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Abstract

The appearance of superstable cycles in the dynamical approach [1-2] to
the antiferromagnetic and ferromagnetic spin-1 Ising and Ising-
Heisenberg models [3-5] on diamond chains, and their connection with
magnetization plateaus is investigated. The rational mappings, which
provide the statistical properties of the model, are derived by using
recurrence relations technique. We consider stability properties of the
mapping, providing evidences of a connection between magnetization
plateaus and dynamical properties, as the behavior of Lyapunov
exponents [6-7]. The newfound correspondence between superstable
point and zero magnetic plateau in spin-1 models on a diamond chain
has been tested for a range of parameters.

The geometrically magnetic frustrations and quantum thermal
entanglement of antiferromagnetic metal-containing compounds are
considered on a diamond chain. We researched the magnetic and
thermal properties of the symmetric Hubbard dimers with delocalized
interstitial spins and the quantum entanglement states. It is presented
magnetization plateaus and negativity in spin-1 Ising-Heisenberg model
using transfer matrix technique [8].

The appearance of superstable points and cycles in the dynamical
approach to the antiferromagnetic and ferromagnetic spin-1 Ising model
on diamond-like decorated Bethe lattice, as well as their connection with
magnetization plateaus are considered. The diamond chain can be
considered as a coordination number equals to 2 diamond-like decorated
Bethe lattice.

We investigate the interrelation between the distribution of stochastic
fluctuations of independent random variables in probability theory and
the distribution of time averages in deterministic Anosov C-systems. On
the one hand, in probability theory, our interest dwells on three basic
topics: the laws of large numbers, the central limit theorem and the law
of the iterated logarithm for sequences of real-valued random variables.
On the other hand, we have chaotic, uniformly hyperbolic Anosov C-
systems [9-11] defined on tori which have mixing of all orders and
nonzero Kolmogorov entropy. These extraordinary ergodic properties of
Anosov C-systems ensure that the above classical limit theorems for
sums of independent random variables in probability theory are fulfilled
by the time averages for the sequences generated by the C-systems. The
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MIXMAX generator of pseudorandom numbers represents the C-system
for which the classical limit theorems are fulfilled.

We provide frontal cellular automata algorithms for Abelian sandpile
models [12-13]. Also we calculate the height probabilities on a 2D lattice
with fractal boundaries.

Timeliness and relevance

The theory of dynamical systems, besides its intrinsic theoretical
relevance, recently had a significant impact on a wide range of
disciplines from physics to ecology and economics, providing
methodological tools which are currently employed in financial and
economic forecasting, environmental modeling, medical diagnosis,
industrial equipment diagnosis and so on. An important physical setting
in which such dynamical techniques are profitably applied is equilibrium
statistical mechanics of lattice models, more specifically in the
investigation of physical properties of low-dimensional classic and
quantum spin systems in an external magnetic field. Such systems can be
successfully described with the help of Ising and Heisenberg models. The
Ising model was invented by the physicist Wilhelm Lenz(1920), and
solved by his student Ernst Ising. The one-dimensional model which was
solved by Ising has no phase transition. The Ising model was further
researched by Peierls, Onsager, Yang and many others. The model has
also been successfully studied with the Monte Carlo method. The
Heisenberg model was discovered by Werner Heisenberg and, nearly
simultaneously, by P. A. M. Dirac, in 1926. Further work over the
following decade established the Heisenberg model, due to its versatility,
to be “the fundamental object of study of the theory of magnetism”.
Since then, much work in theoretical statistical mechanics, solid state
physics, and mathematical physics alike has been concentrated on
understanding this model. Despite this effort, the Heisenberg model
remains largely intractable, its predicted energy levels and
eigenfunctions poorly understood, especially in a three-dimensional
setting. The first step towards solving the Heisenberg model was the
diagonalization by Hans Bethe in 1931 of the one-dimensional
Heisenberg XXX model. Using an extension of the Bethe ansatz, Rodney
Baxter solved the more general one-dimensional XYZ model in 1971.
This solution, however, as well as approaches to the two-dimensional
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and three-dimensional Heisenberg models, is exceedingly complicated.
The Heisenberg model can be used to describe magnetically ordered
solids, in which internal magnetic interactions cause individual magnetic
ions to possess nonzero magnetic moments below some critical
temperature. In papers [I-III] we study the spin-1 Ising and Ising-
Heisenberg models on a diamond chain and diamond like decorated
Bethe lattice.

Many numerical problems in science, engineering, finance, and statistics
are solved nowadays through Monte Carlo methods; that is, through
random experiments on a computer. There are two principal methods
used to generate random numbers. The first method measures some
physical phenomenon that is expected to be random and then
compensates for possible biases in the measurement process. Example
sources include measuring atmospheric noise, thermal noise, and other
external electromagnetic and quantum phenomena. The second method
uses computational algorithms that can produce long sequences of
apparently random results, which are in fact completely determined by a
shorter initial value, known as a seed value or key. While a
pseudorandom number generator based solely on deterministic logic can
never be regarded as a "true" random number source in the purest sense
of the word, in practice they are generally sufficient even for demanding
security-critical applications. From a set of sufficiently good generators
one can get a superior one by mixing them which of course comes with
fare higher consumption of computation resources. This technique is a
working solution for most cases. But with the emergence of tasks which
require an astronomical large sets of random numbers the requirements
for computational speed become crucial. The MIXMAX generator is a
family of pseudorandom number generators (PRNG) and is based on
Anosov C-systems (Anosov diffeomorphism) and Kolmogorov K-systems
(Kolmogorov automorphism). To quantify the quality of a random
generator is not a trivial task moreover when the generated sets are very
large. In paper [IV] we studyed the MIXMAX generator with the help of
central limit theorems.

Cellular automata (henceforth: CA) are discrete, abstract computational
systems that have proved useful both as general models of complexity
and as more specific representations of non-linear dynamics in a variety
of scientific fields. Despite functioning in a different way from
traditional, Turing machine-like devices, CA with suitable rules can
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emulate a universal Turing machine, and therefore compute, given
Turing’s thesis, anything computable.

The concept of Cellular Automata was originally discovered in the 1940s
by John von Neumann. In the early Sixties, E.F. Moore (1962) and
Myhill (1963) proved the Garden-of-Eden theorems stating conditions
for the existence of so-called Gardens of Eden, i.e., patterns that cannot
appear on the lattice of a CA except as initial conditions. Gustav Hedlund
(1969) investigated cellular automata within the framework of symbolic
dynamics. In 1977, Tommaso Toffoli used cellular automata to directly
model physical laws, laying the foundations for the study of reversible
CA (Toffoli 1977). The Abelian sandpile model, also known as the Bak-
Tang-Wiesenfeld model, was the first discovered example of a dynamical
system displaying self-organized criticality. It was introduced by Per
Bak, Chao Tang and Kurt Wiesenfeld in a 1987 paper. The model is a
cellular automaton. The model has since been studied on the infinite
lattice, on other (non-square) lattices, and on arbitrary graphs (including
directed multigraphs).

The original interest behind the model stemmed from the fact that in
simulations on lattices, it is attracted to its critical state, at which point
the correlation length of the system and the correlation time of the
system go to infinity, without any fine tuning of a system parameter.
This contrasts with earlier examples of critical phenomena, such as the
phase transitions between solid and liquid, or liquid and gas, where the
critical point can only be reached by precise tuning (e.g., of
temperature). Hence, in the sandpile model we can say that the
criticality is self-organized. The sandpile model exhibits a phenomenon
called avalanches. The frequency, size, and duration of sandpile
avalanches are of great interest. It has been demonstrated that the
distribution of avalanches has a fractal structure, and thus has nontrivial
correlations with power-law decay. Many phenomena in nature exhibit
this fractal structure. In Dhar (1999), several examples of this power-law
decay are explained. For example, the author cites spatial fractal
behavior, such as the height profile of mountain ranges or the drainage
area of a river as we travel downstream. In paper [V] we study the
Abelian sandpile model with fractal boundaries using frontal cellular
automata algorithms. One of the more interesting features of fractals is
its way of scaling. If we take a polygon and double its edge length, its
area becomes four times its original area. But if a one-dimensional
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fractals lengths are all doubled, the spatial content of the fractal scales by

a power that is not necessarily an integer. This power is called the fractal
dimension of the fractal, and it usually exceeds the fractal’s topological
dimension. Fractal patterns which exhibit diverse degrees of self-

similarity have been the focus of rendering or study in images, structures
and sounds and have been observed in mnature, technology, art,

architecture and law. The graphs of most chaotic processes are fractal
which makes them especially interesting to study from the perspective of
Chaos theory.

Aim of the dissertation

the study of stability of a number of classical and quantum spin
systems on lattices,

the calculation of Lyapunov spectrum for the mentioned
models,

the derivation of connection between Lyapunov exponents and
magnetization,

the derivation of connection between superstable point and the
ground states phases,

the study of Anosov-C systems as a RNG with Classical limit
theorems,

the study of Abelian sandpile model with fractal boundaries by
utilizing frontal cellular automata algorithms.

Novelty of the work

In this work the following new results were obtained:

1.

We found that superstable points correspond to a ground state
phase (the none-magnetic phase) for some spin models.
Superstable points are connected to zero magnetization plateau

for some spin models.



3. The first maximum Lyapunov exponent plateau is rather
similar to the second plateau of magnetization if there exists a
superstable point for some spin models.

4. The data suggests a non-trivial relation between ground states
and stable fixed for some spin models.

5.  We show that the random numbers generated with MIXMAX
satisfy the Central limit theorems with satisfying accuracy.

6. We calculate the probability of having a fixed number of sand
grains depending from the distance from the fractal boundary
in ASM.

Practical value

The spin-1 Ising and Ising-Heisenberg models on diamond chains are a
very good approximation for atoms of homometallic magnetic complex

[Nig(CaH204)5(uz — OH)2(H20) ], and the molecular compound
[Nig(us — OH),(0Me), (03 PRy),(0,C*Bu)(HO,C*Bu)g] . Magnetic-
property measurements on such compounds indicate the coexistence of
both antiferromagnetic and ferromagnetic interactions between the
magnetic centers, Ni ions with spin 1, which indeed suggests to
investigate theoretically the magnetic properties of such compounds.
Another related interesting material is Cu3 (€03),(0H); -known as
natural azurite (Copper Carbonate Hydroxide)- which can be well
described by using the quantum antiferromagnetic Heisenberg model on
a generalized diamond chain. The MIXMAX generator is used in a
number of scientific programs, which makes the study of its quality
actual. The Abelian sandpile model and fractals are used in a number of
disciplines. The Abelian model can describe natural phenomenon such as
the height profile of mountain ranges or the drainage area of a river as
we travel downstream.

Main points to defend



Main points to defend are:

1.

In spin-1 Ising/Ising-Heisenberg models on diamond chain and
diamond like decorated Bethe lattice we found that superstable
points which emerge when there is no external magnetic field
correspond to a concrete ground state phase the non-magnetic
phase. For the spin-1 Ising case on diamond chain the non-
magnetic ground state phase corresponds to states with positive
crystal field as for the Ising-Heisenberg case it corresponds to
states with A = 2].

For the same models as mentioned in the first point we found
that superstable points i.e. point whose maximum Lyapunov
exponent tends to negative infinity when the temperature goes
to zero and the slope connected to it correspond to zero
magnetic plateaus.

For the models both maximum Lyapunov exponent and
magnetization exhibit plateaus, which have similar divisions,
except the superstable points zero magnetization
correspondence there is also a connection between the first
maximum Lyapunov exponent plateau and a magnetization
plateau.

For the models mentioned above we found that the graund
state diagrams and stable fixed points diagram are rather
similar. If we did scale the stable fixed points diagram by a
factor of 2 its divisions would have a one to one
correspondence to the divisions of the ground state diagram.
We show that the random numbers generated with MIXMAX
satisfy the Central limit theorems with satisfying accuracy.
More precisely we generated arrays of random numbers (some
with the length of 10%*) and tested if it satisfies the three basic
topics: the laws of large numbers, the central limit theorem and
the law of the iterated logarithm.

We calculate the height probabilities on a 2D lattice with

fractal boundaries.



Length and structure of the dissertation

The thesis is divided into six parts. The first part is dedicated to some
prerequisites on which we draw on later. The following five chapters
describe our works, which are followed by the bibliography.

Content of the dissertation

The thesis starts with a short introduction. The first chapter explores a
variety of topics such as the Ising model, Monte Carlo methods and
Anosov C-systems, Cellular Automata and Sandpile model. In the next
chapters we describe the original works.

Chapter 1

Chapter 1 begins with a short introduction to Statistical mechanics. The
text covers the definitions of the partition function, free energy and the
form of the observed average thermodynamic value of any observable in
terms of Statistical mechanics. Next we give the definition of the general
Ising model in form of its Hamiltonian, in this part only the most basic
properties of the model are noted. In the following part we discuss
specific heat, its form depending on internal energy which itself depends
on free energy. In this part we also give the definition of two critical
exponents. In the following part we give the definition of Magnetization
as an average of magnetic moment per site and review some of its
properties. This follows with the definition of susceptibility. After we
consider the nearest-neighbor Ising model and discuss some of its
interesting properties. Afterwards we discuss and review the one-
dimensional Ising model. This part acts as a theoretical background for
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some parts in Chapter 2, 3 and 4. We start this part by describing the
model and giving the general form of its free energy and magnetization.
We also discuss the transfer matrix method which has an essential role in
exact solutions of Ising and/or Heisenberg models. Next we talk about
the correlations between two spins. Here we also take advantage of the
transfer matrix method. And at the closing part of this section we discuss
the models critical behavior near zero temperature. In the following
section we study the Ising model on Bethe Lattice. In the first part of the
section we discuss the Bethe lattice and Cayley tree. We give a
convenient definition of the Bethe lattice as a sub lattice of the Cayley
tree. Next we show that the Bethe lattice has seemingly infinite
dimensionality. In the next part we describe the recurrence relations
technique. As the transfer matrix method it is also an essential tool in the
study of Ising and Heisenberg models. Next we show the form of the
partition function and magnetization when using the recurrence
relations method. The set of recurrence relations expressions for the
Ising model on Bethe lattice

has only one element and its form is comparatively simple. In the
following part we take a closer look at the magnetization. We express it
as a function of external magnetic field. We also discuss its behavior
depending on the critical point. In the next part we take a look at the
free energy of the Cayley tree and from it derived free energy of Bethe
lattice.

In the next section we give an introduction to the Abelian sandpile
model. This model was presented by Per Bak, Chao Tang and Kurt
Wiesenfeld in a 1987 paper [1]. It is the first dynamical model shown to
have self-organized criticality. Dynamical systems have self-organized
criticality if they manifest a critical point as an attractor. Their
macroscopic behavior thus displays the spatial and/or temporal scale-
invariance characteristic of the critical point of a phase transition, but
without the need to tune control parameters to a precise value, because
the system, effectively, tunes itself as it evolves towards criticality. The
concept self-organized criticality has been applied in a variety of
disciplines including physical cosmology, evolutionary biology and
ecology, bio-inspired computing and optimization (mathematics),
economics, sociology, neurobiology and others. The model can be
thought of as a Cellular automaton. The concept of cellular automata was
first introduced by John von Neumann in the 1940s. In the following
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part we give the definition of Cellular automata and discuss some of its
more important properties. Next we review frontal cellular automata and
Abelian sandpile model. We give the definition of frontal cellular
automata and discuss its differences from the general cellular automata.
We also bring arguments why frontal cellular automata are superior to
general cellular automata in this setting. Next we give the definition of
the general sandpile model. We also introduce a couple of concepts
which simplify and enhance our understanding of the sandpile model.
And at last but not least we give the criteria which makes a sandpile
model Abelian and discuss some pivotal lemmas of the subject.

In the succeeding section we give an introduction to pseudo random
number generators and especially the K-system generators. There are
two methods of random number generation first the so called true
random number generators and second pseudo random generators. True
number generators first measure some physical phenomena then
transform the output of the measurement to counter some possible
biases. Of course the physical phenomena are chosen to be as random as
possible. The most popular phenomena include atmospheric noise,
thermal noise, and other external electromagnetic and quantum
phenomena. One of the apparent weakness of such method is its speed.
Most true random generators have much slower speed compared to
pseudo random generators which makes them uncontentious if a large
set of random numbers are required. Another shortcoming of true
random generator is their unreliability, i.e. if we generate random
numbers with the help of cosmic background radiance it will return
different data depending on the radiance of the sun. The second group of
random number generators are pseudo random generators or ells called
deterministic random bit generator. Pseudo random generators are
essentially an algorithm which takes a seed and returns a sequence of
numbers. Of course this sequence depends on the seed and is not truly
random as the sequences generated by true random generators.
Nevertheless, there are pseudo random generators which generate
sequences very close too true random. An advantage of pseudo number
generators is its reproducibility, i.e. by knowing the seed we can
reproduce the sequence of numbers. Pseudo random generators are
mostly used in simulations such as the Monte Carlo method and
cryptography. Devising a pseudo number generator with quality output
is not a trivial problem. Especially in cryptography and some Monte
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Carlo simulations have some very high requirements on the pseudo
random generator. In general, careful mathematical analysis is required
to have any confidence that a pseudo random generator generates
numbers that are sufficiently close to true random to suit the intended
use. In the first part of this section we discuss the Monte Carlo method.
Next we give the definition of the Metropolis algorithm. We also show
the application of metropolis algorithm for the Ising model. After we
give the definition of the so called K-system generators. Next we show
some results connected to the K-system generators.

Chapter 2

Chapter 2 is based on the paper [I]. In this paper we consider the study
the antiferromagnetic and ferromagnetic spin-1 Ising and Ising-
Heisenberg models on diamond chains. The recursion relation technique
is a powerful method which allows as to research the model as an
abstract dynamical system. In this paper we investigate the connection
between stability properties and magnetization. The paper is organized
as follows:

Section 2.1 is an introduction.

Section 2.2 gives the definitions of the models we consider, and derives
from them the recursion relation. It also gives the magnetization and
quadrupole moments for the models.

Section 2.3 begins with the definition of Lyapunov exponents. Next it
describes the process and results of our calculations. It also gives a
comment on our results when compared with the experimental data
from.

Section 2.4 gives discussion and conclusions.

In the Appendix we give the full form of the recursion relations and the
eigenvalue, eigenvector pairs for the ground state phases.

Chapter 3

Chapter 3 is based on the paper [II]. In this paper the geometrically
magnetic frustrations and quantum thermal entanglement of
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antiferromagnetic metal-containing compounds are considered on a
diamond chain. The paper is organized as follows:

Section 3.1 is an introduction.

Section 3.2 defines a symmetric diamond chain with delocalized
Hubbard interstitial spins. The symmetric Ising-Hubbard model diamond
chain is solved with the transfer matrix technique. This section also gives
the expression for the reduced density matrix of a Hubbard dimer.
Section 3.3 describes the magnetization plateaus and negativity in spin-1
Ising - Heisenberg model. Which are also derived with the transfer
matrix technique.

In Section 3.4 we utilize two models the spin-1 Ising and Ising-
Heisenberg models. We calculate the magnetization and Lyapunov
exponents using the recursion relation technique.

The last section gives a conclusions and final remarks.

Chapter 4

Chapter 4 is based on the paper [III]. In this paper we consider the
antiferromagnetic and ferromagnetic spin-1 Ising on diamond-like
decorated Bethe lattice. The calculations of Lyapunov exponents,
magnetization and quadrupole moment are done via recursion relation
technique. The paper is organized as follows:

Section 4.1 is an introduction.

Section 4.2 begins by giving the definition of the model and its dynamic
solution in form of two recursion relations. Next it defines Lyapunov
exponents and gives the conditions where superstable points occur. It
also gives the ground states and magnetization of the model.

Section 4.2 gives discussion and concluding remarks on the paper.

Chapter 5

Chapter 5 is based on the paper [IV]. In this paper we investigate the
interrelation between the distribution of stochastic fluctuations of
independent random variables in probability theory and the distribution
of time averages in deterministic Anosov C-systems. The paper is
organized as follows:
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Section 5.1 is an introduction.

Section 5.2 is a review of classical limit theorems in probability theory.
Section 5.3 discusses the statistical properties of deterministic dynamical
C-systems.

Section 5.4 considers the MIXMAX C-systems Generator and its
properties. It also studies the generator from the view point of central
limit theorems.

Chapter 6

Chapter 6 is based on the paper [V]. The paper provides frontal cellular
automata algorithms for abelian sandpile models. Also in this paper we
calculate the height probabilities on a 2D lattice with fractal boundaries.
Fractals have been subject of study in a variety of fields. The paper is
organized as follows:

Section 6.1 is an introduction.

Section 6.2 is a short introduction to Cellular automata.

Section 6.3 begins with a brief introduction to Abelian sandpile model.
Next it gives a frontal cellular automata algorithm for the model.

Section 6.4 is a short description of the loop erased random walk and
Wilson’s method.

Section 6.5 gives the results of the paper in form of the height
probabilities on fractal bounded lattice.

Conclusions

We were able to derive the connection between Lyapunov exponents
and magnetization for spin-1 Ising/Ising-Heisenberg models on diamond
chain and diamond like decorated Bethe lattice. Namely the connection
between super-stable point and the non-magnetic ground state phase.
Also we observed the parallel between Lyapunov exponents plateaus and
magnetization plateaus. Likewise, we noted a connection between

ground state phases and stable fixed points.
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We studied the MIXMAX generator from the point of view of classical
limit theorems and found it fulfils the requirements.

We also studied the Abelian sandpile model on a two dimensional lattice
with fractal boundaries using frontal cellular automata algorithms.

Further we calculated its height probabilities.
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Unpbjh Jhwjugpulju hwnlnipjniuubpp wywhnynn nughnbug
wpunuwuwwnlipnidubtpp mipu - L pipytp  nEYnipuhnb
hwpwpbpmipniuutph dkpnonh Jhpundwdp: Ukup nhwnwpll; Eup
wpuyunlipdui Juyniunipjul hwwnlmpyniuttpp,
npwdwnnptng wwwgniygubp npnip hwunwnnid Eu
dwquhuwgdwi hwppwlutph b phtwdhl hwnlnipmibutph dhol
Juwp: Zwdwlupgh nhtwdhly hwnlnipmnibbbp punipugpt; Eup
Luyninyh gnigunphsubp qupph dhgngny: Unwdwunh pnpuh
Jpw  uwht-1 doghjubpnid unmybpuynit Yenh b quoyuljut
dwqhuwwut  hwppwlutph  dholh  tnp  hwjnbwgnpsdus
hwdwywwnwuwnipiniup thnpdwpyyl; k uh Jwp
wupwUkwnnpbph hwdwp:

Zuldtipndwqhuwlut  Jhknwn wwpnibwyng  dhwgnipnitiikph
Epypuswhwut dwqihuwlut pwbqupnudiabpp b pJuwtiughtt
obpdwjhtt uddqubmipniip nhunwplyl] o wnwdwinh onpuygh
Jpu: Uklp nwunwdbwuppl) Eup ghnfuihqugus  dhowugpuyg
uyhuubtpny uvhdbwnphly Znipwpn ghdbpbbph  dwqthuwlui b
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otipduyhtt hwnlmpinitubpp b pJubnughtt pdddus Jhd&wljumubkpp:
Uhpllugugyt) £ uwhti-1 Pqhig-Zuyqpbpg dnnbkh dwqihuwgdui
hwppwlutpp b ppuguuwjuinipjuiipn oqunugqnpstiny thnpjuwtgdwut
dwwnnhg mkuthlw:

Munulbwuhpyl] b umwbipuynit ghljiiph hwyndbip phtwdhy
Unnbgdp hwldbpnduqthuwljui b $Epndwqihuwlut  uyh-1
bqhtg Unpinud wnudwinny quppupjués Fhpht guugh Ypu:
Unwdwinh onpwt Yupkh £ hwdwpl] wpudwinny quppupdus
Phpht gulig nph nnpphttughnt hwdwpp hwduuwn k Eplnwah:
Uktp nundbtwuhpl] btup hwjwbwlwinipjut  nbunipniinad
wup wuwwnwhwluh thnthnfjuwljutiutph unnjuwuwnply
nwnwinidutph  puppudwtt b phnbkpdhthunhy Utnung  C-
hwdwlupgbpnd dudwbwlhg Jupgws dhohutiph pupudwi thol
thnjuhwpwpbpnipmititipp: Uh Ynnuhg, hwjwbwluwinipjuh
nbunipjut dke, Ukp hinwppppnipniup JEunpniwgws L hpulw
wpdtputpny wuwnwhwljub thnthnjuwljutiubph
hwonpnuwljwimpiniuubph  hwdwp  Uks  pdtph  opkuph,
Jhunpnbwlut vwhdwiwghtt pnptidh b hnkpugjws jnquphpdh
optuph Ypu: Ujniu Ynnuhg, nitkup winphh Jpw wwhdwbdws
punuwghl, hwdwswih hhybtppnihy Utnuny C -hwdwlwupghp npnp
ikl ponp Yupqbph jupweunippubp b ny qpojuljuts Ynjungnpnygh
tunpnyhw: Ubnund C-hwdwlupgbph wpuwlwupg Epgnunhl
hwwnlmpiniuttpp wywhnynid El ytpp upywd
huwjwiwluunipjut mbkunipjut dby puuwluit wvwhdwbwghl
ptoptdutph  hpwgnpénudp, npuntn wijujn wwwnwhwlub
thnthnjuwlubtph  gnudwpubph  phpp Juuwpynwd  Eo G-
hwdwlwnpgtph UYnnuhg qkubpwugynny hwenppuljunipinitutph
hwdwp dudwiwlhg Jujjws dhohtutpp: Yknd wwwnwhwljw
pUtph MIXMAX- h ghubpuunnpp bkpjujugind £ C-hwudwljupgp
nph hwdwp junwpynid £ puuwjut vwhdwiwght phnpbdutpn:
Ukup wpwdwnpl] Bup dwjwunughtt peouyhtt wjunndwn whuyh
wkpghwitpp Upkjhwt wjuwquinyunbpp dnopbh hwdwp: Lwb
hwoquplty  Gup pwpdpnipjui hwjwlwljwiunipniabpp
dpujnnuuyhtt vwhdwhbpny tplsuh guugh hwdwn:
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Iorocan Atik PyGukosmd
BrrumcivrebHBIE M aHAIMTHYECKHUE MCCIeT0BaHUA
KJIaCCHYECKHUX ¥ KBAHTOBBIX CIIMHOBEIX pelleTIaThIX

CHUCTEM

Pesome

Viccnenyercst mosiBneHHe CBepPXCTaOMJIBHBIX LMKJIOB B AUHAMUYECKOM
mogxofe K aHTU(GEppPOMarHUTHBIM M (GEepPOMArHUTHBIM MOZEIAM
Wznnra u Wsnnra-Teiisen6epra Ha aJMa3HBIX IEIIX U UX CBI3H C ILIATO
HaMarHUYeHHOCTb. PalnoHanbHBIe OTOGpaKeHHs, obecIeyuBaiolIye
CTaTUCTUYECKHE CBOMCTBA MOJEIH, BBIBOATCA C MCIIOJIb30BaAHHEM
TEXHUKH PpeKypPpPeHTHBIX COOTHOUeHHil. PaccmarpuBarorcs cBoicCTBa
cTabUIBHOCTY  OTOOpPaXKEHWUA, IIPEeJOCTAaBIAA [OKa3aTeNbCTBA CBA3U
MeXly HaMarHWYeHHOCTHIO IIATO W JUHAMUYECKUMH CBOMCTBAMH, KaK
moBefieHNe ToKasaTesneii JlamyHoa. Bsuto mpoBepeHo HOBOOGpeTeHHas
COOTBETCTBHE MEXAY CBEPXCTaOGUIBHOM TOYKOI M HyJIE€BBIM MarHUTHBIM
IJIaTO B MOZEJIIX CIHHA-1 Ha aJMasHOM Ienu Ui psijia I1apaMeTpoB.
PaccmaTpuBaroTcs reoMeTpHYECKH MarHUTHbIe GPYCTpaliuy U KBAHTOBOE
TEI/IOBOEe 3aIlyTaHHOCTh AaHTH()EPPOMATHUTHBIX MeTaJLICOIEePIKAIINX
CoeMHEHWM Ha ajJMasHOM Iemouke. Mpl MCCIeOBaJIM MarHUTHBIE U
TepMUYEeCKHe CBOWCTBA CHMMETPHYHBIX JuMepoB XaGbapma ¢
[Ie/IOKATN30BAHHBIMU MEXKOY3€JIbHBIMH CIMHAME W COCTOSHUSIMHU
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KBAaHTOBBIX SaHyTBIBaHHﬁ. HpeACTaB]IeHLI HaMarHM4YHWBalOIIye IIJIaTO MU
OTpUIATeNBHOCTh B cmuH-1  Mozenu — Msumra-T'eiisenGepra c
KCIIOJIb30BaHMEM MeTOZa TpaHC(HepHOH MaTPHUIIBL.

PaccmoTpeHo mosBIeHHMe CylepCTaGMIIBHBIX TO4YeK M IIUKJIOB B
IUHAMUYEeCKOM IIOAXOZ€e aHTH(epPOMAarHUTHBIX U (eppOMarHUTHBIX
Mogjenedl co cuumHOM | Ha anMasomofso0HOM pemrerke bere. A Taxke
paccMOTpeHa CBA3b B3aUMOZEMCTBHI C IUIATO HaMarHHYEHHOCTH.
AJIMa3sHyIO IIeIlb MOXXHO PacCMaTpPHBATh KaK aJIMa30IOZOOHBIN peleTKa
Bere y xoTOpPOro KOOpAMHAI[MOHHOE YUCIIO, PABHOE JBYM.

Hccnenyetcs B3aMMOCBSI3h MeXZy paclpefeleHHeM CTOXaCTHUeCKUX
(I)JIyKTyaIII/IfI HEe3aBHUCHUMBIX C]Iy‘laﬁHbIX BEJIIMYWH B Teopuu
BEPOATHOCTEH U  paclipefieleHMeM CpeZHMX II0 BpeMeHH B
IerepMuHUpoBaHHBIX C-ccTeMax AHocoBa. C OZHOI CTOPOHBL, B TEOPUU
BEPOHTHOCTefI Halll UHTEPEC 3aTparvuBaeT TPU OCHOBHBIE TE€MbI: 3aKOHBI
GOMBIINX WUMCeT, LEHTPaIbHYI0 IpefelbHYI0 TeOpeMy M 3aKOH
MMOBTOPHOTO JorapudMa /[JIf IOCIeSOBATENBHOCTEH BeIeCTBEHHBIX
C)Iy‘{aﬁHLIX BEJINYHH. C qpyroﬁ CTOPOHBI, MBI HME€EM XaOTH4YHBIE,
paBHOMepHO rumepGonndeckre C-cucreMsl AHOCOBa, OIIpeZieeHHEIe Ha
TOpaX, y KOTOPOTO eCT CMelIMBaHHe BCeX IOPAZKAX IOPALKUA U
OTIMYHYI0O OT HyJIf dHTpomuio Koimoroposa. OKcTpaopAuHapHSIE
oprogudeckue cBoiictBa C-cucreM AHOCOBA TapaHTHUPYIOT, UTO
HPI/IBE,I[EHHI)IG BBIIIE KJIACCHU4YEeCKHue HPE,ILEJILHI)IE TeOpeMLI piwIs: § CyMM
HEe3aBUCHMBIX  CIyYaWHBIX BEIMYMH B TEOPHH  BepOSITHOCTel
BRIIIOJIHAIOTCA ~ CPeJHMMU  BpeMeHHM /Mad  IOoCJefoBaTeIbHOCTeH,
HOPO)K,Z[&EMLIX C—CI/ICTeMaMI/I. FeHepaTop HCeB,I[OCJIy‘{afIHBIX yucemn
MIXMAX mnpezcrapnser coboii C-cucreMy, A1 KOTOPOH BBIITOIHAIOTCS
KJIACCHY€eCKHe IIpe/ieIbHbIE TEOPEMBL.

Msr mpefocTaBisfieM ajJrOPUTMBI JIOOOBBIX KJIETOYHBIX aBTOMATOB I
Mogeteit abeeBbIX ITeCYaHOM Ky4u. Takke MBI BBIUHC/IEM BEPOITHOCTH
BBICOTHI Ha ByMEPHOM pelleTKe C rpaHuLaMu GpaKTaioB.
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