A. and Reckhow A. R., “The relative efficiency of propositional proof systems”).
Symbolic Logic, 44, (1979), 36-50
2 L. Gordeev, E. H. Haeusler, NP vs PSPACE, arXiv:1609.09562v1 [cs.CC] 30 Sep 2016
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hwdbdwwniejwdp, bW npu wuhpwgnpdtih £ wju b dhwju wju nbwpnid, Gpp hupp pwuwdélp
unyuwpwuneiniu £: Uuhpwgndtijhniginiup hwuwwwnn npuk wignphped uwhdwunud
npnawyh wpnwddwu hwdwlwpg, npp YnYuophuwynw £ wignphpdp Yuwmwpdwu pw)bpp
U, hwlwnwlyp, wuhpwgndbjhnieniup  thwuwnnn  npul wpnwddwu  hwdwlwnpg
hwunhuwunwt £ SAT problem-p |nidnn wignphpd: SAT problem-h dwdwuwlwlyhg
htiwnnwgnunnubipp npnunwd Gu npnawlh «pnyp hwdwlwpgbpnu (Resolution, Polynomial
Calculus, Analytic Tableaux, Catting Planes, Cut-fee Sequence, Elimination, Bounded Frege)
wpuwdnwiubph pwpnnyjwu ybpht U unnphtu guwhwwwlwuubipp, npnup hnnud Gu SAT
problem-h nwbdwu hwdwp Wwqugnyt b wnwybjuwgnyt pwywpwnp nbuntpuubiph dwuht:
<phduwynpyby t, np o oguwgnpdywd  hponnnipiniup  hwunhuwunwd £ wuplinpwgnyu
wwpwdbwnpp  SAT-problem-h  nddwu  pupwgpnwd, hGwbwpwpp, wpnwddwu  space
pwpnnintup Ywpnn £ hub) ogunnwwp wyu hwpgn: dbpgbipu Yuwwmwpgwsé hbnwgnunni-
pinubphph wpryntupubipp thwuwnnw Bu resolution hwdwlwnpgnul space pwpnnipjwu
hwdwp  unwgqwd  wbuwlwu  wpryniipubph b Jdpbunyt  dwdwuwlwhwndwdnid
wpwyunhynpbu unwgywsd pwpnnipjut dbdnipniuutiph hpwlwu dninhynipyniup: Wuwhuny,
wpuwdniubiph pwpnniejwu htitnwgnunuwiubpp Yuplnp Gu twb «pnyp hwdwlwpgbipnud:

Upunwdndubiph pwpnnipjwt ytpnhhojwy, huswybu uwb npng wy) hwpgtin, npnup yGpwpbipnid
Gu  pwqiwpdtp wpwdwpwunipywu npnp  wwpwnbuwyubph  hwdwywpgbpnid
wpuwdnwiubph pwpnnigyniuubph quwhwwndwup, nwbuwiny wbuwlwu tpwuwyniyenty,
niubu twb wypwlwhy Yhpwnnipynia pbnptdubph wpunwénuiubph wynndwwnwgdwu
pupwgpntd, hibpwpwn twl Formal Verification, Artificial Intelligence, Operations Research,
Computational Biology, Cryptography, Data Mining, Machine Learning, Hardware Design-h htiwn
wnusynn htnwgnunnudubpnid:

Lwywwwlu nt juunppubpp. Upfuwwnmwuph hhdtwlwtu twywwwlu E wunypwiht hwoyh
npnawlyh hwdwlwpgbpnd wpunwséndubph mwppbp punyewgphsubph guwhwwnwlwuubph
Gognuinudp, Ugkiint hwdwp wyn hwdwwnpgbiph wbnulwnwp wunypwiht hwdwywngbiph
puwn wpryniuwybungejwu pwnnwndwt wynwwynut: <hduwlwu fuunhpubpu Gu'

¢ R(lin}-qdwjuwgqwd nbtignynighw hwdwlywnpgh unwybp hubiint  hwugqwdwuph
htwwgnunup,

e wnwppbp mbnwnpdwu Ywuntubph wgnbignigyntup R- nkignpnighw b E - Yptéwwndwu
hwdwlwpgbph wpryniuwybwniewu ypw,

e F-dpligbh hwdwlwpgbpnd wpwnwsénwiutiph pwjliph unnphtu quwhwwnwywuubph
Gogpunnidp,

e pwqiuwnpdtip wpwdwpwunyywtu npn2  wwpwnbuwyubph  hwdwlwpgbpnuw
wpuwdnwiubiph pwpnnieniuutiph guwhwwndwunp:

Chnwgnundwt  dEpnpubpt BU' dwebdwwhlulu  wpwdwpwunyejwu,  pwpnnyejw
punhwunip nbunipjwu W Yndphuwwnnp owwnhdhqughwjh dbpnnubpp:

Munywunipywt tipjujwgynn hhduwywu npnypubpu Gu*

1. R(lin) hwdwywpgnw pwuwdubph npnpwyh  hwonpnwlwunyejwu  hwdwp
unwgywsd GU  wpunwoénwubph pwytph b Bplwpniejwu  uwninphu gnigswihu
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guwhwwnwlwuubp, hGnbwpwp R(lin)-p unwybp hwdwlwpg sk Uywgnigwsd k
uwl, np wn unyu pwuwdlbph hwonpnwwunypjut  wpwwdnwiubipp
pwquwunwdnpty  uwhdwuwtwly Gu  R(lin)+nbnunpnuygyniu - hwdwywnpgnid:
UnyUwwnhw wpryntupubip unwgyb) Bu twl R(lin)-hu Gpywyh E(lin) hwdwYwnpgh
hwdwn:

2. Uwhdwujwsd Gu R+l-nbnwnpnipniu bW E+ l-nbnuinpnigyniu hwdwlwnpgbipp / 120 -
nbnwnpynn pwuwdbbph wpwdwpwuwlwu gnpdnnnigyniutbiph pwuwlu £/ L
wwwgnigywd £, np R+(I+1)-nbinwnpnigyniu (E+ (1+1)-nbinwnpnigyntu) hwdwlwnpgp
niup  pwjtph pwuwlyh gnigswht  wpwqugnd  R+linbnunpnigniu (E+l-
nbnunpnipinit)  hwdwlwpgh  uywwdwdp,  hul  R+wnbnunpngniu L
E+nbnwnpneinit hwdwlwpgbpp  hwdwpdbp Gu $pligkh  hwdwlwpgbphu:
Ldwuwwhw wpryniuptbp unwgywsd Gu uwl hunnthghnupunmwywu b dhuhdwy
npwdwpwunipniuubph hwdwwwwnwufuwu hwdwlwpgbip hwdwp:

3. dpbgbh pninp hwdwlwpgbph hwdwp unwgwd b wpnwsdnwdubph  pw)tph
unwybtip-gdwjht - uinnpht quwhwwwlwuubp /dhus  wydd  hwpnuh  gdwjhuh
thnjuwpbu/:

4. Pwqlwpdbp wpwdwpwunyjwu npny  wnwpwwbuwlubph  hwdwlwpgbpnid
pwuwdlbiph npnawyh hwonpnuwywunigyniuubph wpunwdnwiubiph pwpnnueniuutiph
pninp snpu puntpwgphsubiph hwdwp unwgywd 5u owyuinhdwy /unyu Yupgh bipht L
unnpht/ guwhwwnwlywuubp:

Ghunwlwu unpnyep. LEpYwjwgynn hitwgnunieyniuubiph ninnniejwdp unwgywsd pninp
wpryniupubipp unp BU' nuuwlwtu Gplwpdbp wpwdwpwunyewu hwdwlwpgbph hwdwp
unwgywd wpryniupubiph hpdwu Yypw bwwbu 62gpindb) £ wunypwiht hwdwlwpgbph puwn
wpryniwybinnyjwt pwnnuwndwt wnnwwyp, huly pwqdwpdtp tnpwdwpwuniejwu npn)
nwpwwnbuwlutiph hwdwlwpgbipnud wpunwdnwiubph pwpnnieniuutiph punipwgphsubinh
quwhwuwnnd Yuwwwpyb) b wnwohu wuqwid:

Unwgywé wpryniupubph gnpéuwlwu Yhpwnnyeyniup. Upwnwdnwiutiph  pwpnniejwu
punipwagphsubiph quwhwwnuwubpp R tiplwndtp, RL pwgqiwnpdtp pwdwpwunyejwu npn
wnwpwwbuwlutiph hwdwywnpgbipnud, niubtwing wbuwlwu tpwuwyniyenit, niubt twb
wpwlwnhly Yhpwnnpyniu phinptdubiph wpunwdnwiubiph wynndwnwgdwu gnpdpupwgnd,
huswbu uwl dbpoht  wnwutwdjwynd  wjuwhuh npnpuubpnd, huswhupp Gu Formal
Verification, Artificial Intelligence, Operations Research, Computational Biology, Cryptography,
Data Mining, Machine Learning, Hardware Design-p:

Unwgywé  wpmyniupubph  dhnpdwpynuip.  Unbbwfununiginiund  ubplujwgywsd
wpryntupubipp pwqdhgu ubipyuwjwgyb) b puuwpyyb) Gu wnwppbp ubdhuwpubph W twppbp
dhowqquihtu ghnwlwu Ynudbpwuuubph dwdwuwl’

e Logic Colloquium 2015 LC 2015Annual European Summer Meeting of the Association
for Symbolic Logic (ASL), Helsinki, 2015,

e Logic Colloquium 2016 LC 2015Annual European Summer Meeting of the Association
for Symbolic Logic (ASL), Leeds, 2016,

e CSIT-2015, Yerevan



e ML NRGL ghnwlywu tunwypowl, 2017:

pwwjwpwlndubp. Uinbuwfununygjwu hbwnwgnunieiniuubiph yepwpbipjw) nywapqws tu
11 ghvnwlwu wotuwwnieniubip:

Uzfuwwmwiuph Swywip b unngjwdpp. Unbuwfununipiniup Yuqddwsd £ ubpwdnip)niuhg,
ytg qunifuubiphg, tgpwlwgnyeniuhg, Gpynt  hwdbjwdubiphg L oguwgnpdywd
gnpwlwunigjwu gwulyhg /42 wunit/: Swywip 90 ke k:

Ginijuutph hwdwnnun pnwunwynipyniup

Wnwoht qjfuntd nipynud Gu winbuwlununipniunid hbtnwgnndwsd hhduwywu wpnwddwu
hwdwlwpgbiph, pwpnnigjwu mwppbp punewgphsutiph W npnawyh «ndywp» wpnwdynn
pwuwdlbiph uwhdwunwubpp:

Utiup Yogunwagnndtiup pniywt funpwuwpnh hwjnup uwhdwunwp E* = {(64, 05, ...,0,) / 6; €
{01} 1<i<n}, p; L py(i=1;j=1) wpwdwpwuwlhwu thnthnfuwhwuubph, hbnlyw|
wnpwdwpwlwlwu Ywwbpnd =, &, Vv, 2 wunypwiht hwoyh pwuwdalbph, unyuwpwuniypjwu
qunuwthwnubipp:

1.1. Npn2hs nhgyniuywnhy unpdw uh qunuthwpp

Gpywndbtp wpwdwpwunygyniund thnthnfuwlwutbpp W npwug dfunniubpp Yuwudwubup
lhinbipwiubin: K Yynuyntunp hpbuhg ubipluyjwgunid £ jhinbipwiubph pwgdnigynit (4nuyntuyunp
sh Jupnn wwpniwwybip thnthnfuwywup b wyn thnthnfuwlwuh dfuinnudp dhwdwdwuwl):

Lhwnlbing U.2ntpwpjwuht® nmwup htnlyw| uwhdwunwiubpp'

Uwhdwund 1.1.1: Uunypwiht hwodh jnipwpwignip p pwuwdbh hwdwp  hbnlyw)
nwppwlwtu duwintunwiubphg jnipwpwuginipp wudwubup thnfjuwphudwu-Juunu'

0&y =0, w&0=0, 1&y =y, w&l=y,
Ovy =y, yvO=y, 1lvy=1 wyvli=1,
0oy=1, y>o0=y, 1loy=y, y>l=1,
621, i=0, JZW.

Pnfuwphudwu-Ywunup dhongny pwuwdlbipnid hnfuwphudwu Ywunup dwfu dwuh nbupp
niubignn gwulwgwd Gupwpwuwdl Ywpnn b hnfuwphugtp we dwuh wbupp niutignn
hwlwwywunwufuwu pwuwdlny:

TYhgnip @-U wunypwihu hwoyh pwuwdl &, huy P = {p41, p2, ..., pu}-U" wn pwuwdlbh pninp
thnthnfuwlwubph pwadnieiniup: P’ = {p;,, pi,, ... Pi, }-nd (1 <m < n) Upwuwlbup P-h
npuk Gupwpwaqdnip)niu:

3 An.Chubaryan, 2002, Relative efficiency of some proof systems for classical propositional logic,
Proceedings of NASA RA, Vol.37,N5,2002, and Journal of CMA (AAS),Vol.37, N5, 71-84
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Uwhdwund  1.1.2:  Spqwd o ={ay, .., 0} C E™h  hwdwp K = {pgl,p;';, ...,pg"}4
Ynuyniulyup Ywudwubup @ — 1-npnghs (@ — 0-npnzhy), bipl wdbl p; —hu o; wpdbipp (1 <j <
m) Ytpwagnbiinig htiwn Yhpwnbing thnfuwphudwu Ywunuubipp, Yunwuwup ¢-h wpdtipp (1
Ywd 0) wulwfu duwgwd thnhnfuwywuubiph wpdtipubinhg:

@ — 1-npn2hs Ynuyniulyuinp b ¢ — 0-npnohs Ynuyniulyunp Yuujwubup twle ¢-npnghs Ywd npnohg
¢-h hwdwn:

Uwhdwunud 1.1.3: D = {K, K, ..., K;} FLA-U Yuwudwubup npnohs HLA (nFLA) ¢-h hwdwp,
bpb ¢ = D U gwulwgws K; (1 < j < 1) Ynuyniuhwn 1-npnohs & o-h hwdwn:

<hugtipnpn glunw nFL3-h qunwthwpp punhwupwgyb) £ pwqdwpdtip mpwdwpwunipjwu
hwdwn:

1.2. <pduwluwu hwdwlwpgbpp

Uwnbuwfununipjut  hhduwlywtu  wpryniupbbpp unwgyt) Gu dh gwpp  hwupwhwjn
wpunwddwu hwdwwngbph /dpbgbh, ubyybugjwy/ nmwpwnbuwlyubph hwdwp b ybpgbpu
uwhdwuywd unp  hwdwlwnpgbiph, huswbu twlb npwug  wnwpwnbuwubph  hwdwp:
dbipghutbiph ny wjupwu hwywnuh hubint ywwnbwnny nwup npwug uwhdwunwubpp:

Upunwédwtu E hwdwlwpg Ypbwndwu fuununyg uwhdwuywsd £ U.2nipwpjwuh ybpnhhjwg
hnnquwdnwd: E-h hGuwunypubipp skt $hpuynid, pwyg gwulwgwd ¢-h hwdwp upw npuk
nFLA-h jnipupwtgnip Ynuynuyun Yupnn £ nhnwpyybp npwbu hEuwunye:

Updwundwu Ywunup (e-ywunt) wpunwdnwd £ K’ U K"”-u K’ U {p} U K' U {p} Ynujniuunubiphg,
npuibin K’ W K" Ynuyniuyunubip bu, huy p-u* hnihnfuwywu:

YUnujniuyinutiph tippwynp hwonpnwywunigynip hwunhuwunwd £ wpunwdnud E-nud, tiph
Yuwidwjwlwu Ynuniuyun Ywd htuwunyp k, Yud unwgyt) b hwonpnwlwunigjwu uwfunpn
Ynujniulywinubiphg e-jwununy:

Uyuhwyn L, np D ={Ky K>, ..,K;} TUI-U unyuwpwunipniu £, tpb {Ki K, .., K}
hGuwunyputiphg Ywpbih b wpunwdt| nwwnwpy Ynuniuyunp (8) e-fwununy:

Ntqnynighnu R hwdwlwpg

Ntgnpnighnt R hwdwlwpgp Ynuniuynphy unpdw &dubpny (4LA) wpdwsd pwuwdlh
htppdwu depnnnd wpunwddwu hwdwlwpgu & Snpdw] uwhdwudwdp' YL pwuwsl
Ywudwubup K = {Dyq, D,, ..., Dg} nhgniuywnutiph hwywpwdniu, npwinbin npwbu nhgyniulwn
nhunwpyynud £ |pnbpwiutiph hwjwpwéniu /thnihnfuwlwup U hp dfunnwip dhwdwdwuwly
s&U Yupnn dwutwygby/: R-nwd hGuwunypubipp $hpudwsd sku: Npnpwyh K = {D4, D5, ..., D}
YULA-h hwdwp jnipwpwgnip D; nhgnuyun Ywpnn £ hwdwpyb) hbuwunye: Ntgnpnighnt

phipho=1

4 1 o_ o =
Spywsd p hnthnfuwwup b o € E* hwdwp p?-ny Yupwuwytup p {5‘ bpki o = 0
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Ywunup D' U {p} U D" U {p}-hg wpwwdnd t D' U D"-p, npinkin D' L D" nhgyniulunubp Gu,
huy p-u hnthnfuwywu:

={D4, D, ..., D} YULA-U Yngynid £ htippynn wj U dhwju wju nbwpnud, Gpp gnjnugnit niuh
nwwnwpy nhgntulinh wpnwdnid {D4, Dy, ..., D} hEuwunypubinhg:

Snipwupynip pwuwdlh dfundwup npnawyp Enwuwyny hwdwwwnwufuwubgynud £ K =
{D4, D3, ...,Ds} 4LQ, nph htipphijhnipyniup hwdwndtip £ npywé pwtwdlh unyuwpwunyeiniu
hwunhuwuwniu:

R(lin) hwdwlywpqg
R(lin) hwdwYwnpgh uwhdwunwdp mwup pun Nwu Nwgh b bnnn Quidbinbunp® hnnwsh.

“hgnip niubiup L gdwiht hwjwuwpnid hbnlyw| wnbupny’ agxq + - apx, = ag: U Ynndh ae-
u Yngyntd | L-h wquwn dwu, huly dwfu agxq + - ayx, dwup Ynsynd L-h gdwjhts dwu (qdwyhu
dwup Ywpnn £ O jhubp): FOwhtu hwdwuwpnuiubph nhgniuyun Yuudwubup  hbnlyw)
wpuwhwynniniup’

(agl)x +o ot ala, = agl)) V(@ xy ok ), = ap)),

npntn t >0 L a —bpn wdpnng pYtip Gu (0 <i<n, 1 <j<t): FOwhtu hwjwuwpnuiubiph
YnYunuejniutipp qéwjhh hwjwuwpnuwiubph nhgniuyunnd pwgwnynud £ Uju nhgyniulywnp
niup hbnlyw| puwlwt bwpwgnnieiniup’ deup wunwd Gup, np x4 ... x, thnthnfuwywuubiphu
wdpnng rYtiph L{bannmdn hpwannpdtih ou‘u U dhwyju wyu nbwpnud, Geb gniniegniu niuh
j € [1,t] wjuwbu, np a1 Dy + -+ a(’)xn = a0 hwywuwpnuip 6hown £ hnthnfuwlwuubphu
wnpyjwd wndbtipubph nbwpnud:

Lwuh np wu wouwwmwupnd ogunwgnpdywd pninp qéwiht  hwywuwpnuwiubpp niubu
wdpnng gnpdwyhgutip, dtup npwbiu géwjht hwjwuwpnu wjunthbn Yhwulywuwup gdwjhu
hwywuwpnud wdpnng wndbip gnpdwyhgubipny:

Udd Yubipywjwgubtiup nhgniuyunubiph “pwnpgdwuntgjui” qunwthwpp: Swuljwugwd 4LA
huwpwynp £ pwpgdwub) géwiht hwjwuwpnuwiutiph nhgyniuunubiph hwywpwénth hinlyuw
Ybpw' YLA-h dbg dwunn gwulwgwsd Vi x;V Vg -x; nhgniuyn (npnbn I U J
thnthnfuwwuubiph hunbipuutinh pwgunieyniuubin Gu) pwpgdwuynd £ hbnlw| gdwjhu
hwywuwpnwiubiph nhgniuywnh Vie (x; = 1) V Vjg(x; = 0): D nhgyniulinh pwpgqdwunipiniup
gdwjht hwqwuwpnwiubiph nhgniuynpt Yuowuwybup D-ny: <boun b wnbuub], np xq ... x,
thnihnfuwwubiph pnywt wpdbpubipp pwjwpwpnud Gu D-htu wju W dhwyu wju nbwpnid, tpp
pwywpwnnid Gu D-hu (hpwnbin 1 hwulwgynid £ npwbiu 6hown, huly 0-u ufuwy):

Séwjhu hwyjwuwnpnuwiubiph ntignynighnt R(lin) hwdwlwnpgp uwhdwuynud £ hbnbyw| Yepw.

> Ran Raz, Iddo Tzameret: Resolution over linear equations and multilinear proofs, Ann. Pure
Appl. Logic 155(3), 2008, 194-224
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“thgnip nwbup gdwjht hwywuwpnuwiubph nhgnuuyunubph K = {Dy, ..., Dy} pwqunipjniu:
= (Dq,...,D)) qdwhu hwjwuwpnuiubph  nhgniuywutiph hwonpnwlwuniyeiniup
Ywujwubup D qéwjht hwjwuwpdwu nhgyniuynh wpunwdnwd K-hg R(lin)-nud, Geti D; =D L
gwulwgws i € [1,1]-h hwdwp Ywd D; = K; hug np j € [1,m]-h hwdwp, wd D;-U (x, = 0) v
(x = 1) pniyywt hGuwunyp £ k € [1,n]-h hwdwp, Ywd D-hu wpnwdyb) £ Dy, Dy-hg (j, k <
i) R(lin)-h htwnlyw| wpnwddwu Ywunubiphg dayny’

Nbgnymghw' Yhgnip A-u W B-Uu gqdwjht hwdwuwpnwubph bpynt nhgniuuubp Gu
(huwpwynp £ nuwwwnly nhgyniuyunutip), huy Ly-p b Ly-p Gpynt géwiht hwjwuwpnwiubp: 4 v
Li-hg U BV Ly-hg wpnwdynd £ AV BV (L + L) (+ntignynighw) Ywd AV BV (L; —L,) (-
ntign|nighwi):

nyuwgmd A qdwihu hwjwuwpnwubph nhgniuunubphg wpnwdynd £ A v L, npinbin L-p
Ywdwjwlwu gdwjht hwjwuwpnud k:

MNupqligmd' Av (0 = k)-hg pfunwd £ A-U, npwnbin A-u gdwjhtu hwjwuwpnudubph nhgniuywn
b, huy (i # 0):

K gdwjhu hwjwuwpnwiubph nhgniuyunubph pwgdnygyuwu hbppnd R(lin)-nwd  nuwnwny
nhgniuywp' (k # 0)-h wpunwdniu b bpp updwd hwdwuwpgnud:

E(lin) hwdwlwpg

Uydd Yubplwjwgubiup unp wpnwddwt hwdwwng' hhdudwsd npnohs YLA-h Ypw: Hhgnip
npwd o-h hwdwn K = {p,pf7, .., p{™}-p ¢ — 1-npnghs Yntyniilyn k: K°-ny Guwtiwlbp
hbwnlyw| hwwuwpndp' X7, @ (P:]) =0, npnkin

) Xii, bphk 0, =1
“(p?)={fixu hph =0
ij [ot 05 =

GRrb ¢-Uu n hnihnfuwwuh wunypwihu pwuwdl £ W D = {K4, K, ..., K;3-u npnghs LA ¢-h
hwdwp, wwyw npwbu E(lin)-h htuwunypubp Yhwdwpbup htnlyw| hwdwywpgp'

x=0vx;=1 1<i<n
K}, 1<j<1

ULobiup, np tipb @-U unyuwpwunyeintt £, wwyw wju hwdwwpgp wuhwdwwbntih £: Npwbu
wpunwddwt Ywunuubp Yhwdwpbup R(lin)-h hwdwp ybpp uwhdwujws Yuwunuubph Gpywlyh
Ywunubpp:

Gppbdu dbup wpnwddwu b htippdwu Ybpwpbnjw| Yoguwgnpdtiup dhliunyu «wpunwdnid»
wbpdhup:

Lhwnwqwynd nhunwplyynwd Gu twl wju snpu - hwdwlwpgbpht wbnunpdwu  Jwunup
npnwyh  wmwpwwbuwlubph  wybjwgwdp  unwgywd  npn2  hdwuwnny - «wnwyb)
wpryntuwytiny hwdwYwpgbip:



1.3. Upnwédwt pupnnipywt punipwqgphsubph uwhdwunudubpp

Unyu  wpluwwmwupnd nhunwpywsd wunypwiht  hwogh  jnipwpwignip @ wpnwddwu
hwidwlwpg uwhdwuynwd £ hGuwunypubph npnowyh pwqinpjudp /Jud twfuwwbu
ubbnjws, Ywd nipwpwugnip pwuwdlh hwdwp nipnyu duny punpgnn/ W npnawiyh
wpunwddwl Ywunuubph pwadnipjwdp: <Gnbbing Shdnw bW hwdwhbnhuwlubp® hnndwsdh,
nwup wpunwddwu pwpnnijwu punipwgphsutiph $npdw| uwhdwunwiubipp:

Geb ®-nud wpunwdnip ubpluwjwgubup npwbu wnnbiph  hwonpnwlwunygyntt, npunbin
gwuluwgwd wnnn hptiuhg Yubipyuwjwguh Ywd hGuwunype Ywd wpnwdyb)  uwiunpn tinnbph
ytpowynp pwqunipiniuhg npnpwih wpunwddwu Ywununy, www  P-Ynuphgninwghw
Ywujwubup wjnwhuh wnntiph npuk pwgdnipiniu: @-Ynuphgninwghwubiph {Dy, Dy, ..., D}
hwonpnwwunyeniup Ywujwubup P-wwwgnyg, tipk Dy =0 W pnnp t-tiph (1<t <r)
hwdwp Di-u unwgynud t Dy_;-hg htinbyw) puytipny’

LGhwunyph wybjugnid. D, = D,_; U {L,}, npintin L,-U hGuwunyp § @-nud:

Uppwéddwts jutint. D, = D,_; U {L}, npntin L-p unwdyb) £ @-h wpunwddwu Ywunuubiphg
D;_1-hu wwwnlwunn bwfunpn wminnbiphg:

<Gnwgmd. D, c D;_4:

¢ unyuwpwunpjuu @-wpnwénd Ywujwutup @-nd wjuwyhuh {D4,D,,..,D,} &-
wwwgnyg, np Do =0 U @ € D;,, nninbtin $-Uu @ pwuwdlp Ubpywjwgunn npnawyh winn &
(Ynuyptwn hwdwywpghg Ywudwsd wju Yupnn £ hubp ud nuwnwpy Ynuniayn, Yud
nwwnwnpy nhgyntulywn, Ywd unju @-u, Ywd npuk wy) «wyywnytip»):

lpl-ny Yupwuwlybup ¢ pwbwduh bGplwpnienup (Yud upw hus-np ubpyujwgdwu
Gpywpnigynitup, ophtwy, btpp ubpyuwjwgwd £ npwbu qéwihu  hwjwuwpnud  npno
hwdwlwpgnw), uwhdwujwsd npwbiu pninp pwdwpwuwlwu gnpdnnnipniuttiph /Jud wy)
gnpdnnnipniuutiph/ dnunpbiph pwuwyp:  UYuhwyn £, np pwuwdlh punhwung
Gpywpnigynitup, npp Ubpwnnud £ pninp thnhnfuwwuubph dnunpbipp, wpwdwpwuwywu
gnpdnnnipynuuutipp b thwlwagdtpp, vwhdwuwhwydws £ |el-hg Ywiujws qdwihu
$nillghwynd;:

D-wpipwsdwl Gphuwpnipgmp (-pwpnpniypymt) hwywuwn b wpypwddwt pninp
ipnnbiph Gplwpnyayniiph gnidwphi:

G-wnipwsdwt puyiph pwbwlp (t-pwpnnipynity) hbbwunypubph b wppwsdwb
ywunutbipnh Yhpwnnidubph pwbwlt E:

G-wnipwsdwl swyuwyp (s-pwpnnyeynity) Jwpuhdw; Yntphgninwghuwip Swywyl k,
npppbin Ynuphgninwghuyh swuwp upw Ut qgiptiynn ypnwntiph dnuppbph pwbwl £ :

€Y. Filmus, M. Lauria, J. Nordstrom, N. Thapen, N. Ron-Zewi, 2012, Space Complexity in
Polynomial Calculus, 2012 IEEE Conference on Computational Complexity (CCC), 334-344
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G-wppwédwl  quytnyggmitipn  (w-pwippmypgmil)  hwywuwnp  F wpypwddwl
wdbtwbplwn pnnh Gplwpnipywin:

“thgnip, nubup @ wpunwddwu hwdwlwpgp W @ unyuwpwunigniup: ti(lﬁ,sﬁ,wﬁ)—m{
Upwuwlbup @ hwdwlwnpgnd @-h pninp wpnwénwiubiph ¢(1,s,w)-pwnpnnieyniuubinh dhuhdw
wndtipp:

“thgnip, @41-U nL @,-p Lipynt twpptip wprnwddwu hwdwywngbp tu: <ewlbiny Ynyhu L
Mtipwnihu, hhotigubup pwqiwunwdwhu hwugbkgdwu qunwthwnp:

Uwhdwunud 1.3.1: @;-p p- t-hwugbigynud £ (p — I-hwugbigynud k) @,-hu, Geb gnjnygyniu niup
wjuwhuh pQ) pwqdwunwd, np b @4-nwd, b Pp-nid wpnwsdtith nipwpwugnip @ pwuwdlh
hwdwn tg? < p(te) (g2 < pdyh):

Uwhdwunud 1.3.2: @, U &, hwdwwpgbipp p-t-hwdwpdtp tu (p — I-hwdwnpdbp tiu), beb
@;-n p-t-hwugtigynd £ (p — I-hwugbkigynid k) @,-hu W @,-p p-t-hwugkgynd £ (p —1-
hwugbigynud k) @4-hu:

Uwhdwunud 1.3.3: &; hwdwlwpgp nh gnigswht wpwqwgnd @, hwdwlwngh
uywuwndwdp, tipk @,-p p — I-hwugbgynid £ @4-hu b gnjnigyntt niuh ¢, pwuwdlbiph wjuwhuh

hwonpnwlwunipniu, np lf;: > 29(';:):

U.2nipwnyuup  ybpnhhgup  wofuwwnwupnid wwwgnigyws £ E L R hwdwlwpgbph
pwqudwunwdwihu hwdwpdtipnigyniuubpp b puwn pwytiph b puwn Gpyupnieniuutiph: “tddwn
sk hwdngybil, np E(lin) L R(lin) hwdwywpgbph pwqiwunwdwiht hwdwnpdbpnipniuubipp
Ywpbh £ wywgnigl) udwuwwnhy deennutpny’ duwiintubing E hwdwlwpgnud guwuywdwd
wpunwdnd R hwdwqwpgh wpunwsddwu b hwlywnwyp:

1.4. Y"ddwp wpnwoékh pwuwalbp

Gnplywndtip mpwdwpwunipjwu tnwppbip hwdwlwpgbipnud wpunwdnwdubiph pwpnnigynuiubph
quwhwwwlwuubiph  hwdbdwnnygyniuubph hwdwp Yuplnp nbp Gu fuwnnd  hbnbyw
pwuwdaubpp'

m n

TTM,, = \/pij"i nm=1,1<m<2"-1),
(01,02,...0,)EE™ j=1 i=1

npnup Uupdwd dhowlwyph jnipwpwugnip hpudwd n = 1-h b m-h hwdwp wpnwhwjnn Gu
htinnlyw| 62dwphun wunnwip. mpdwd n x m swithwuh 0,1-dwwnphgnid Yupbih  wjuwbiu opob)
npn2 wnnbp (thnfuwphubing 0-u 1-h b hwlwnwyp), np Yudwjwlwl uniu ywpniuwyh
wnujwqu by hwwn 1:

Uwnbuwfunuipniund n-h bW m-h npnawyh wpdtipubph hwdwp npydnd £ uwb wju wundwu
punhwupwgnwip pwqiwndbp wpwdwpwnyput npnawyh wwpwwnbuwlubph hwdwp W
quwhwwnynud U wpunwsdnwiubiph  pwpnnipniuutipp hwdwwwwnwufuwu  pwuwdlbph
hwdwnp:
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GpYypnpn glunid nunwiuwuppybip Gu wpwnwdnwdubph pwpnniejwu puniyewagphsutipp R(lin) W
E(lin) hwdwwnpgbipnud, huswbu uwl upwug npnpwyh punqujunwubpnd: <wpy Gup
hwdwpnd bk, np R(lin) hwdwlwpgp huygpwut punniugb) Ep dbé nqunpnipjwdp, pwuh np
dhus wyn hwynuh «pwpnpy pwuwdlbpp / Pigeon Hole Principle, Clique Colouring pair, Hool’s
theorem, Sbjnhup pwuwdbbpp W wyu/, npnup dh 2wpp hwupwhwyn hwdwywpgbpnid
nubt  wpunwddwu  Bplwpneywt  unnpht gnigswiht - guwhwwnwlwuubp,  R(lin)-nud
wpunwdytight pwqdwunwdwihu pwpnnipjudp: Unyu wnbuwfununipiniunud wwwgnigyb &,
np Jwu pwuwdlbp, npnup «pwpn» Bu twl R(lin) hwdwYwpgnud: Lepdnidybp £ uwl
wbnunpdwu  Ywunuh  dh wwpwunbuwly  JEpwudwudwu  (renaming)  Yuunup
B= (’;ﬁ’;{; "“‘) hwdwdwju nph jnipwpwignip xg, thnthnfuwywup thnfuwphudnid £ xg, (1<
m <k) thnihnfuwlwuny: R(lin)+renaming-ny W E(lin)+renaming-ny upwuwlywd tu renaming
Ywununy hwdwpnqwé hwdwwwwnwuluwuwpwn R(lin) W E(lin) hwdwlwngbpp:

thgnip @, = TTMyon_q, hul K, —-p =@, -hu hwdwwwunwufuwung YLA -u k£ R(lin)-nwd:
Uwwgnigyb) Gu hbwnlyw| Gpynt wunnwiubpp.

@bnpb 2.1: [ > g > 22701 1y EUW 5 (ZEW 5 g271,

Cwyyh wnubny, np |@,|=IKy[=n2" (2™ — 1), R(lin) L E(lin) hwdwYwpgbtiphg ns dbyp uniwlip
sk

@tnptd 2.2: Gnjnipyntt nwuh wjuwhuh p() pwgqdwunwd, np

R(lm)+renammg R(lm) +renaming
tk, <l < p(IKxD)-

E(lin)+renaming < lE(lm)+renammg <p(|(p D

t‘Pn

Wu tipynt wunnuwubipp thwuwnnwd Gu, np R(lin)+renaming L E(lin)+renaming hwdwywngbipp
niubu gnigswjht wpwqugnd hwdwwywunwufuwuwpwp R(lin) W E(lin) hwdwlwpgbph
ujwuwndwdp:

Gppnpn qqfunid nwnwWuwuppynd Gu E wpwph  hwdwlwpgbpp nwuwyw,
huwnnthghnuhunwlwu W dhupdw| wpwdwpwunigyniutbph hwdwp, npnup tywuwlyywsd Gu
hwiwwwuwufuwuwpwp E, El b EM-ny, b npwug npnawlh punwjunwubpp: Ynuniulunubph
C pwqunipjut hwdwp, npnughg wnujwqu deyp wwpniwwynd £ p thnhnfuwwup, W
[hinbGpwubph qthnLUqghw hwunhuwgnn A pwuwduh hwdwp ubpdndwd b nbnunpdwu
htwnlyw) Ywunup' s(c)A' npuntin S(C);-nY tpwuwlhdwd £ C-nud p-h thnfuwnpbu wdbkuniptip A
pwuwdlh  wbnunpdwu  wpryniupp: - Lbpdniddwsd £ twl Ypbwwdwt  Ywunup
v Gy U {4}, U {4}
C,LUC,

nbnunpjwd pwuwdle:

punhwupwgndp , npwnbn A-u Ywd hnbpw) §, Yud wpunwddwu npuk pwyinud

Stnwnpdwu Ywununy hwdwpdws E (El, EM) hwdwwpgp upwuwyws £ SEC (SEI, SEM)-
ny: Gpb nput ulbnjwd ¢-h hwdwp wbnunpynn pwuwalbph wpwdwpwuwlwu Yuwwbph
pwuwyp uwhdwuwhwyqws £ £-ny, wyw hwdwwywunwufjuwu hwdwuwpgp tywuwyjws
S¢EC (S¢El, S:EM)-ny:
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Wu gfup hpduwywu wpryniupu £
f@bnpbu 3.1:

1) VI = 0-h hwdwp $;11EC (Si+1EL S;41EM) hwdwlwpgp niuh gnigswihtu wpwgugnud  $;EC
(S.EI, S;EM) hwdwlwpgh uywwdwdp, bGeb nhunwpyynd Gu dhwju  dwnwinhy
wpunwdndubpp:

2) SEC (SEI, SEM) hwdwlwpgp pwqiwunwdnptu hwdwpdbp b dpbgbh FC (FI,FM)
hwdwywpghtu, npinbin FC, FI b FM -ny tpwuwyjwsd Gu hwdwwwwnwuluwuwpwnp dptigbh
hwdwYywpgbpp nwuwywu, hunnithghnthunwlwu W dhuhdw] wpwdwpwunieiniutubph
hwdwp:

Qwpyh wnubing E U R hwdwlwpgbiph pwqiwunwdwiht  hwdwpdtipnigniup L
Epywyhnieiniup, unyuwwnhy inwuwyny Yunnigynw Gu SRC (SRI, SRM) U S¢RC (S¢RI, S:RM)
hwdwlwpgbpp, npnug hwdwp wnbnh nwbu yepnhhguy Gpynt wunnuwiubipp: Wuwhuny,
upywd wnpwdwpwunipiniuttiphg jnipupwugniph dpbigbh W E nt R hwdwywpgbph dhole
Yunnigyws Gu hwdwlwpqgbph wudbpy pwqinyeyniuubp, npnughg jnipupwugnip
hwenpnp bwwybu wybh wpyyniuwybwn E, pwt twfunpnp:

2nppnpn qilund Hpliqbh jnipupwiugnip hwdwlwpgnu npnpwyh nwuh pwuwdlbph
wpuwdnwdubph pwjtph hwdwp unwgyws £ unuybip-qdwyhtt uninpht quwhwwnwlwu
(dpuy wydd hwynuh tp dhwyu géwjhtu unnpht quwhwwnwlwu b dhwjiu dpbkgbh dby
hwdwlywpgh pwytiph hwdwp Wwuwwhy quwhwnwlwu twfuyhund unwgyb) Ep U
2nipwpywup b U Utwgwywujwuh wotuwwnipniunwd?): U hnndwénud oguwgnpdywsd
wpuwdndubph wowynnijwu  hwwnywdnipjwt qunwthwpp punhwupwgyt) £ dpbgbh
jntpwpwuginip  hwdwlwpgh hwdwp W npnpwyh nwuh unyuwpwunygyniuubiph  hwdwnp
quwhwwnyb| U wpunwoénwiubph pwjitpp, hpdudbing «wulwfu fwywu Gupwpwuwalutph»
dnunpbiph dwpuhdw) funpnipyniuutiph gndwph dednipjwu Ypuw:

<hugqbpnpnp  qunid pwqdwpdbp  wpwdwpwUunEjwu  npn  wpwwnbuwyubph
hwdwlwpgbpnuwd  quwhwwndbp U pwuwdubph  npnpwlh  hwonpnwywunigyniuubph
wpuwdnwiubiph pwpnnieniutbiph pninp snpu punyewagnhsutipp:

Uprynwuputiph hunwy duwybpwdwt hwdwp wwup k-wpdbp (k=3) npuwdwpwunipyut
hphduwywu qunuihwpubpp' E,-ny tpwuwlbup hbnlyw| pwqdnyeniup {O,k—il,...,g,l}:
Uunypwiht pwuwdubpp Ywnnigynd Gu hwypnuh Gnwuwyny Ex-hg wpdbtipubip punniunn
wunypwihtu thnihnfuwywuubphg /Juwd twb wunypwiht hwuwnwwnniiubiphg/ W A, v, 2,4
(ywu ~) wpwdwpwuwlwu Ywwbphg, npnughg jnipupwuginipp Ywpnn £ uwhdwuyby
nwppbip dubipny’

pVq=max(p,q) (M Ywd pvg=I[k-1)(p+q]lmodk)/k—-1) (2)

7 An. Chubaryan, A.Mnatsakanyan, Super linear lower bounds for steps of proofs in some Frege
system, News of Science and Education, Sheffield, SCIENCE AND EDUCATION LTD, NR 21(21)
2014, pp.104-110
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pAq =min(p,q) (1) Ywd pAg=max(p+q—1,0) )

P2a={{_pyqhse () Loduwulhgh

Ywd

p3q={q1,' ’;iz (2) Synnbifh

~p=1-p () Lowulhsh  Yud =p = (G = Dp + Dmod b)/(k = 1) (2) gl

Npn2 nbwpbpnud —p Lpwuwydwt thnfjuwpbu ogunwgnpdyntd £ 5 upwuwynudp:

p wunypwihu thnthnfuwlwuhu 8=k+'1 (0<i<k-1)-h hwdwp uvwhdwudwd Lt uwl
gnigsuhtt niuyghw.

p® npujbiu (p > 8) A (8 2 p) (),

p® npwbiu p-u (k —1D-i hwuw ghyhy dfunnwiubipny (2):

Greb ultinynud £ npwbu «6odwpwiniegyniu» 1 wpdtipp /% < ﬁ < 1 dhowlwyph jnipwpwtgjnip
wnpdbip/, www py, py, ..., P hnthnfuwlwuubipny jnipwpwtgnip ¢ pwuwdl Yngynid £ 1 — k-
unyuwpwunpynu(= 1/2 — k-unyuwpwnipynil), tpt guulwgws § = (61,8, ..., 8,) € EF
hwywpwdnih hwdwp, yepwgntng jnipwpwuginip pj-pi §;(1 < j < n) wpdtipp, unwunud Gup
¢-h wndbipp 1 (Yud 3 <= < 1 dhgwlwyphg npltk; dklp):

U.2nipwpuup b U.ruwdhujwuh Ynndhg dh pwuh wofuwwnnyeniubipnd  pwqdwpdtip
wpwdwpwunigjwu pninp htwpwynp wwppbpwyubph hwdwp Ywnnigybp Gu dh pwup
hwdwwhunwuh  hwdwlwpgbp, wn  pYnd  twl, punhwupwgubing pwqdwpdtp
wpwdwpwunipjwu hwdwp ntLA-h qunuihwpp b Ypbwwndwt Ywununun E wnhwh
hwdwYwpgbipp: Uwnbuwfununipjniuntd pwquiwndtip npwdwpwunyjwl npny
nwpwwbuwlubph  hwdwp  Ywnnigyy  Gu TTM,,-hu Wdwlwwnhy 1 - k-
unyuwpwunyeyniuubp (= 1/2 — k-unyuwpwunipyniuup) U hwdwwwwnwufuwu
punhwupwgywd Ypdwindwu Ywununy hwdwlwpgbipnw qguwhwwnytp U wn pwuwaubpp
wpuwdndubph pwpnniginiuubph pninp puniypwagphsutipp: <Gwnwgnunyjwsd hwdwlwpgbpu
tu'

ELN, [1] - k-wpdtp hwdwlywpgp Lnijwubhsh dfundwdp b npwbu «Godwpunnieniu»
ublinjwé 1 wpdtipny,

ECNy, [1] - k-wndtip hwdwlwpgp ghyhy dfunmdwdp b npwbiu «Godwpunneniu» uubnjws 1
wndtpny,

ELN3 [1/2,1] - 3-wpdtip hwdwlwpgp Lniywulthgh dfundwdp b npybu «Godwpunnieniu»
ublbnwd 1/2 W 1-ny,

ECN3 [1/2,1] - 3-wpdbtp hwdwlywpgp ghyhly dfundwdp L npybu «Godwpunniegniur
ubbnjwsd 1/2 U 1-ny:
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CN3z-cut-free [1] - dpbgbh whwyh 3-wpdtp hwdwlywpgp ghyhy dunmdwdp L npwbu
«Godwpuinipniu» ullinjwsd 1-ny:

Uwuwgnigyws k, np
ELNi[1]-nud 1 — k-unyuwpwunipniuubp GU hwunhuwunw hbnlyw| pwuwdalbpp.
L TTMnm = Voy,,..oneep Nea Viei pi,” /n = 1,m < k" /U (1) exponent-ny
ECNi[1]-n1d 1 — k-unyuwpwunipjniuubp 5u hwunhuwunw htinlyw) pwuwdalbpp.
CeTTMpm =V (0,.0,,..0eep Nfea Vi piy ™ In = 1,m < kI /U (2) exponent-ny
ELN3[1/2, 1]-nud = 1/2 — 3-unyuwpwunipniuttip U hwunhuwunid hwnbyw| pwuwdalbpp.
L3TTMpn = V(oy,0,,...00een Njz1 Vie Py, /n 2 1,m < 2" — 1/ L (1) exponent-ny
ECN;5[1/2,1]-nd = 1/2 — 3-Unyuwpwunipniutitip Gu hwunhuwund hbwnlyw| pwuwdaltnp.
C3TTMypm = V(6,,05,..0,)€ED /\j-'ilvyzlpi]_"i m=1m<3"—-1/ U (2) exponent-ny:

Wu  snpu hwonpnwlwunipniuubph pwbwdubph  wpwuwdnwiubph  pwpnnyejut
punipwgphsutiph hwdwp unwgywsd tu htinlyw| quwhwwnwlwuubpp.

@bnptd 5.1: SQnngniu niuh  wjuwhuh ¢, 1 - k-unyuwpwunipyniuubph (k = 3)
hwonpnuwwunypniu, np ELNg[1]-nwd  winbinh niubiu htinlyw| hwjwuwpnuiubpp

1) logk(lenl) = 6(n);

2)  logklogk(t(@n)) = 6(n);
3)  logilogk(I(¢n)) = 8(n);
4)  logk(s(en)) = 6(n);

5)  logk(w(¢n)) = 6(n).

@tnptd 5.2: Snjnentt nih - wjuwhuh @, 1 - k-unyuwpwunpyniiubph (k> 3)
hwonpnwwunyeniu, np  ECNg[1]-nud U CNg-Cut-Free[l]-nid wbinh niubu  hbunlyw)
hwyjwuwpnuwiubipp

1) logi(laD) = 8(n);

2)  logilogk(t(¢@n)) = 6(n);
3)  logklogk((¢n)) = 8(n);
4)  logk(s(pn)) = 6(n);

5) logi(w(@y)) = 8(n).
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@bnptd  5.3: Qnnginiu muph  wjuwhuph @, = 1/2 - 3-unyuwpwunipyniuutph
hwonpnwwunypniu, np ELN3[1/2, 1}-nud nnbinh niubu hbwnlyw) hwjwuwpnuwubipp

1) logs(nl) = 6(n);

2)  logzlogs(t(e@n)) = 6(n);

3)  logzlogz(I(¢n)) = 6(n);

4)  logs(s(¢en)) = 6(n);

5)  logs(w(@n)) = B(n).
@tnptd  5.4: SQnnginiu niuh wjiuwhuh @, = 1/2 - 3-unyuwpwunipyniuutiph
hwonpnuwlwunyeniu, np ECN3[1/2, 1]-nud nbinh nwibt hbnlyw) hwjwuwpnwiubipp

1) logs(¢nl) = 6(n);

2)  logslogs(t(e@n)) = 6(n);

3) logslogz(I(¢n)) = 6(n);

4)  logs(s(¢en)) = 6(n);

5)  logs(w(pn)) = 6(n).

dbgbpnpn qunid wpynwd Gu unyuwpwunigyniuubph nFLA-ubiph wpwwnbuwyubpp
Mquuuwpyuy, Ypéwngws, hwyninwyht, uptwgnyu, dhuhdwy/ U hnwgnngws £ npwug
Yuwwp wpwnwdnwiubiph pwpnniejwu puntpwagphsubiph dbdnieyniuubinh hbiwn:

Shduwlwu wpryniupubpp b hnbnpyniuutpp

Uwnbuwfununipgniund  hitnwgnunjwsd  Gu wpunwoénwiubph - pwpnnigjwu  wnwppbip
puniypwgphsutiph  dbdnueyniutbipp  tplupdtp U pwquwndtip  wpwdwpwunientuubinh
wunypwjhtu hwoyh dh 2wpp hwdwlwpgbpnu: Uwutwynpuwwbu unwgywsd Gu hbnlyw)
wnryntupubipp’

1. Pwuwdlbph npnowyh hwonpnwlwunygjwu  hwdwp  R(lin)  hwdwlywnpgnuwd
unwgywsd G wpunwonwubph  pwytiph b Bplwpniejwu  uwnnphtu gnigswhu
quwhwwnwwuutp, htnbwpwp R(lin)-p unuybip hwdwywpg sk: Uwywgnigws k
uwl, np wn Unyu pwlwdubph  hwonpnwlwunygywu  wpunwdnuiubpp
pwquiwunwdnpbt uwhdwuwtwy tu R(lin)+renaming hwdwwngnud, htinbwpwn
ytipohu hwdwwngp niuh gnigswiht wpwgugnu R(lin)-h uywndwdp: Ldwuwwnhy
wprynwupubipp unwgytip Gu E(lin) W E(lin)+renaming hwdwywngbiph hwdwp:

2. Uwhdwudwd bu R+l-nbnunpnyegniu b E+l-nbinuinpnigyniu /1 = 0-wnbinwinpynn
pwuwdlbph  wpwdwpwlwlwu  gnpdnnnipniiutiph pwuwlyu £ /inhwh
hwdwywpgbpp nwuwlwu, huwnnthghnuhuwnwlwu L dhuhdw)
wpwdwpwunniuutph hwdwp b wwywgnigws k, np dwnwwnhw npunwdnwdubiph
hwdwp  R+(I+1)-nbnunpnigyniu (E+(I+1)-nbinwnpnieniu)  hwdwlwnpgp  niup
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pwytiph pwuwyh gnigswiht wpwgugnud R+l-nbnwnpnipniu (E+ l-inbnwnpnieiniu)
hwdwlwpgh  ujwwdwdp, hul  R+wnbnunpniginiut bW E+inbinunpnigniu
hwdwYywpgbpp hwdwnpdbp tu $pbgbh  hwdwywnpgbphu:  Wuwhuny, upqwd
npwdwpwunipniuubiphg jnipwpwugniph dptigh W E nt R hwdwlwnpgbiph dhole
Yuwnnigws bGu  hwdwlwpgbph  wudbpg pwqinipyniuutp, npnughg
jnipuwpwtgnip hwonpnp kwybu wybkh wpyniuwybwn E, pwt twfunpnp:
bptigbh pnpnp hwdwlwpgbiph hwdwp wpunwdnwiubph pw)bph hwdwp unwgywsd
E unwybip-gdwjhtu  unnphu quwhwwnwywu:

Pwqiwndbp  wpwdwpwunipjwt  npn2  wwpwwbuwlubph  hwdwlwpgbpnu
pwuwdalbtiph npnawyh hwonpnuwwunigyniuubinh wpunwdnwiubiph pwpnnueniuutiph
pninp snpu punipwgphsutiph hwdwp unwgywd Gu owwnhdw) /unyu Ywpgh ybiphu L
unnphu/ guwhwunwywuubn:

Nunuwiuwuppwd U wwppbp  wpwdwpwunigniuubph  unyuwpwunyeyniuubph
nnpn2hs nhgniuyuinhy unpdw) dubiph nmwpwwnbuwlutipp YJuwnwpyuy, Ypdwnydws,
thwyninughs, Jwpbwqgny, dhupdwy U hGnwgnundwsd £ npwug  Yuwp
wpuwdndubiph pwpnnigjwu punipwagphsutiph ddnieniuutiph hw:

Uwnbuwfununipjwt ptdwiny hpwwywpwynidubph guwulyp

Tshitoyan A.S., BOUNDS OF PROOF COMPLEXITY MEASURES FOR SOME SEQUENCE
OF MANY-VALUED TAUTOLOGIES, ypHan «[lpobnembl coBpeMeHHO Hayku u
obpasosanuax», N 3, (123), N-o «[pobnembl Hayku», MBaHoso, PP, 2018, 17-23.
Arman Tshitoyan, Bounds of proof complexities in some systems for many-valued logics,
Isaac Scientific Publishing (ISP), Journal of Advances in Applied Mathematics, Vol. 2,
No. 3, July 2017, 164-172. https://dx.doi.org/10.22606/jaam.2017.23006

Chubaryan Anahit, Khamisyan Artur, Arman Tshitoyan, On some systems for
tukasiewicz’s many-valued logic and its properties, Scientific Journal “Fundamentalis
Scientiam”, Vol.8(8), Madrid, Spain, 2017, 74-79.

Chubaryan A.A., Tshitoyan A.S., On some propositional proof systems for various
logics, Sciences of Europe, Vol 1, # 11 (11), Physics and Mathematics, Praha, Czech
Republic, 2017, 26-29.

A.A.My6apsaH, A.C.YutoaH, A.A. XammcaH, O HekoTOpbIX CUCTEMAX [oKa3aTenbCTs ANA
MHOTO3Ha4HbIX NIOTUK U CNOMHOCTAX BbIBOLOB B HUX, [JHAH Apmenun, Tom 116, N2,
MpuknapHaa Matematuka, 2016, 18-24.

An.Chubaryan, Arm.Chubaryan, A.Tshitoyan, Refutation of hard-determinable
formulas in the system “Resolution over Linear Equations” and its generalization, Pure
and Applied Mathematics Journal, USA, 2013; 2(3); 128-133.

Armine A.Chubaryan, A.S.Tshitoyan, Some Generalization of Proof System “Resolution
over Linear Equations”, JHAH Apmenuu, Tom 113, N1, MpuknagHaa Matematuka, 2013,
7-12.

An.Chubaryan, Arm.Chubaryan, A.Tshitoyan, The Properties of Determinative
Disjunctive Normal Forms and Systems Based on Them, Journal of Mathematics
Research, Vol.4, No 6, Toronto, Published by Canadian Centre of Science and
Education, 2012, pp.89-96.

17



10.

11.

Anahit Chubaryan, Artur Khamisyan, Arman Tshitoyan, Some new proof systems for a
version of many-valued logics and proof complexities in it, ASL, ESM, Logic Colloquium
- 2016, Leeds, Volume of Abstracts, 70.

An.Chubaryan, Arm. Chubaryan, A.Tshitoyan, Some notes about lower bounds for steps
and sizes of proofs in Frege systems. Logic Colloquium 2015 (LC 2015), Annual
European Summer Meeting of the Association for Symbolic Logic (ASL), University of
Helsinki, 3-8 August 2015, The Bulletin of Symb. Logic V.22, N3, 2016, 391-392.
An.Chubaryan, Arm. Chubaryan, A.Tshitoyan, On lower bounds for steps and sizes of
proofs in Frege systems, Proceedings of CSIT-2015, Yerevan.

18



Abstract

Two main subjects of this thesis are the quantitative studies of propositional proof systems
for two-valued and many-valued logics: a) investigations of different proof complexity measures
in different propositional systems and b) improvement of some known lower and upper bounds
for steps and sizes of proofs in some systems.

The propositional calculus had an undeserved reputation among logicians as being essentially
trivial, but at present it is a strong conviction, that propositional calculus presents one of the
most challenging and intriguing problems in modern logic. Interest in the problem arose from
two fields connected with computers, automated theorem proving and computational complexity
theory.

One of the most fundamental problems of the proof complexity theory is to find an efficient proof
system for classical propositional calculus. According to the opinion, a truly "effective” system
must have a polynomial size p(n) proof for every tautology of size n. Cook and Reckhow named
such system a super system. They showed that NP = coNP if there exists a super system. Lately
it was proved that NP = PSPACE, and as corollary from this result, it follows that NP = coNP =
PSPACE, hence it must be some propositional proof system, which is super system. It is well
known that many systems are not super, and for some natural systems this question is still open.

Most current research in proof complexity is driven by other concerns also. One such concern
is the connection to SAT solving. In fact, most modern-day SAT solvers can be seen to search
for proofs in systems at fairly low levels in the proof complexity hierarchy (Resolution, Polynomial
Calculus, Analytic Tableaux, Catting Planes, Cut-fee Sequence, Elimination, Bounded Frege),
and upper and lower bounds for these proof systems hence give information about the potential
and limitations of the corresponding SAT solvers, therefore the investigations of proof
complexities in such “weak” systems are very important also.

It is known that many-valued logic as a separate subject was created and developed first by
tukasiewicz, who used a third truth value for “possible” (or “unknown”). In the meantime many
interesting applications of many-valued logic were found in different fields.

All above questions, besides their mathematical and philosophical significance, have practical
applications in such areas as Logic, Mathematics, Formal Verification, Artificial Intelligence,
Operations Research, Computational Biology, Cryptography, Data Mining, Machine Learning,
Hardware Design etc., therefore these investigations are very actual.

Main results of this work are the following:

1. The power of the propositional proof system R(lin) (Resolution over Linear Equations), which
is the generalization of R (Resolution System), is investigated. It is known that many
tautologies, which require the exponential lower bounds of proof complexities in R, have
polynomially bounded proofs in R(lin). It is shown first that there are the sequence of
unsatisfiable collections of disjuncts of linear equations, which require exponential lower
bounds in R(lin), therefore this proof system is not super. After adding the renaming rule,
mentioned collections have polynomially bounded refutations. The analogous results are
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shown for dual systems E(lin) and E(lin)+renaming, which are based on the linear equations
conjuncts.

The families of some propositional proof systems with full substitution rule and with
restricted substitution rules are introduced for Classical, Intuitionistic and Minimal
(Johansson's) logics on the base of R (Resolution System) and dual E (Elimination System),
and the efficiencies of introduced systems are compared for every mentioned logic. It is
shown that for each of mentioned logics the introduced system with full substitution
rule is polyomially equivalent to Frege systems by size, but for every £ >1 systems
with £-restricted substitution rule, where the number of connectives for substituted formula
is bounded by £, proofs in tree form can have an exponential speed-up over the one,
bounded by £-1. So, the hierarchies of propositional proof systems for above mentioned
logics are completed with two infinite sequences of new systems.

Only Q(n?) bounds of proof sizes and Q(n) bounds of proof steps for tautologies with the
length n were known for most natural propositional proof systems - Frege systems. Recently
the super-linear lower bound for proof steps was obtained for some fixed Frege system. In
this work it is proved that in every Frege system the lower bounds for proof steps (for
proof sizes) for some sequence of tautologies ¢, are super-linear (super-quadratic)
in the lenghts of tautologies.

The main proof complexity characteristics (size, step, space, width) in proof systems for
some versions of many valued propositional logic are investigated for four sequences of k-
valued (k=3) tautologies. We consider the systems, based on determinative disjunctive
normal for many-valued logic with two versions of negation and with one or more than one
designated values. For considered sequences of tautologies simultaneously optimal bounds
for different proof complexity measures (asymptotically the same upper and lower bounds
for each measures) are obtained.

Some structural and numerical properties of varieties for determinative disjunctive normal
forms are investigated. We consider for classical and non-classical propositional logics some
proof systems, which are constructed on the base of determinative disjunctive normal forms.
The relations between the proof complexities in some well-known classical and non-classical
proof systems (Resolution, Cut-free sequent, Gentzen refutation, Cutting planes etc.) and
numerical properties of varieties for determinative disjunctive normal forms for classical
and non-classical tautologies are investigated.
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Pesiome

B ancceptaumn  uccnepoBaHbl  ABa  OCHOBHbIX HarnpaBneHMA KONUYECTBEHHOIO U3Yy4e€HUA
npono3nLmMoHalibHbIX CUCTEM BbIBOAOB ,D,By3Ha‘-IHOVI N MHOIO3Ha4HbIX NOrnK: a) OLUEHKN BENNYUH
Pa3NYHbIX CNOMHOCTHbIX XapaKTEPUCTUK BbIBOAOB 414 pAfda HOBbIX MNPONO3ULUOHalIbHbIX
CUCTEM, 6) YTO4YHEHUNE pAja U3BECTHbLIX HUMHUX U BEPXHUX OLEHOK AJ/INH W LLaros BbIBOAOB AJ1A
HEKOTOPbIX TPaAULMNOHHbIX CUCTEM BbIBOLOB.

lMponosuumoHanbHble CUCTEMbI BbIBOLOB MONMb3OBAINCH B JIOTMYECO CPefe He3acnymeHHOM
penyTaumeli CyLLeCTBEHHO TpUBUANbHBIX OOLEKTOB ANA UCCNEROBaHMWIA, OJHAKO B HacToALLee
BPEMA CaMble BaMHble W WHTPUrytoLLMe Npobnembl COBPEMEHHON NOTMKN OTHOCATCA MMEHHO K
Mpono3uLMOHaNbHBIM cucTeMam. MHTepec K 3Tum mpobnemam BO3HWUKAM M3 ABYx obnactei,
CBA3AHHbIX C KOMMbIOTEPAMU: aBTOMATM3LMEN [OKa3aTeNbCTBa TEOPEM W TEOPUW CIOKHOCTM
BbIYUCEHUIA.

OpHoii 13 cbyHAaMeHTanbHbIX MpobnemM TEOpUM CNOMHOCTEN BbIBOAOB ABNAETCA MOCTPOEHME
3ppeKTUBHOI CUCTEMbI BbIBOJOB /1A KNACCUYECKOW Mpono3uumoHanbHoii norvku. Cuntaerca
€CTECTBEHHbIM, 4TO B [EHCTBUTENBHO «3PPEKTUBHON» CUCTEME [JIA HEKOTOPOro MoNuHOMA P
[/IMHa BbiBoAa Ntobol TaBTONMOrMM JAMHbI n He AomHa npesbiwatb p(n). Cook n Reckhow
Ha3BaAu TaKylo CUCTEMY cynep CUCTEMOW W JoKasanu, 4TO ee CyLLLeCTBOBaHWE paBHO3HA4YHO
cooTHowweHnto NP = coNP. HepasHo 6bino pokasano, 4to NP = PSPACE, oTkypna cnepyert, uto
NP = coNP = PSPACE, a cneposatenbHo, cynep cuctema cyliectsyet. M3BecTHo, 4To MHOrmne
CUCTEMbI He ABNAIOTCA Cynep cUCTeMamu, HO A MHOrux bonee TpafMLMOHHBIX CUCTEM 3TOT
BOMPOC MOKa OTKPbIT.

MHorve coBpeMeHHble WCCNENOBaHWA CTOMHOCTEN BbIBOLOB BbI3BaHbl TaKMe WHbIMM
uHtepecamn. OanH u3 Hux ceasaH c pewueHnem npobnembl BbIMOTHUMOCTW (SAT solving).
Wccneposanua 3Toii npobnembl NpoBoaATcA B «cnabbix» cuctemax (Resolution, Polynomial
Calculus, Analytic Tableaux, Catting Planes, Cut-fee Sequence, Elimination, Bounded Frege),
4TO jaeT MHGOPMALMIO O MOTEHUMANbHO HeobXoAUMbIX AfA pelueHnA npobnembl pecypcax.
CnepyetT OTMeTWUTb, YTO pAJ, SKCMEPUMEHTANbHO MOMYYEHHbIX PEe3yNbTaToB MpPaKTUYECKN
COBMaJatoT C OLLEHKaMM space CIOMHOCTU B «cabblx» cucTemMax, a cnefoBaTenbHO, UCCNef0BaHuUA
3TUX CUCTEM TaKKe BaXKHbI.

M3BecTHO, 4TO MHOrO3HauHble NOTUKK, BEepBble BBEAEHbIE JlykaceBUYeM, ABNAIOTCA OTAENbHbIM
0OBLEKTOM UCCNEfOBaHUI U B HACTOALLEE BPEMA UMEIOT UHTEPECHbIE MPUNOKEHWUA B pasHbIX
obnactsax.

Bce BbiwenepeuncneHHble npobnemMbl NOMUMO MaTeMaTU4eCKoro M hunocodCKoro MHTepeca,
UMEIOT TaK¥e MpaKTUyeckoe NpUMeHeMmne B Takux obnactax, kak Logic, Mathematics, Formal
Verification, Artificial Intelligence, Operations Research, Computational Biology, Cryptography,
Data Mining, Machine Learning, Hardware Design v 1.4., cnegosatensHo, 3T nccneposaHua
BECbMa aKTyalbHbl.
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OcHoBHble pe3ynbTaTbl AUccepTauum cneaytouime:

1.

Wccneposana appekTMBHOCTL NponosuuuroHansHoii cuctembl R(lin) (Resolution over Linear
Equations), koTopasa aenaetca obolieHnem cuctembl R (Resolution System). U3sectHo, Yto
NpaKkTU4eCKN BCE N3BECTHbIE TaBTONOMNM, KOTOPbIE B R MMEIOT 3KCMOHEHLManbHY0 HUMKHIOK
OLEHKY AMHbl BbIBOAA, WMMEOT MOJMHOMWANbbHO OrpaHWyeHHble BbiBogbl B R(lin). B
JMccepTaumMmu  BriepBble  MOCTPOEHa  MOCNeAOBATENbHOCTb  HEBBIMOAHUMBIX — CUCTEM
[U3bIOHKTOB, COCTaBNEHHbIX W3 NIMHENHbIX paBeHCTB, ornposepxeHue Kotopbix B R(lin),
BO3MOMHO C He MeHee, YEM IKCMOHEHLMANbHOW COMHOCTBIO, @ ClefoBaTeNbHO, cUcTeEMa
R(lin) He sBnAetca cynep cucremoii. Pacwumpenune R(lin) npasunom nepeumeHoBaHus
MO3BONAET ONpPOBEPraTh Te He CUCTEMbI JU3BIOHKTOB YiKe C MONMMHOMUANIbHOW CNOMHOCTBIO.
AHanoruyHble pesynbTaTbl NonyyYeHbl AnA ABoiicTBeHHbIX cuctem E(lin) u E(lin)+renaming,
KOTOpble OCHOBaHbl Ha KOHBIOHKTaX JIMHENHbIX PaBEHCTB.

[inA Knaccmyeckom, MHTYULIMHUCTCKON M MUHUManbHO noruk Ha 6ase cuctem R (Resolution
System) u E (Elimination System) nocTpoeHbl NponosuunoHanbHble CUCTEMbI BbIBOJOB C
NpaBuaOM MOACTAHOBKU W L-OrpaHWyeHHbIMM MNpaBunaMu MOACTAHOBKU, MPW KOTOPbIX
KO/IMYECTBO NIOrMYECKNX CBA3OK B nofcTasnaemoii oopmyne <£. JlokazaHo, 4To AiA Kamaoi
M3 Ha3BaHHbIX JIOTMK CUCTEMbl C MOMAHbIM MpPaBUIOM MOACTAHOBKM MONMHOMUATIBHO
9KBUBANIEHTHbI COOTBETCTBYIOLWMM cucTemam Ppere, a aaa kaxgoro £ > 1 cuctembl ¢ -
OrpaHMYeHHbIMX MNpaBuAamMn MOACTAHOBKM MMEIOT 3KCMOHEHLMabHOe YCKOpeHue Haj,
cuctemamm ¢ (£-1)-orpaHnyeHHbIMU NpaBuiamMm NOACTaHOBKW. Takum 0b6pasom B nepapxuAx
MPOMo3nLManbHbIX CUCTEM MOABUINCHL JABe OecKOHeuHble MOCnefoBaTENbHOCTU HOBbIX
CUCTEM.

Bo Bcex cucrtemax dpere pnia HEKOTOPOI NOCNEAOBATENbHOCTU TaBTONOTUIA BrEpBble
nonyyeHbl cynep-auHeliHbie (OT [AUHbI POPMYN) HUMHWE OLEHKU AA LIaroB BbIBOAOB.
OTmeTUM, 4TO HefaBHO TONBKO AN1A OAHON U3 cuctem Ppere Obina NonyyeHa aHanoOrMyHaA
oueHKa.

[na veTbipex nocneposatenbHocTel k-3HauHbIX (k=3) TaBTONOMMIA MCCNEAOBaHbI OCHOBHbIE
CNOMHOCTHblE XapaKTepPUCTUKK BbIBOAOB (Size, step, space, width) B paae cuctem HekoTopbIX
BEPCUiA MHOrO3HaYHbIX JIOTUK C OfHWUM VNV ABYMA BblAENEHHbIMW 3HA4YEHUAMU, OCHOBAHHbIX
Ha OnpejenAlWMX [U3bIOHKTUBHBIX HOpManbHbIX opMax C [ABYMA OMpeaeneHuAMU
oTpuuaHuii. [IlnA  pacCMOTPEHHbIX  MOCNEAOBaTENbHOCTEN  TaBTONOMWA  MOMyYeHbI
OJHOBPEMEHHO OMTUMaNbHble OLLEHKW BEMUYUH  PasiMyYHbIX CNOMKHOCTEN  BbIBOJOB
(accMMNTOTUYECKU OAVHAKOBbIE HUMHUE U BEPXHUE OLEHKU ANA KamAON XapaKTepPUCTUKK).
MccnepoBaHbl HeKoTOpble CTPYKTYpHble W KOMMYECTBEHHbIE CBOMCTBA OMpeAenatoLLMX
LU3bIOHKTUBHbBIX HOpManbHbIX opM. [lNA  KnaccMYecKMX W HEKNaCcCUYECKUX NOTUK
paccMOTpeHbl MPONO3ULMOHANBbHBIE CUCTEMbI BbIBOAOB, OCHOBaHHbIE Ha OMpeAenAroLLMX
JU3BIOHKTUBHbBIX HOpMaslbHbIX chopmax. ViccnefoBaHbl COOTHOLLEHUA MEMAY CNOMHOCTAMU
BbIBOAOB B 3TWX HOBbIX CUCTEMAX, a TaKke B HEKOTOPbIX N3BECTHbIX CUCTEMAX KNacCU4ECKOM
U Heknaccuueckux noruk (Resolution, Cut-free sequent, Gentzen refutation, Cutting planes
etc.) C OfHOWi CTOPOHbI W HEKOTOPbIMU  KONMYECTBEHHbIMW  XapakTepUCTUKamu
onpeenAoLLMX AU3bIOHKTUBHbBIX HOPMalbHbIX (hOPM C ApYroil CTOPOHBI.
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