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Introduction

The following remarkable theorems of Fatou [9] play significant role in the study of boundary

value problems of analytic and harmonic functions.

Theorem A (Fatou, 1906). Any bounded analytic function on the unit disc D = {z € C:

|z| < 1} has non-tangential limit for almost all boundary points.

Theorem B (Fatou, 1906). If a function u of bounded variation is differentiable at xo € T,

then the Poisson integral

Pz, dp) i/T L du(t)

21 Jp1—2rcos(z —t) + 12 a

converges non-tangentially to u'(zo) asr — 1.

These two fundamental theorems, have many applications in different mathematical the-
ories including analytic functions, Hardy spaces, harmonic analysis, differential equations
and etc. There are various generalization of these theorems in different aspects. Almost ev-
erywhere convergence over some semi-tangential regions investigated by Nagel and Stein [28],
Di Biase [7], Di Biase-Stokolos-Svensson-Weiss [8]. Sjogren [36, 37, 38], Ronning [30, 31, 32],
Katkovskaya-Krotov [20, 24|, Krotov [22, 23], Brundin [5], Mizuta-Shimomura [27], Aikawa
[3] studied fractional Poisson integrals with respect to the fractional power of the Poisson ker-
nel and obtained some tangential convergence properties for such integrals. More precisely

they considered the integrals

PA2 (g, f) = /1r Pz — ) f(t)dt = % /T [P (x = )] 2 f (1) dt,

where
1—1?

- 1—2rcosx +r?’

P.(z) O0<r<l, z€eT
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is the Poisson kernel for the unit disk and

o(r) = /T [PL(O] dt = (1= 1) log ——

r

is the normalizing coefficient. Here, the notation A =< B means double inequality c;A <

B < ¢y A for some positive absolute constants ¢; and ¢y, which might differ in each case.

Theorem C (see [36, 30, 31]). For any f € LP(T), 1 <p < o0
lim P2 (@ +0(r), f) = f(x) (0.1)
r—

almost everywhere x € T, whenever

c(1—r) (log =) if 1 <p<oo,
oy < <77 o) folsr (0.2)
Ca(l =1) forany 0 < a <1 if p=o0,

where ¢, > 0 is a constant, depended only on «.
The case of p = 1 is proved in [36], 1 < p < oo is considered in [30], [31]. Moreover,

in [30] weak type inequalities for the maximal operator of square root Poisson integrals are

established.

Theorem D (Ronning, 1997). Let 1 < p < co. Then the mazximal operator

Pro(a, f) = sup P2 (x4 0,|f))

1 p
[0|<c(1—r) (log 1_T)
1/2<r<1

is of weak type (p,p).

In [20] weighted strong type inequalities for the same operators are established. Related
questions were considered also in higher dimensions. Saeki [33] studied Fatou type theorems
for non-radial kernels. Korani [21] extended Fatou's theorem for the Poisson-Szeg6 integral.
In [28] Nagel and Stein proved that the Poisson integral on the upper half space of R™"!
has the boundary limit at almost every point within a certain approach region, which is not

contained in any non-tangential approach regions. Sueiro [41] extended Nagel-Stein's result



for the Poisson-Szego integral. Almost everywhere convergence over tangential tress (family
of curves) were investigated by Di Biase [7], Di Biase-Stokolos-Svensson-Weiss [8]. In [20]
and [3] higher dimensional cases of fractional Poisson integrals are studied as well.

In Chapter 1 we thoroughly investigate the connection between approximate identities
and convergence regions. In particular, how the non-tangential convergence is connected to
Poisson kernel and bounds (0.2) to the square root Poisson kernel.

We introduce A(r)—convergence, which is a generalization of non-tangential convergence

in the unit disc, where A(r) is a function

A:(0,1) — (0,00) with limA(r) = 0. (0.3)

r—1

Let T = R/27Z be the one dimensional torus. For a given x € T we define A(r,z) to be
the interval [z — A(r),z + A(r)]. If A(r) > 7 we assume that \(r,x) = T. Let F,.(x) be a
family of functions from L'(T), where r varies in (0,1). We say F,(x) is A(r)—convergent at

a point x € T to a value A, if

lim sup |F.(0) —A|=0.

r—1 0eX(r,xz)

Otherwise this relation will be denoted by

lim F,(0) = A. (0.4)

r—1

0eX(r,xz)
We say F.(z) is A(r)—divergent at x € T if (0.4) does not hold for any A € R.
There are at least two ways to interpret A(r)—convergence. First, we can associate the

function A\(r) with regions
T={re® cC:r€(0,1), |0 —x|<Ar)}c D, zecT.

Then A(r)—convergence for F,.(z) at some point x € T becomes convergence over the region
Q% for F(re*) = F.(z). It is clear, that the non-tangential convergence in the unit disc is the

case of A\(r) = ¢(1 —r). Second, we can think of it as one dimensional “pointwise-uniform”



convergence on T, meaning that \(r)—convergence at a point € T depends only on values
of functions on A(r, x) which contracts to z.

Denote by BV (T) the functions of bounded variation on T. Any given function of
bounded variation p € BV (T) defines a Borel measure on T. We consider the family of

integrals
&, (. dps) = / ooz — 1) du(t), € BV (T), (0.5)

where 0 < r < 1 and kernels ¢, € L>(T) form an approximate identity, that is

Pl [Lor(t)dt —1asr —1,

P2. ¢i(z)= sup g (t) —0asr—1, 0<|z|<m,

|z|<[t|<m

®3. C, = sup ||kl < .
0<r<1

In case of p is absolutely continuous and du(t) = f(t)dt for some f € LP(T), 1 < p < oo,
then the integral (0.5) will be denoted as ®,(x, f).

Carlsson [6] obtained some weak type inequalities for non-negative approximate identities:

Theorem E (Carlsson, 2008). Let {¢,(x) > 0} be an approzimate identity and p(r) =
ol 7, where 1 < p < 0o and q = p/(p — 1) is the conjugate number of p. Then for any
f e Ln(T)

sup |®,(z + 6, f)| < C(M|fPP(x)"/?, €T,
0] <ep(r)
0<r<1

where the constant C' does not depend on function f.
Here M f(z) is the Hardy-Littlewood maximal function of f € L*(T) defined as

1 T+t
M f(z) = sup — |f(u)|du =z €T.

It is well known that the maximal operator M is of weak type (1,1) and stong type (p,p)

for 1 < p < 0.



Although Theorem E gives a general connection, we will see that the regions associated
with function p(r) are not optimal in general and can be improved. The central question of

Chapter 1 is the following:

Question. For a given approzimate identity {y,} what is the necessary and sufficiant con-

dition on \(r) for which

o lim @, (x,du) = p'(x) almost everywhere for any p € BV (T)?
r—1

yeN(r,z)

o lim &, (z,f)= f(x) almost everywhere for any f € LP(T), 1 <p<o0?
r—1

yEA(r,x)

An analogous question can also be formulated for f € C(T). However, in this case
Lemma 1.7 shows that (0.3) already sufficient for everywhere A(r)—convergence.

In Section 1.3 we prove that the condition

TT(A, ) = limsup A(r) | [loc < 00

r—1

is necessary and sufficient for almost everywhere \(r)—convergence of the integrals ®,.(z, du),
p € BV (T) as well as @,.(x, f), f € L*(T). Moreover, we prove that convergence holds at
any point where p is differentiable for the integrals ®,.(z,du) and at any Lebesgue point of

f € LY(T) for the integrals ®,(z, f).

Definition 1.1. We say that a given approzimate identity {p,} is reqular if each . (x) is

non-negative, decreasing on [0, 7] and increasing on [—m,0].

Clearly, in this case the property @3 is unnecessary, since it immediately follows from

P1.

Theorem 1.1 (see [19]). Let {p.} be a regqular approximate identity and A(r) satisfies the

condition TI(\, p) < oco. If p € BV (T) is differentiable at xo, then

lim @, (z,du) = p'(z0).
r—1

xeX(r,z0)



An analogous theorem holds as well in the non-regular case of kernels, but at this time

the points where (0.5) converges satisfy strong differentiability condition.

Definition 1.2. We say a given function of bounded variation p is strong differentiable at
xg € T, if there exist a number ¢ such that the variation of the function u(x) — cx has zero

derivative at x = xg.

If 1 is absolutely continuous and du(t) = f(t)dt then this property means that z; is a

Lebesgue point for f(x), i.e.

h
lim—/ |f(x) — f(xo)|dx = 0.

It is well-known that strong differentiability at z, implies the existence of y'(xg), and any

function of bounded variation is strong differentiable almost everywhere.

Theorem 1.2 (see [19]). Let {p.} be an arbitrary approximate identity and \(r) satisfies

the condition TI(\, p) < co. If p € BV (T) is strong differentiable at zo € T, then

lim @, (z,du) = p'(z0).
r—1
zEX(r,x0)

The following theorem implies the sharpness of the condition TT(\, ¢) < oo in Theorem

1.1 and Theorem 1.2.

Theorem 1.3 (see [19]). If {¢,} is an arbitrary approximate identity and the function \(r)

satisfies the condition TI(\, p) = oo, then there exist a function f € L*(T) such that

limsup @, (y, f) = o0
r—1

YEA(r,z)

forallxz € T.

Thus, the condition TT(\, ¢) < oo determines the exact rate of A(r) function, ensuring
such convergence. It is interesting, that this rate depends only on the values ||¢,||~. Notice

that, if the kernel ¢, coincides with the Poisson kernel P, (which is a regular approximate



identity), then ||P|| = 1= and the bound TT(), P) < oo coincides with the well-known

condition

A
lim sup 1(—T) < 00, (0.6)

r—1 —-r
guaranteeing non-tangential convergence in the unit disk. So, Theorem 1.1 implies and

generalizes Fatou's theorem. Furthermore, if we take the fractional Poisson kernel Pr(l/ 2)
(which is regular as well), then

1

1 -1
PY2| = —||P* |l = [ (1=7)1
(e c(T)H -l (1 —r)log -—

and from Theorem 1.1 we deduce (0.1) when p = 1 with an additional information about

the points where the convergence occurs.
Additionally, some weak type inequalities are established for the associated maximal

operator ®3, which is defined as

)= s 0 l= s |[aw-osa. en
|z—y|<A(r) |lz—y|<A(r) [JT
0<r<1 0<r<1

Theorem 1.4. Let {p,.} be an arbitrary approximate identity and for some 1 < p < oo the

function \(r) satisfies

T\, ) = sup A(r)[|er]lectps (1)’ < 00,

0<r<1

where
@.(r) = sup |zp;(x)|.
xz€T

Then for any f € L'(T)
B5(w, f) < C(M|fP@)'", =z €T,

where the constant C does not depend on function f. In particular, the operator ®% is of
weak type (p,p), i.e.

o € T2 B30, 1) > 1} < S|
holds for any t > 0, where constant C' does not depend on function f and t.

8



Using the standard methods, it can be shown that these weak type inequalities imply

almost everywhere \(r)—convergence with the condition

T,(A, ) = lim sup A(r)|[g, oo p? ™ (r) < o0

r—1
As we will see in Lemma 1.8, the function p,(r) satisfies

C
— <, (r)<C,, rg<r<l, 0.8
10g ||| ()< Ce o 08)

where ¢ is a positive absolute constant. Note that both bounds in (0.8) are accessible. For
instance, if we take the Poisson kernel P,(¢) then it can be checked that P,(r) =< 1. On the

other hand, if we take the square root Poisson kernel pi/? (t), then one can show that

1 \! 1
PY2 () = <1og ) S — 0.9
") L= log || P?]| 09

From the first inequality of (0.8) it follows that for any 1 < p < oo the condition

T, (), ¢) < 0o on A(r) cannot be weaker than

1 p-1
li A oo | ———— < 00.
m sup A(r) - <logusoruoo> >

The second inequality of (0.8) ensures that the multiplier ¢, (r) in condition TT,(A, ¢) < oo
can only weaken that condition (in other words can only enlarge the associated region of
convergence in the unit disk) if we increase p, i.e. condition IT,, < oo imples IT,, < oo,
whenever 1 < p; < py < 0.

Taking into account (0.9), note that these results imply (0.1) when 1 < p < oo as well
as Theorem D. Moreover, combining Lemma 1.3 and Lemma 1.6, we get that Theorem 1.4

holds if we replace the condition TT,(\, ¢) < co by

sup A(r)|ler[§ < oo, (0.10)

0<r<1

where ¢ = p/(p — 1) is the conjugate number of p. Thus, we obtain Theorem E for general

approximate identities, not necessarily non-negative.



In Section 1.4 an analogous necessary and sufficient condition will be established also for

almost everywhere A(r)—convergence of @, (z, f), f € L>(T), and this condition looks like

ON(r)
Mo (A, ) = lim sup lim sup/ op(t)dt =0,

d—0 r—1 —oXA(r)

which contains more information about {¢,} than TT(\, ¢) does.

Theorem 1.5 (see [19]). If {¢.} is a reqular approzimate identity consisting of even func-

tions and the function \(r) satisfies TTo(\, @) = 0, then for any f € L>*(T) the relation

lim @, (y, f) = f(z)

r—1

yeEA(r,x)

holds at any Lebesque point x € T.

Theorem 1.6 (see [19]). If {p.} is a reqular approzimate identity consisting of even func-
tions and the function \(r) satisfies Tloo(A, @) > 0, then there exists a set E C T, such that

O, (z,1g) is N(r)—divergent at any x € T.

One can easily check that in the case of Poisson kernel P, (), for a given function A(r)
with (0.3), the value of TTo. (A, P) can be either 0 or 1. Besides, the condition (A, P) =0

is equivalent to (0.6), and TT, (A, P) = 1 coincides with

A
lim sup ﬁ = 00
r—1 -T

Now suppose that A(r) satisfies the condition (0.2) with p = co. Simple calculations show
that for such A(r) and for the square root Poisson kernel p? (t) we have TT, (), P1/?) = 0.
Hence Theorem 1.5 implies (0.1) when p = oo with an additional information about the
points where the convergence occurs. Taking A\(r) = (1 —r)* with a fixed 0 < a < 1 we will
get TTo(A, P4/2) =1 —a > 0, and applying Theorem 1.6 we conclude the optimality of the
bound (0.2) in the case p = oo too.

In the definition of A\(r)—convergence the range of the parameter r is (0, 1) with the limit

point 1, that is, we consider the convergence or divergence properties when » — 1. We

10



do this way in order to compare our results with the boundary properties of analytic and
harmonic functions in the unit disc. Certainly it is not essential in the theorems. We could
take any set () C R with limit point rq which is either a finite number or co. We may define
an approximate identity on the real line to be a family of functions ¢, € L>(R) N L*(R),
r > 0, which satisfies the same conditions @1 — 3 as approximate identity on T does. We
just need to make a little change in the condition @2, that is to add ||<,0j : H{\tlzﬁ}Hl — 0 as
r — 0 for any § > 0. In this case usually convergence is considered while » — 0. Analogously,

all the results Theorem 1.1—Theorem 1.6 can be formulated and proved for the integrals

O, (z,du) = /ch,n(w —t)du(t), peBV(R), r>0, (0.11)

and they can be done just repeating the proofs with miserable changes.
Any function ® € L*®(R)N L' (R) with ||®||; = 1 and ®* € L'(R) defines an approximate
identity by

1
or(x) = =P (f) as r — 0.
T T

Operators corresponding to such kernels in higher dimensional case were investigated by

Stain ([39], p. 57). Note for such kernels we have

1 . *
lorlloo = ~l®lloe,  u(r) = sup [2®*(2)] < [|27[x
zeR

and therefore, for 1 < p < oo, the condition TT,(A, ¢) < oo takes the form A(r) < c¢-r. The
case p = oo can be done in the same way as we did it for the Poisson kernel. The value
Moo (A, @) can be either 0 or 1, the condition TTo (A, ®) = 0 is equivalent to A(r) < ¢-r and
the condition TTo (A, ®) = 1 is equivalent to limsup,_,, A(r)/r = oco. The bound A(r) < c-r
characterizes the non-tangential convergence in the upper half plane and it turns out to be a
necessary and sufficient condition for almost everywhere A(r)—convergence of the integrals
(0.11).

In addition, we would like to bring one consequence of our results, that we consider

interesting.

11



Corollary 1.1. If o,(x, f) are the Fejer means of Fourier series of a function f € L'(T)

and 6, = O(1/n), then o,(x + 6,, f) — f(x) at any Lebesque point x € T.

Littlewood [25] made an important complement to the theorem of Fatou, proving essen-
tiality of non-tangential approach in that theorem. The following formulation of Littlewood's

theorem fits to the further aim of the thesis.

Theorem F (Littlewood, 1927). If a continuous function X : [0,1] — R satisfies the condi-

tions

A1) =0, lim M) _ e (0.12)

r~>11—7‘

then there ezists a bounded analytic function f(z), z € D, such that the boundary limit

7]:1_1;1} f (,r,ei(er)\(r)))

does not exist almost everywhere on T.

There are various generalization of these theorems in different aspects. A simple proof
of this theorem was given by Zygmund [45]. In [26] Lohwater and Piranian proved, that in
Littlewood's theorem almost everywhere divergence can be replaced to everywhere and the

example function can be a Blaschke product. That is

Theorem G (Lohwater and Piranian, 1957). If A(r) is a continuous function with (0.12),

then there ezists a Blaschke product B(z) such that the limit

lim B (rei(xJ“’\(T)))

r—1

does not exist for any x € T.

In [1] Aikawa obtained a similar everywhere divergence theorem for bounded harmonic
functions on the unit disk, giving a positive answer to a problem raised by Barth [[4], p.

551].

12



Theorem H (Aikawa, 1990). If A(r) is a continuous function with (0.12), then there exists

a bounded harmonic function u(z) on the unit disc, such that the limit

}.liri u (Tei(ar-‘r)\(r)))

does not exist for any x € T.

As it is noticed in [1] this theorem implies Theorem F. Indeed, if u(z) is an example of
harmonic function obtained from Theorem H and v(z) is its harmonic conjugate, then the
holomorphic function exp(u + 7v) holds the same divergence property as u(z) does.

It is well known that these theorems can be also formulated in the terms of Poisson
integral

1

Pe.f) = 5 [ Pla=ofa,

since any bounded analytic or harmonic function on the unit disc can be written in this
form, where f is either in H* or L*. In addition, the proofs of these theorems are based
on some properties of such functions.

Related questions were considered also in higher dimensions. Littlewood type theorems
for the higher dimensional Poisson integral established by Aikawa [1, 2] and for the Poisson-
Szego integral by Hakim-Sibony [12] and Hirata [14].

Notice, that Theorem 1.6 does not imply Theorem F or Theorem H. It provides every-
where divergence of

O, (x+ No(r),Ig) as r—1,

where each function A, : (0,1) — (0, 00) satisfies the bound |A,(r)] < A(r). In Theorem
F' and Theorem H we have stronger divergence than in Theorem 1.6, that is, each function
Az(7) coincides with a given function A(r).

In Chapter 2 we generalize Littlewood's theorem for the integrals @, (z, f) with more
general kernels than approximate identities. Namely, we consider the same integrals ®,.(z, f)

with a family of kernels {¢,} satisfying

13



Pl [ro(t)dt =1 as r—1,
P4, o (x) >0, z€T,0<r<1,
®5. for any numbers v > 0 and 0 < 7 < 1 there exists such § > 0 that

/gor(t)dt<7, O<r<r

e

for any measurable e C T with |e| < J.

Notice, that ®5 is an ordinary absolute continuity condition and it is much more weaker

than the condition 2. For example, it is satisfied whenever

sup ||¢rlleo <00, 0<7 <1
o<r<r

We introduce another quantity

OA(r)
(A, ¢) = lim sup lim inf/ o (1) dt < Tl (A, )

50 =1 )

and prove the following theorems.

Theorem 2.1 (see [18]). Let {p,} be a family of kernels with &1, &4, 5. If a function \ €
C10, 1] satisfies the conditions A\(1) = 0 and TT*(\, @) > 1/2, then there ezists a measurable

set B C T such that

limsup @, (z 4+ A(r),Ig) — lim ilnf D, (x + A(r),Ig) > 2IT" — 1.
r—

r—1

In the case of Poisson kernel under the condition (0.12) we have TT* = 1 > 1/2. Therefore
Theorem 2.1 implies the following generalization of Theorem F and Theorem H, giving

additional information about the divergence character.

Corollary 2.1. For any function A € C|0,1] satisfying (0.12), there exists a harmonic

function u(z), z € D on the unit disc with 0 < u(z) < 1, such that

lim sup u (T’Bi(erA(T))) =1, liminfu (rei(”)‘(r))) =0,
r—1 r—1

at any point x € T.

14



The higher dimensional case of this corollary was considered by Hirata [14]. We construct
also a Blaschke product with Littlewood type divergence condition as in Theorem 2.1, which

generalizes Theorem G. In this case a stronger condition TT*(\, ¢) = 1 is required.

Theorem 2.2 (see [18]). Let a family of kernels {p,.} satisfies @1, D4, 5 and for A €
C[0,1] we have A(1) =0 and TT*(\, @) = 1. Then there exists a function B € L*(T), which

15 the boundary function of a Blaschke product, such that the limit
ll_r)l% Q. (x+ A(r), B)
does not exist for any v € T.

Note that, as Theorem 1.1—Theorem 1.6, Theorem 2.1 can also be formulated and proved

for the integrals

Bz, f) = /Rgor(x COf()dt, feL\R), 0<r<l, (0.13)

where the kernels ¢, € L>®(R) N L*(R) satisfy the conditions @1, ¢4, #5. Furthermore,
notice that for any positive function ® € L*(R) N L'(R) with ||®||; = 1 the kernels

1

x
gpr(x)—l_r(ID(l_r), reR, 0<r<l (0.14)

satisfy the conditions @4 and ®5. One can check, that for the Poisson kernel and for (0.14)

the following conditions are equivalent

lim M

=00 < IT"(\,p) =1 <= TT"(\,p) > 0.
r—11—17r

Therefore, if the kernels in (0.13) coincide with (0.14) and \(r) satisfies (0.12), then Theorem
2.1 formulated for the integrals (0.13) implies everywhere strong-type divergence for (0.13),
which covers the one-dimensional case of a theorem obtained by Aikawa in [3].

Now we proceed to the introduction of the third chapter.

n

Let R™ be the family of half-open (or half-closed) rectangles [][a;,b;) in R and DR"

=1

be the family of dyadic rectangles of the form

H{]QW QJW) jaomi €7, i=1,2,... n (0.15)

=1

15



Let Q" C R" be the family of half-open squares in R™ and DQ" be the family of dyadic
squares (m; = mg = +-+ = m,,). Obviously DR" C R™ and DQ" C Q". For a set £ C R"
we denote

diam(F) = sup ||z — v
z,yeE

Definition 3.1. A family B of bounded, positively measured sets from R™ is said to be a
differentiation basis (or simply basis), if for any point x € R™ there exists a sequence of sets

Ey € B such that x € Ey, k=1,2,... and diam(Ey) — 0 as k — oo.

Let B be a differentiation basis and Lj,.(R™) be the space of locally integrable functions:

Lioe(R") = {f: f € L(K) for any compact K C R"}.

For any function f € Lj,.(R™) we define

\E|/f £)dt -

The integral of a function f € Lj,(R") is said to be differentiable at a point € R™ with

dp(z, f) = lim sup
diam(E)—0,ze E€EB

respect to the basis B, if dg(z, f) = 0. The integral of a function is said to be differentiable
with respect to the basis B, if it is differentiable at almost every point. Consider the following

classes of functions

F(B) ={f € Lic(R") : dg(x, f) = 0 almost everywhere },

FH(B) ={f € Li(R") : f(x) >0, 65(z, f) = 0 almost everywhere }.

Note that F(B) (FT(B)) is the family of (positive) functions having almost everywhere
differentiable integrals with respect to the basis B.

Let ¥ : RT — R* be a convex function. Denote by W(L)(R™) the class of measurable
functions f defined on R" such that ¥(|f|) € L*(R™). If ® satisfies the Ay-condition ¥(2z) <

kW (x), then W(L) turns to be an Orlicz space with the norm

||f||x1/=inf{c>0: /\If(%) gl}.

16



The following classical theorems determine the optimal Orlicz space, which functions have

a.e. differentiable integrals with respect to the entire family of rectangles R™ is the space
L(1+1log* L)"*(R") c L'(R™),
corresponding to the case U(t) = t(1 + log™ )" ([10]).
Theorem I (Jessen-Marcinkiewicz-Zygmund, [15]).
L(1+1logt L)" '(R") C F(R™).
Theorem J (Saks, [35]). If the function V¥ satisfies
U(t) = o(tlog" *t) ast — oo,

then W(L)(R™) ¢ F(R"™). Moreover, there exists a positive function f € W(L)(R™) such that

drn(z, ) = 00 everywhere.

Such theorems are valid also for the basis DR". The first one trivially follows from
embedding

L(1+1logt L)" *(R") c F(R™) c F(DR").
The second can be deduced from the following

Theorem K (Zerekidze, [42] (see also [43, 44])). FT(DR") = F*(R").

Let A ={v,: k=1,2,...} be an increasing sequence of positive integers. This sequence
generates rare basis DR} of dyadic rectangles of the form (0.15) withm; € A, i =1,2,... n.
This kind of bases first considered in the papers [40], [11], [13], [17]. Stokolos [40] proved
that the analogous of Saks theorem holds for any basis DR\ with an arbitrary A sequence.
That means L(1 + log™ L)""1(R") is again the largest Orlicz space containing in F(DR} ).
Oniani and Zerekidze [29] characterised translation invariant as well as net type bases formed

of rectangles that are equivalent to the basis of all rectangles in the class of all non-negative
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functions. Karagulyan [16] proved some theorems, establishing an equivalency of some con-
vergence conditions for multiple martingale sequences, those in particular imply some results
of the papers [40], [11], [13].

In spite of the largest Orlicz spaces corresponding to the bases DR% and DR? coincide,
they do differentiate different set of functions, depending on density of the sequence A. In

Section 3.3 we prove that the condition

Ya = sup(Ve41 — V) < 00
kEN

is necessary and sufficient for the full equivalency of rare dyadic basis DRA and complete

dyadic basis DR2.

Theorem 3.1 (see [17]). If A = {v} is an increasing sequence of positive integers with
YA < 00, then

F(DR3) = F(DR?).

Theorem 3.2 (see [17]). If A = {1} is an increasing sequence of positive integers with

YA = 00, then there exists a function f € F(DRZ) such that

ﬁ/]{f@) dt‘ = o

lim sup
len(R)—0, t€ REDR?

for any x € R™.

Definition 3.2. A basis B is said to be density basis if B differentiates the integral of any

characteristic function Ig of measurable set E:
dp(z,Ig) = 0 at almost every x € R™.

We will say that the basis B differentiates a class of functions F, if basis B differentiates the

integrals of all functions of F.
Theorem L ([10], III, Theorem 1.4). If B is a density basis, then it differentiates L™

Note that any subbasis B’ of a density basis B is also density basis, since in this case
dp(z, f) < dp(z, f) for any x € R™ and f € Lj,.(R™).
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Definition 3.3. Let By, By C B be subbases. We will say that basis By is quasi-coverable by
basis By (with respect to basis B) if for any R € By there exist Ry € By, k =1,2,...,p and

R’ € B such that
RCRCR, R=|JR,
diam(R') < c¢-diam(R), |R|<c|Ry|, k=1,2,...,p,
p ~ ~
D IR <Rl R < R,
k=1

where constant ¢ > 1 depends only on bases By, By and B. We will say two bases are quasi-

equivalent if they are quasi-coverable with respect to each other.

In Section 3.4 we prove that quasi-equivalent subbases Bi, By of density basis B differ-
entiate the same class of non-negative functions. In Section 3.5 we give several corollaries

from this theorem for bases formed of rectangles.

Theorem 3.3 (see [34]). Let By and By be subbases of density basis B formed of open sets

from R™. If the bases By and By are quasi-equivalent with respect to B then
FH(By) = FH(By).

Main results of the thesis are published in [17, 18, 19, 34].
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CHAPTER 1

Fatou type theorems

1.1 Introduction

In this chapter we generalize Fatou's theorem for the integrals with general kernels. Here we

remind Fatou's theorems about non-tangential convergence of Poisson integrals and related

tangential convergence results for the square root Poisson integrals as well as weak type

inequalities.

Theorem A (Fatou, 1906). Any bounded analytic function on the unit disc D = {z € C:

|z| < 1} has nontangential limit for almost all boundary points.

Theorem B (Fatou, 1906). If a function u of bounded variation is differentiable at xo € T,

then the Poisson integral

Puodi) = o [ g dutt)
= o 11— 2rcos(z —1t)+ r? a

converges non-tangentially to p'(xo) as r — 1.

Theorem C (see [36, 30, 31]). For any f € LP(T), 1 <p < o0
lim PO/ (2 + 0r), f) = f(a)
r—

almost everywhere x € T, whenever

60| < c(1—r) (log )" if 1<p<oo,

Ca(l =7) forany 0 < a <1 if p=o0,
where ¢, > 0 s a constant, depended only on «.
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Theorem D (Rénning, 1997). Let 1 < p < co. Then the mazimal operator corresponding
to the square root Poisson kernel
Pipa. )= swp P +,|f)

|6]<c(1-7)(log £ )”
1/2<r<1

is of weak type (p,p).

Theorem E (Carlsson, 2008). Let {¢,(x) > 0} be an approzimate identity and p(r) =
ol 7, where 1 < p < 0o and q = p/(p — 1) is the conjugate number of p. Then for any
fe Ln(T)

sup [®,(z + 6, )] < C(M|f"(x))'/", z €T,
0] <cp(r)
0<r<1

where the constant C' does not depend on function f.

The organization of the current chpater is as follows. In Section 1.2 we prove auxiliarry
lemmas, which will be used throughout the chapter. In Section 1.3 we prove that the
condition TT(\, ¢) < oo determines the exact convergence regions for functional spaces BV (T)

and L(T).

Definition 1.1. We say that a given approximation of identity {¢,} is regular if each o, (z)

is non-negative, decreasing on [0, 7| and increasing on [—m,0].

Theorem 1.1 (see [19]). Let {¢,} be a reqular approzimate identity and \(r) satisfies the
condition

(A, ) = limsup A(r)[|@r [l < 0.

r—1

If w € BV (T) is differentiable at xo, then

lim @, (z,du) = p'(z0).

xEX(r,z0)

Definition 1.2. We say a given function of bounded variation p is strong differentiable at
xg € T, if there exist a number ¢ such that the variation of the function u(x) — cx has zero

derivative at x = xg.
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Theorem 1.2 (see [19]). Let {¢,} be an arbitrary approximate identity and A(r) satisfies

the condition TI(\, p) < oco. If p € BV (T) is strong differentiable at o € T, then

lim @, (x,du) = 1/ (x).
r—1
z€X(r,20)

Theorem 1.3 (see [19]). If {¢,} is an arbitrary approximate identity and the function \(r)

satisfies the condition TI(\, p) = oo, then there exist a function f € L'(T) such that

limsup @, (y, f) = oo (1.1.3)
yeg?;x)

forall x € T.

Additionally, we prove that the bound ﬁp()\, ¢) < oo provides weak type inequalities in

spaces LP(T), 1 < p < 0.

Theorem 1.4. Let {¢,} be an arbitrary approzimate identity and for some 1 < p < oo the

function \(r) satisfies
(A @) = sup A(r)lly|locips ()P~ < co. (1.1.4)
0<r<1
Then for any f € L'(T)
% (z, f) < C(M|fPP(x)"?, z €T, (1.1.5)

where the constant C does not depend on function f. In particular, the operator ®3 is of

weak type (p,p), i.e.

. C
[{z € Tt @x(x, f) >t} < JIIFI;
holds for any t > 0, where constant C' does not depend on function f and t.

In Section 1.4 we prove that the condition TT,(\, ) = 0 is necessary and sufficient for

almost everywhere A(r)—convergence of the integrals ®,.(z, f), f € L>(T).

Theorem 1.5 (see [19]). If {p.} is a reqular approzimate identity consisting of even func-

tions and

ON(r)
Moo (A, @) = limsup lim sup/ o (t)dt =0,
d—0 r—1 —oXA(r)
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then for any f € L>(T) the relation

lim @, (y, f) = f(=)

r—1

yEA(r,x)

holds at any Lebesque point x € T.

Theorem 1.6 (see [19]). If {¢.} is a reqular approximate identity consisting of even func-
tions and Moo (A, @) > 0, then there exists a set E C T, such that ®, (z,1g) is \(r)—divergent

at any x € T.

1.2 Auxiliary lemmas
The following lemma plays significant role in the proofs of Theorem 1.1 and Theorem 1.2.

Lemma 1.1. Let a positive function ¢ € L>®(T) is decreasing on [0, 7] and increasing on
[—7,0]. Then for any numbers ¢ € (0,1) and 0 € (—m, ) there exist a finite family of
intervals I; C T, j = 1,2,...,n, containing 0 in their closures fj, and numbers €; = *e
such that

;| <2sup{|t|: o(t) >¢e}, j=1,2,...,n,

n

D11 < 10e max{1, 6] - l@lloc Il }

J=1

p(r —0) — Z gl (x)

<e.

Proof. Denote

yr = sup{t > 0: ¢(t) > ek},

xp=sup{t >0: o(—t) > ek}, k=1,2,...,1= {%}

Then we obviously have
yo=m 0<y <y_1<...<y <sup{|t|: o(t) > e}, (1.2.1)

ro=m, 0<ua <z <...<az <sup{|t|: p(t) > e}, (1.2.2)

<e. (1.2.3)

l
p(x—0) =2 Lip—gy 04y (7)
k=1
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Without loss of generality we can suppose 0 < 6 < 7. Then we denote
ko =max{k:0< k<l 60—z, <0}.

We define the desired intervals [, j =1,2,...,n =2l — ko, by
(Q—xj,Q—i-yj) if j Sk’o,
Ij = 140,60 +y;) if ko <j<l,
(0,9 — xj—l—i—ko] if ! <j <n=2— ]{30.

Using the equality

Lo—a,0-090) (T) = L0009, (2) — L(0,0—2) ()

- ]IIk (:L') - ]IIIH—l—kO (I)a ko < k <1,

we get
l n
e D Tororu (@) = Y&l (2) (1.2.4)
k=1 j=1
where
€ it 1<j5<U,
g = (1.2.5)
—€ it [<j<n.
We note that e; = —¢ in the case when I; coincides with one of the intervals (0,60 — xy],
ko < k <. Hence we have
- l el
'Z L= Y (0—am)<1-0< 5°°. (1.2.6)
j=l+1 k=ko+1
From (1.2.3) and (1.2.4) we get
o(x —0) — Zgj]llj (x)| <e (1.2.7)
j=1
and therefore by (1.2.5) we obtain
l n
‘/gp(t)dt —52 |I;] + ¢ Z ||| < 2me < 2m.
T Jj=1 J=l+1
This and (1.2.6) imply
eX 11 <28 Y L]+ el + 2 < 20]|¢lloe + ol + 2,
j=1 j=l+1
which together with (1.2.1), (1.2.2) and (1.2.7) completes the proof of lemma. O
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We will use the following lemma in the proof of Theorem 1.3.

Lemma 1.2. Let ¢ € BV (T) be a function of bounded variation and

me 2mj 27
Ak = U (Sk, 5k C T,
g

j=o LT
where ny, € N, 0, € T such that ny, — o0 as k — oo and 0 >0, k=1,2,.... Then
lim —/ @+1t)d t)dt,
koo | A Ja, P

where the convergence is uniform with respect to 6 € T.

Proof. Denote by Ai the jth component interval of Ay such that Ay = U0§j<nkAi and
|AL| =26, Let 0+ AL ={0+t:t € AL} and V (¢, [a,b]) be the total variation of function

¢ on an interval [a,b] C T. Then

‘ﬁ/Akgo(G%—t)dt—i/Tgp(t)dt‘

nE—1 1 ne—1 271']
0+t)dt — — 0+ —
nk225k/AJ + ng<+nk)‘

j=0 gzo
+i§'wﬂz_ifwmﬁ
NE < 14 N 2 TQO
7=0
iy 27
S— w@+1t)— <9+ )‘dt 1.2.8

1 ne L o (1) /g,
+—z/
0 2

o0+ p (04 20) | a

2m j= 5/ Mk
ne—1 ne—1 . .
1 2m(j + 1)

g—E V (p,0 + A) +—§ V< [ © o+ D

(L cp N ng

2
< —Vi(p,T).
= (. T)

The last term does not depend on 6 and vanishes as £ — oo, which completes the proof of

the lemma. O]

The next 3 lemmas are key ingredients of the proof of Theorem 1.4.
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Lemma 1.3. Let {¢,} be an arbitrary approximate identity and A(r) > 0 be any function.

Then for any function f € L*(T)

sup
[z—y|<A(r)
0<r<1

o (t)fly—t)dt| <8C,-Mf(x), xeT. (1.2.9)

A(r)<lti<n

Proof. Without loss of generality we may assume that f is non-negative. Let x,y € T, 0 <
r < 1 such that |z — y| < A(r). We devide the interval [A(r), 7] into [2¥7I\(r), 28X(r)], k =
1,2,...,Q = [log ﬁ} and estimate the values of ¢,(¢) by its maximum in each divided

interval:

JRE —tdt\si/m )y 1) de

) k-1

2k \(r)
ot (25IA() / fly — 1) dt

M@ I

k=1 F=IA(r)
Q 2k \(r)

<> e [ AL
k=1 Alr

Since |z — y| < A(r) we have

2k \(r) (1+2F)A(r)
/ fly—t)dt < / Flo— 1) dt.
A(r) 0

Therefore

™ (142 (7)
/ o () f(y —t) dt‘ Z wr (25T / flz—t)dt
A

(r)
Q

e (257 (r) (1 +29)A(r)
1

Q—l

<8Mf(x)- ) o) (2°A(r) 2 IA(r)

k=0
< 8Mf(x)- / T

where in the last inequality we have used the following simple geometric inequlaity:
Q-1

or (M) A) + Y wr (25A(r) 257 "A(r)

k=
M) Q-1 Lok)(r)
<[ emary [ s
0 k=1 2k=1X(r)
< [ wwa
0



Thus we have

/A; er() fly — 1) dt’ < SMf(z) - /07r S (1) dt.

In the same way we get

0

< 8Mf(x)- / Si(t) dt.

—T

—A(r)
/_ oo () f(y — 1) dt

™

Therefore

sup
lz—y[<A(r)
0<r<1

IO dt‘ < 8Mf(z) - sup |lplh < 8C, - Mf(x).
A(r)<|t|<m 0<r<1

O

Lemma 1.4. Let {¢,} be an arbitrary approximate identity and u(r), A(r) are some func-

tions with
1. 0 < pu(r) < A(r) <m,

2. M) < Cu(r)p P(r), for some C >0 andp > 1.

Then for any A > 1 and for any function f € L*(T)

Py 1/p
Taf(x) < <C-%> , z€T,

where

Taf(x) = sup  ou(r)my(y, Au(r)),
Anr)<le—y|<A(r)

mole.) =5, [ 1w du

2t ),

(1.2.10)

Proof. Without loss of generality we may assume that f is non-negative. Using the definition

of Ty and Jensen's inequality we get

Thf(x) = sup L (r)ymh (y, Au(r))
Antr)<la—yl<A0)

< sup oL (r)ymo (y, Ap(r))
Ap(r)<|z—y| <A(r)
o<r<1

— sup sup () mps (g, Au(r)
REN 251 Ap(r) <a—y|<2* Ap(r)
28 Ap(r)<A(r)
0<r<1
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To estimate the inner supremum, first note that 28Au(r) < Ar) < Cu(r)p.(r)" im-
ples ¢2(r) < C (2’“14)71, where C' is the constant from condition 2. Furthermore, since

2F L Ap(r) < o —y| < 28Ap(r) we have

y+Ap(r)
e A(r) = s [ () du

2Ap(r) Jy—aur)
o+(1425) Ap(r
< 2A;(r) / e )f”(u) du
%WMP@:) < 2FMfP(2).
Therefore
Tif(x) < supC (28A) 2 MfP(x) = C - MJZ(“”E).

O

Lemma 1.5. Let {p,} be an arbitrary approzimate identity and p(r), A(r) are some functions

satisfying the conditions 1. and 2. from Lemma 1.4. Then for any function f € L'(T)

4C/? p 1/p
sup or(®)fly = t)dt| < oo (MIfI"(@)", 2 €T (1.2.11)
(<[t <Ar)

lz—y|<A(r)
0<r<1

Proof. Again, we may assume that f is non-negative. Let x,y € T,0 <r < 1 and |z —y| <

Ar). IfQ = ﬂog H we split the integral in (1.2.11) as follows

¢MM4W\

p(r)<[t<A(r)

Q
gz/ (0 f(y —t)dt

2k =1 (r)<|t|<2F u(r)

Q
< Z max (cp: (2k_l,u(r)) , O (—Qk_l,u(r))) / fly—t)dt (1.2.12)
1 [¢[<2Fpu(r)
Q
=2 2 ' u(r) max (9} (25 u(r) f (=2 () my(y, 26 (r))
Q
<23 o (rmyly. 24(r)
k=1
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Then we split the domain of supremum in the followoing way:

sup @ (r)my(y, Ap(r)) < sup @u(r)my(y, Ap(r))
o=y <A(r) e~y < Au(r) A(r)
o<r<i o<r<1

(1.2.13)

+ sup pu(r)myp(y, Ap(r)).
Ap(r)<|z—y|<X(r)
0<r<1
Notice that the second supremum is T4 f(z). To estimate the first supremum, note that

|z —y| < Ap(r) < A(r) < Cu(r)p.(r)~? implies
pu(r) < CYPATVY, (1.2.14)

where C' is the constant from the condition 2 of Lemma 1.4. On the other hand, from
|z —y| < Ap(r) it follows my(y, Au(r)) < M f(x), which together with (1.2.14), (1.2.13) and

Lemma 1.4 gives

sup @i (r)ms(y, Au(r)) < Cl/pA_l/pr(x) + Taf(z)
[z—y|<A(r)
0<r<1

P 1/p
< CMPATVP (DL fP ()P + (C- M&(x)) (1.2.15)

< ch/pAfl/p(pr(x))l/p_

Using (1.2.12) and (1.2.15) we get

/ on (D) (y 1) dt\
p(r) <[t <X(r)

Q

<2 sup pu(r)mp(y, 25 p(r))
k=1 |75—y‘<>\(7")
o<r<1

sup

lz—y|<A(r)
0<r<1

< 401/ Z Q—k/p<pr(x))1/p
k=1
401/P

= S (M),

which gives (1.2.11). O

Lemma 1.6. Let {p,.} be an arbitrary approzimate identity and for some 1 < p < oo the
function \(r) satisfies

sup A(r)l|er || < oo, (1.2.16)

0<r<1
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where ¢ = p/(p — 1) is the conjugate number of p. Then for any function f € L*(T)

sup
lz—y[<A(r)
0<r<1

[ ewr-oa|<cona, cem (1217
[¢[<A(r)
where C' does not depend on function f.

Proof. The proof immediately follows from applying Holder's inequality to the integral:

1/p
aw N[ atis-nd < s el ([ - a)
lz—y[<A(r) [V [t <A(r) |z—y|<A(r) [t|<A(r)
0<r<1 0<r<1
1/p
< sw ledy ([ ire-opra)
0<r<1 H<2A(r)
< sup [J@nllg(4Nr) VP - (M fIP ()7,
0<r<1
which implies (1.2.17) taking into account (1.2.16). O

Lemma 1.7. Let {¢,.} be an arbitrary approzimate identity and X : (0,1) — (0,00) be a

function with A\(r) — 0 as r — 0. Then for any continuous function f € C(T)

lim @,(y, f) = f(z) (1.2.18)

r—1

YEA(r,z)

for any x € T.

Proof. Let f € C(T) and z € T. Fix 6 > 0 and § € R. Then we have

[@r(z + 0, f) = fz)] <

/T oo (1) (a0 — 1) — f(2)] dt| + o(1)

< * z+60—t)— f(x)| d
_/t|<590r(t)|f( O t)— f(x)| dt

+ / o PO 00 = @) d o)

< w(f,5+ 0l + 20l flle - 2707 (6) + o(1)
< Cy-wl(f,640) + x| fllc - 91(8) + o(L),

where w(f, h) is the modulus of continuity in C'(T) defined as

w(f,h) = sup [f(x) = f(y)l

|z—y|<h
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Therefore, from A(r) — 0 as r — 1, we conclude

limsup |®.(z + 6, ) — f(z)] < limst (Oga w(f, 0+ A(r)) +4rl fllc - 90:(5))

16/<A(r)
< C@ ’ w(fa 26)

Since w(f,h) — 0 as h — 0 and § can be taken arbitrarily small, we get (1.2.18). O

Lemma 1.8. If {¢,} is an arbitrary approzimate identity, then for some ro € (0,1)

c
——— < p(r)<C,, To<T<l,
log [|¢r|loo v

where ¢ is a positive absolute constant.
Proof. Let 0 < r < 1. Using the definitions of ¢}(x) and ¢.(r) we conclude

@i (1)
it

pr(t) < @p(t) < t €T\ {0}.

Therefore, for a fixed § > 0 we have

1+o(1):/T%(t)dtgﬂdgoj(t)dwr/ o (t) dt

o<[t|<m

) dt
<lotle [ arvo) [ &
[t]<é s<|t|<n t]

™
= 20lrll + 204(r) log 5.

which implies

0.2 (5 +ol) =l ) (1ox )

Now, if we take § = 7/|¢.||%, we get

0.0 (3 ol) = ) gt

lerlloe /) 210g florfloo”

which completes the proof of the first inequality (for example with ¢ = 1/5), since ||¢y||ooc —

oo as 7 — 1. The second inequality can be deduced from the following:

@«(r) = sup |z} (z)] < sup
zeT zeT

/ o (1) dt’ <c,.
[t]<|z|
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If f(x) is a function defined on a set £ C T we denote

OSC e f(z) = sup |f(z) — f(y)).

ryek
Lemma 1.9. Let
n—1
2k+1—46 2k+1+6
ngu<”< F1-9) m@k+ +)), neN
o n n

1
0<d<—
27

and J C T, # > |J| > 167/n, is an arbitrary closed interval. If a measurable set E C T

satisfies either

ENJ=JNU or ENJ=J\U,

and ¢ € L>*(T) is an even decreasing on [0, 7| function, then

9

o
n

0OSC 96[%747",I+4%] A@(e—t)]IE@)dt >/

8
for any x € J.

Proof. We suppose J = [a, b] and

2r(p—1) 2rp  27m(q—1)

<a , <b< —.

n n n

First we consider the case

EnJ=JNU.

If x € J, then

. 27r(m—1)’27rm
n n

o(t)dt — 166 — 2w (

(1.2.19)

(1.2.20)

for some p < m < ¢q. Without loss of generality we may assume that the center of I is on

the left hand side of the center of J. Then we will have

b_27r(m+1) 2@_4_#2@.
n 2 n 4
It is clear, that the points
6, — 2mm Z’ 6, — 2r(m +1)
n n n

(1.2.21)

(1.2.22)



are in the interval [0,z 4 47 /n|. Besides we have

T

= [ 1006~ 1) = (62— NI (01
Ox—7
b

+ [ o000 —1) = (6~ DLt
a92+7r

[ let0 = 0) - (0 - Dl
b

=A; + Ay + A,

Since ¢ is decreasing on [0, 7] we have

Ay > 0. (1.2.23)

If t € [b,02 + 7| then, using (1.2.21), we get

/] /]
t—0,>b—0y>"—, t—0,>—
2 = 2 Z 4 9 1 = A )
which implies
1]
|As| < 27 1) (1.2.24)
To estimate A, we denote
w(k+d)/n
ar = / e(t)dt, keZ. (1.2.25)
w(k—6)/n
We have
wd/n
ag :/ o(t)dt. (1.2.26)
—7é/n
Using properties of ¢ we have ay = a_j and a; > ay > .... Using Chebishev's inequality we
have ¢(t) < 1/t. Thus we obtain
m(1+6)/n 215 /n 20
ap < a; = / e(t)dt < = <40, k>1. 1.2.27
Y Leaaym ( m(1=46)/n 1-6 ( )

33



Using (1.2.20), (1.2.25), (1.2.26) and (1.2.27), we get

=2 n(2k+145)/n
4,30 / (p(01 — 1) — 96 — D)dt — 86

oy J T(2kH1-8)/n

=1 r(2(m—k)+8)/n =1 r(2(m—k)+1+6)/n
= Z/ o(t)dt — Z/ o(t)dt — 86
w(2(m—k)—48)/n w(2(m—k)+1-0)/n

k=p k=p
m—p m—p
= Z a9r — Z agk+1 — 84 Z ap —ay — a_—1 — 89
k=m—q+1 k=m—q+1
w/n
> / @(t)dt — 166.
wo/n

Combining this with (1.2.23) and (1.2.24), we get

fut)
n

/]

o(t)dt — 166 — 2 (—) :

[ e =onea - [ oo~ otsrin = [ 4

_zé
n

which together with (1.2.22) implies (1.2.19). To deduce the case ENJ = J \ U2 notice,

that for the complement E¢ we have EN.J = JNU? and so (1.2.19) holds for E¢. Therefore

we obtain
OSC 96[$—4—7",x+4—"] / <p((9 — t)HE'<t)dt
n n r]r
= 08Cyef, e vt (Il = [ 0~ 01101
= 0OSC 96[:}:747”,:5+47“] (/ QO(@ — t)HEc(t)dt>
B e
> / o(t)dt — 166 — 2mp (I) :
_n8

which completes the proof of the lemma. O

1.3 The case of bounded measures and L!

Proof of Theorem 1.1. Without loss of generality we may assume that xy = 0 and p'(x¢) = 0.

We fix a function 6 : (0,1) — R with |6(r)| < A(r). From TT(), p) < oo we get
O] - |pr]loe < 21T, 1o <r < 1. (1.3.1)
Using the property @2, we may define a collection of numbers €, > 0 such that

e N0, & =sup{|t|: ¢.(t) >e,} > 0asr—1. (1.3.2)

34



Applying Lemma 1.1, for any 0 < r < 1 we define a family of intervals I;*, j = 1,2,...,n,

such that
171 <25,, j=1,2,....n, (1.3.3)
O < 1067 max{1, 107)] - [ 9ellees 19011, (1.3.4)
j=1
-3 ggﬂﬂlp t)] < e, (1.3.5)
j=1

where 55” = +¢,. From (1.3.1) and (1.3.4) we conclude

Ep - ](T) < ro <71 <1, (1.3.6)
j=1

where L is a positive constant. From (1.3.2) and (1.3.5) we obtain

@wm@mzé%w<—t@ E} /m t) +o(1), (1.3.7)

where o(1) — 0 as r — 1. Using this, we get

Ny . 1
@0, d)| < e D |17| s | A+ o(1). (13.8)
2 T s
According to (1.3.2) and (1.3.3), we have
! /,d@)%’@ 0asr 1
max —— = :
J J
This together with (1.3.6) and (1.3.7) implies that ®,.(0(r),du) — 0 as r — 1. O

Proof of Theorem 1.2. Let 0(r) satisfies (1.3.1). We again assume that xy = 0, p/(zo) = 0
and so we will have |u|'(0) = 0. Then, repeating the same process of the proof of Theorem

1.1 at this time for the functions ¢} () together with the measure |u|, instead of (1.3.7) we

obtain
/T e (0(r) = ) dlul(t) = Y e / o dlul (@) + o(1).
j=1 J
Then we get

1B,(6(r), dp)]| < / 2(0(r) — t)dlu (1

_ . 1
= 0 [ )+ o0,
7 J

Jj=1
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Since |p] is differentiable at 0, we get

®,.(0(r), du) — 0.

O

Proof of Theorem 1.3. For any 0 < r < 1 there exist a point z, € T, a number 0 < ¢, <

2A(r) and a measurable set E, C T such that
30,
E, C (ZET — 5r,xr -+ 5r); |E7~| > 7, (139)
er oo
lor(x)] > 5 o+ L€ E,. (1.3.10)

From these relations it follows that ¢}(z) > 1@, ||« if 2 € (—|2,], |z,|). On the other hand,

by property @3 we have ||¢r|; < C,, which imples

< X2 g<r<l. (1.3.11)

[ lloc

Denote
4
= |— 1.3.12
n(r) {)\(7“)} cN, (1.3.12)
A —n(Ol 2k _ 5, 2k L (1.3.13)
" = Ln(r) Tn(r)y ] o

If x € T is an arbitrary point, then

)

for some ko € {0,1,...,n(r) — 1}. Consider the function

—HAr(I)SH 27T—kO Ty — T
fr(z) = A g %(n(r) + ) (1.3.14)

Clearly ||f.|ls = 1. Taking =z — z, — i’z’fs’, from (1.3.11) and (1.3.12) we obtain

27 27\ (r) 2C, (1 2C, )
0 < — +|z,| < + L <ANr) =+ —F2— . 1.3.15
< T < e T el S T AT s (1.3.15)
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Using the condition TT(), ¢) = oo and Lemma 1.2 we may fix a sequence r; 1 such that

1
. ok+3 1 _— =1,2. ...
) l|nlloo > Co -2 < TR |Am-|)’ PR

1
sup—/ 0 (0=t dt <C, k=1,2,...,5—1
9€T|ATJ'| Arj

From (1.3.15) and (1.3.16) we conclude
0] < A\(r), if r = ry.
Using (1.3.10), (1.3.12) and (1.3.13), for the same = we get
Q. (x—0,f) = /gor (W + x, — t) fr(t)dt

T
1 / (27'(']{0 ) ‘
= or | — F+x. —t || dt
’Ar‘ Ay n(r)
- 1 /27rk0/n(7’)+5r (27‘(‘]{30 N t) ’ ”
= ©r Ty —
2(57«71(7’) 2mko /n(r)—or In’<,r)
1 Tr+0r
) — N d
i ), el du
1

35l L el
~ 20,n(r) 2 2 - 16 '

Define
fle)=>_27Ff, (x) € LY(T),
k=1
and show that

lim sup @, (0,f)=oc.

k=00 geX(ry,,)

We split @, (6, f) in the following way

(I)rk (9, f) - Z 2_jq)rk (97 frj)
j=1

k—1 00

=270, (0, ) + 275 (0, F,) + D 2770, (0, f,,)

j=1 j=k+1
=S+ 5%+ 5°

From (1.3.16), (1.3.18) and (1.3.19) it follows that

sup S*= sup 2%, (0,f.,)>C <1+k+ max )
OEN(rK,x) 0eX(rg,x) k( g v 1<j<k |Arj’
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Furthermore, using (1.3.14) and &3 propery of {¢,} we get

k—1
sup |SY = sup ZZj/gprk(G—t)frj(t)dt
0eX(rg,T) 0eX(rg,x) =1 T

1o

< sup .
GEA(rkm Z ‘ATJ| Ar |SO k(

— )| dt (1.3.22)

IN

/ 1
/cprk u)du < Cy - max —

1<j<k |A | '

Finally, using (1.3.17) we get

sup |S%| = sup Z Zj/gprk(G—t)fr].(t) dt
0eN(rg,T) 0eN(rg,x) j—k+1 T
< sup / lor, (0 —t)| dt (1.3.23)
e (rg,x) *k—i—l r] |
< 277 . su / “(9—1)dt <C,
zk: 0eT ‘ATJ’ (’0 k )
Jj=k+1

So, from (1.3.22), (1.3.21), (1.3.23) and (1.3.20) it follows

suap @, (0,f)> sup S*— sup |[S'— sup |S?>C, -k,
e (rg,x) 0eN(rk,x) 0eX(rg,x) 0eX(rg,x)

which imples (1.1.3). O

Proof of Theorem 1.4. Without loss of generality we may assume that f is non-negative.

Let z,y € T, 0 <r <1 and |z — y| < A(r). We split the integral ®,(y, f) as follows

B.(y. f) / (D) f(y — 1) dt

- / or () f(y — 1) dt
[t]<p(r)

(1.3.24)
+f or0)f(y — )t
(r)<[tl<A(r)
+/ o) fly—t)dt =T"+I* + I°.
A(r)<Jt|<m
First of all, from Lemma 1.3 we have
sup |I?| <8C, - M f(x). (1.3.25)
|lz—y|<A(r)
0<r<1
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Notice that from the condition TT,(), ) < oo it follows that

A(r) < T, - pu(r)e(r).

Hence, from Lemma 1.5 we get

sup  |I?| < —mfl’/p (M fP ()" (1.3.26)
eylAr) 2P =1
o<r<1

Furthermore, using the definition of u(r), for I; we obtain

I' < ) fly—t
7 L@mw>@ )

()
ﬂmm/ fly—t)dt

w(r)
= 20(r)[lsprllocrns (y, 1(r)) = 2. (rymg (y, u(r)),

where

1

y+t
mut) =5 [ 1flde yeT e 0
y—t

To estimate I; we split the supremum into two parts as we did in Lemma 1.5:
sup  I'< sup 2p.(r)my(y, p(r))
le—y|<p(r)<A(r) lz—y|<p(r)<A(r)

0<r<1 0<r<1

(1.3.27)

- sup  2¢.(r)my(y, p(r))
() <|z—y|<A(r)
o<r<i1

Notice that the second supremum is 77 f(z), which can be estimated due to Lemma 1.4. To

estimate the first one, note that pu(r) < A(r) < Tu(r)e.(r)~? implies
. (r) <TIP. (1.3.28)

On the other hand, from |z — y| < p(r) implies ms(y, pu(r)) < M f(x), which together with

(1.3.27), (1.3.28) and Lemma 1.4 gives

sup [T < 2M/P (M fP ()7 (1.3.29)
lz—y|<p(r)<A(r)
0<r<1

Then, combining (1.3.25), (1.3.26), (1.3.29) and (1.3.24), we get

11/p 4]:[11)/;; P 1/p
Sup (b’l”(y7 f) g 2r[p + 21/p 1 + 8050 (Mf (:U)) Y
RPUS -
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which implies (1.1.5).
To get weak type inequality for ®3, note that
{z eT: ®}(z, f) > t}[ = Hz € T: (D}(=, f))" > "}

< [{x € T: Mf?() > /C?}]

CuCP CuCP?
< ) oy = g,
where Cyy = ||M ||z 1.0 is the weak (1,1) norm of the maximal operator M. O

1.4 The case of L

Proof of Theorem 1.5. Since TT,, = 0, then for any 0 < ¢ < 1/2 we may chose § > 0 and
0 < 7 < 1, such that

SA(r)
/ o(t)dt <e, T<r<l (1.4.1)
—oA(r)

Then we define

pr(w) = r(OA(r)) iE ] < OA(r),

P (x) =
0 if  OA(r) < |z| <.
and
@ (@) = (@) () — ot (@)
P (ill') - (1) - 1-1
lor(x) = @ || 2 r
where

SA(r) 1
er/ (pr(t) —or(OA(r))dt <e < =, T<r<lL.
—5A(r) 2

It is clear, that {307(«2)} is a regular approximate identity and we have

) = o) + (1= 1) o). (1.42)
From (1.4.1) it follows that
OA(r)
[eva=nswa| sl [ civar < sl (1.43)
T G

and
©r(ON(r)) - 20A(r) <e, T<r<lL.
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Thus, using the definition of 907(?) (x), we get

Using this and Theorem 1.1 we conclude, that
lim | P (y—t)f(t)dt = f(x) (1.4.4)
yer)\_();,a:) T

at any Lebesgue point. Now without loss of generality we assume that f(x) > 0. If z is an

arbitrary Lebesgue point, using (1.4.2), (1.4.3) and (1.4.4) we get

limsup @,(y, f) < ¢l flleo + f(2),

r—1

ye/\(rvx)
liminf @, (y, f) > —el|flloe + (1 — ) f ().
yeEN(T,T)

Since € can be taken sufficiently small, we get

lim @, (y, f) = f(z),

r—1

YEA(r,T)

and the theorem is proved. O

Proof of Theorem 1.6. Since TT,, > 0, there exist sequences d; N\, 0 and rp — 1, such that

A (re) T
/ o (O)dt > —= k=1,2,.... (1.4.5)
—5A(rg) 2
Denote
— — | = 1.4

where U? is defined in the Lemma 1.9. Define the sequences of measurable sets E,, by
Ey=Ui, Ey=Ei1AUy= (E1 \Up) U U\ Ep—1), k>1

We say J is an adjacent interval for Fy, if it is a maximal interval containing either in Ej
or (Ex)¢. The family of all this intervals form a covering of whole T. It is easy to observe,

that a suitable selection of d; and r, may provide

J Mo .. .. :
O u < ——, if J is adjacent for Ej_q, (1.4.7)
4 167

o0

’ 20750, [loo
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It is easy to observe, that if & < m, then

g, — g, = |Ex & Enl < > |Uj| (1.4.9)

j>k+1

This implies, that Iz, converges to a function f € L'. Using Egorov's theorem, we conclude
that f = Ig for some measurable set £ C T. Tending m to infinity, from (1.4.8) and (1.4.9)
we get

<21 Yy 4 < LI (1.4.10)

B, AE| < .

U u

ji>k+1

Fix a point x € T. We have v € J where J is an adjacent interval for Ey_;. From the

definition of FEj, it follows that either
EkﬂJ:JﬂUk or EkﬂJ:J\Uk

From (1.4.6) we have

AMrg,x) = (x — AMrg),z + A(rg)) C {x - 4—7r,x + 4—71 :

Nk N

Thus, applying Lemma 1.9, (1.4.5) and (1.4.7), we get
OSC 96)\(7‘k,$) ®’Fk (87 I[Ek)

> OSC e[, s pyn

ng’ ng

] (I)Tk (67 HEk)

T

n

J
> / * ©r, (t)dt — 160y, — 21y, ('—’)
77"5/@ 4

"k

OpA(rg) T
> / or, ()dt — 160;, — —=
—5kA () 8

TT
> > _ 166
= 60y,

where

OSC ,epf(z) = sup |f(z) — f(y)|.

zyel

From (1.4.10) we conclude

OSC ety Pry (0, 15)

Mo _ Tl
> 0OSC 96,\(%@)@%(9,11&) — E > ? — 16(5k,

which completes the proof of the theorem since d; — 0. m
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CHAPTER 2

Littlewood type theorems

2.1 Introduction

In this chapter we generalize Littlewood's theorem for the integrals with general kernels.
Here we remind Littlewood's theorem as well as generalized versions for Blaschke products

and harmonic functions.

Theorem F (Littlewood, 1927). If a continuous function A(r) : [0,1] — R satisfies the

conditions

A1) =0, lim 2 o (2.1.1)

r—)l]_—?"

then there exists a bounded analytic function f(z), z € D, such that the boundary limit

lim f (Tei(”’\(’")))

r—1

does not exist almost everywhere on T.

Theorem G (Lohwater and Piranian, 1957). If a continuous function \(r) satisfies (2.1.1),

then there ezists a Blaschke product B(z) such that the limit

lim B (rei(”’\(”))

r—1

does not exist for any x € T.

Theorem H (Aikawa, 1990). If \(r) is continuous and satisfies the condition (2.1.1), then

there exists a bounded harmonic function u(z) on the unit disc, such that the limit

71}_1;1% u (rei(m+)\(7’)))
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does not exist for any v € T.

In Section 2.2 we construct a characteristic function with Littlewood type divergence

property for general kernels:

Theorem 2.1. Let {p,.} be a family of kernels with &1, &4, ®5. If a function X € C[0,1]

satisfies the conditions A\(1) =0 and

SA(r) 1
IT*(\, ¢) = limsup hmmf/ o (t)dt > —,
s—0 ol SA(r) 2

then there exists a measurable set E C T such that

limsup @, (z + A(r),1g) — lim inf @, (x+ Ar),Ig) > 21T — 1.
r—

r—1

In Section 2.3 we construct a Blaschke product with Littlewood type divergence property

for general kernels:

Theorem 2.2. Let a family of kernels {p,} satisfies @1, @4, &5 and for X € C[0,1] we
have X\(1) = 0 and TT*(\,¢) = 1. Then there ezists a function B € L>*(T), which is the

boundary function of a Blaschke product, such that the limit
lim @, (z + \(r), B)
r—1

does not exist for any v € T.

2.2 Divergence with characteristic function

We consider the sets

O < 21 =9) (2‘7; 5)> CT, (2.2.1)

which will be used in the proofs of both theorems.
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Proof of Theorem 2.1. Using the definition of TT* and the absolute continuity property @5,

we may choose numbers O, ux, vy (k € N), satisfying

5k < 2_k_5, 1>v > up — 1, 3>\(Uk) < /\(Uk) <, (222)
S A(ug)

/ pu (AL >TT - (1—=27%), k=1,2,..., (2.2.3)
—0kA(uk)

/Isor(t)ldt <27, (2.2.4)

where the last bound holds whenever

0<r<uv le]<10m Y /5 (2.2.5)

j>k+1

We will consider the same sequences (2.2.2) with properties (2.2.3)—(2.2.5) in the proof of
Theorem 2.2 as well. We note that {/9; in (2.2.5) is necessary only in the proof of Theorem

2.2, but for Theorem 2.1 just J; is enough. Denote

5%18
Uk = U(nk, 5(5k>, ng = |:m

and define the sequence of measurable sets £y, C T by

} , keN, (2.2.6)

El - Ula (227)

Er_1\ Uy if kis even,
B, = (2.2.8)

E._,uU, if kis odd.
It is easy to observe, that if £ < m, then

g, =T, |l = B & Enl < > [Tl (2.2.9)

j>k+1

This implies that I, converges to a function f in L' norm. Using Egorov's theorem, we
conclude that f = Ig for some measurable set £ C T. Tending m to infinity, from (2.2.9)
we get

EAE|=|E\E)U(EN\E) < Y Ul <107 Y 4. (2.2.10)
Jj=k+1 j=k+1

Take an arbitrary x € T. There exists an integer 1 < jg < ng such that

nk’ N 3

,A<uk>] € Mun), Aug)]
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and therefore, since A(r) is continuous, we may find a number r, u;, < r < vy, such that

Ar)=———ux. (2.2.11)

If £ € N is odd, then according to the definition of Ej we get

E, DU, DI = (7(230 + 55k)’ (2o — 55k)) |

g ng

Thus, using (2.2.3), (2.2.11) as well as the definition of ny from (2.2.6), we conclude

O, (z+ \(r),1g,) > /907«(9(: + A(r) —t)dt

o
I g

57k /N
_ / o0 (1) dt

578k /N

(2.2.12)

Ok A (ug)
> / on(B)dt > TT - (1= 275,
=0 A (uk)

From (2.2.4) and (2.2.10) it follows that
|®, (t,15) — @, (t,15)] <27% teT, 0<r<u,
and hence from (2.2.12) we obtain

limsup @, (z + A(r),Ig) > TT". (2.2.13)

r—1

If £ € N is even, then we have Fj, N U, = @ and therefore E, NI = @. Thus we get

D, (v 4+ A1), Ig,) < /Tgor(zz:—i—)\('r) —t)dt—/l%(:c—l—)\(r) —t)dt

A (ug)
31—/ o (1) dE <1 —TT*(1 — 2%
=0 A (uk)

and similarly we get

lim inf . (z + A(r), Ip) < 1 —TT". (2.2.14)
r—
Relations (2.2.13) and (2.2.14) complete the proof of the theorem. O
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2.3 Divergence with Blaschke product

The following finite Blaschke products

n—1 2mik
Z’n_pn z_pen _\/g/n
b(n,6,2) = ——— =] Zo——, p=e . (2.3.1
( ) pnzn_l gpe2nkz_1 )

play significant role in the proof of Theorem 2.2. Similar products are used in the proof of
theorem Theorem G too. If z = €', then (2.3.1) defines a continuous function in H>(T).

We will use the set U(n,d) defined in (2.2.1). The following lemma shows that on U(n, )

the function (2.3.1) is approximative —1, and outside of U(n, v/9) is approximative 1.

Lemma 2.1. There exists an absolute constant C' > 0 such that

}b (n,(5, eix) + 1‘ <CV5, ze€ U(n,d), (2.3.2)
}b(n,é,em) —1‘ < OV, reT\U(n, \4/3) (2.3.3)

Proof. Deduction of these inequalities based on the inequalities

% <le™ —1| < 2lz|, if |z <7

If x € U(n,J), then we have

’b (n,5, em) + 1| =

(e —1)(p" + 1) < 47
pnein:c _ 1 - 1 _ 6—\/57

o (2.3.4)
em em
< < < OV,
Tevi 17 Vo T
If 2 € T\ U(n, V$), then e = e with 7v/d < |a| < m. Thus we obtain
|b (n s ei;c) _ 1‘ _ (e + 1)(1 — ") _ 2(6\/5 —-1)
° g =T | e — e 235)
- 4V/5 . 4o <oV
leine — 1| — Vo — 1| ~ 7v/6/2 — 2V/6
[

Proof of Theorem 2.2. First we choose numbers dg, ug, vy (k € N), satisfying (2.2.2)—(2.2.4)

with TT* = 1. Then we denote

bk(ﬂi) = b(nk, (Sk, e”), ng = |: :| , k€ N, (236)
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and
By(x) = [ ts(2), Bla)=]]bs(2).
j=1
The convergence of the infinite product follows from the bound (2.3.9), which will be obtained
bellow. Observe that in the process of selection of the numbers (2.2.2) we were free to define
0r > 0 as small as needed. Besides, taking u, to be close to 1 we may get n, as big as
needed. Using these notations and Lemma 2.1, aside of the conditions (2.2.2)—(2.2.4) we

can additionally claim the bounds

w (2w /ng, Br—1) = | slup / |By_1(z) — Br_1(2')] < 27F, (2.3.7)
r—a!| <27 /ng

lbp(z) + 1| < 2% 2 € U(ny, 65;), (2.3.8)

lbe(z) — 1| < 27F, 2 € T\ U(ng, v/61). (2.3.9)

From (2.3.9) we get

|B(z) = By(w)| = | [] bi(x) -1
kel (2.3.10)
< JJ +29)—1<2™ zeT\ U(nj,(*/a_j).
J=k+1 J>k+1

Take an arbitrary z € T. There exists an integer 1 < jo < ny such that

i, [22, 4] o 2 5] [

) )
ne Nk ne N 3

A(uk)} € M), M),

where the inclusions follow from the definition of ny (see (2.3.6)) and from the inequality
3A(vg) < Aug) < 7 coming from (2.2.2). Thus, since A\(r) is continuous, we may find

numbers u; < ' < r” <y, such that

27750 279y 0w
M) = —& — Moy = "L 4+ — —g. 2.3.11
) =T —a M= TR T s (2311)
For the set
e = U U (nj, Y (5]),
ji>k+1
we have



So taking r € [uy, vg], from (2.2.4) and (2.3.10) we conclude
|®, (2, B) — ®.(z, By)|

< [ e = 01B@) - Bulolat + 270 [ ot

e T\e

<2.27Fgpoktl—y. 97k 2T,

If

te T = (=G up), p\(ug)) C (—67”5’“ 67”5’“> ,

T ’ N
then we have
9
o t e U(nk, 65k),

Ny

o
0L T p e T\ Ulny, /00).

N Nk

Then, using these relations, (2.3.8) and (2.3.7), we get

279 279
() o ()
ng U
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On the other hand, using (2.2.3), (2.3.11) and (2.3.13), we get

o
&, (z + A(r'), By) + Bp_1 ( ;”0) ‘
k

B /Wr' (8)Bi(z + A(r') — t)dt + By (M)’

N

ool (52 ()

- - (2.3.15)
< /W@) {Bk (ﬂ - t) + By <ﬂ>} dt'
I n ny
27 Jo 2mjo
+ [ o) |Be [ =2 —t) +Boy | —2) | at
Ic Ny Ny,
< 27k /W(t)dt +2.27F <4927k
I
Similarly, using (2.3.14), we conclude
o
‘(I)T,, (x + A("), B) — Byy (ﬂ) ‘ <4.27% (2.3.16)
ng

From (2.3.12), (2.3.15) and (2.3.16) it follows that
D+ A1), B) = By (4 A("), B) > 1—16-27F,

which implies the divergence of ®,(x + A(r), B) at a point x. The theorem is proved. O

20



CHAPTER 3

Differentiation bases in R"

3.1 Introduction

This chapter is devoted to differentiation bases in R”, which is defined as follows:

Definition 3.1. A family B of bounded, positively measured sets from R™ is said to be a
differentiation basis (or simply basis), if for any point x € R™ there exists a sequence of sets

Ey € B such that x € Ey, k=1,2,... and diam(Ey) — 0 as k — oo.

We remind the classical theorems determining the optimal Orlicz space for the functions

having almost everywhere differentiable integrals with respect to the bases of rectangles R".
Theorem I (Jessen—Marcinkiewicz—Zygmund, [15]). L(1 +log™ L) }(R") C F(R").
Theorem J (Saks, [35]). If the convex function U : RT — RT satisfies

U(t) = o(tlog"'t) ast — oo,

then W(L)(R™) ¢ F(R"™). Moreover, there exists a positive function f € W(L)(R") such that

drn(x, f) = 0o everywhere.

The optimal Orlicz space remains the same if we consider the basis DR" instead of R™.
The first part follows from the embedding L(1 + log™ L)""}(R") ¢ F(R") C F(DR") and

the second can be deduced from the following

Theorem K (Zerekidze, [42] (see also [43, 44])). FT(DR") = F*(R").
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However, the set of functions having almost everywhere differentiable integrals with re-
spect to these bases can differ. In Section 3.3 we prove that the condition yo < oo is
necessary and sufficient for the full equivalency of rare dyadic basis PR3 and complete

dyadic bases DR".

Theorem 3.1. If A = {1} is an increasing sequence of positive integers with

Ya = sup(Vgs1 — Vi) < 00,
keN

then

F(DR3) = F(DR?).

Theorem 3.2. If A = {v,} is an increasing sequence of positive integers with yao = 0o, then

there exists a function f € F(DRA) such that

ﬁ/}%f(t) dt‘ o

lim sup
len(R)—0, t€ REDR?

for any x € R™.

In Section 3.4 we prove that two quasi-equivalent subbases of some density basis differ-
entiate the same class of non-negative functions. In Section 3.5 we apply this theorem for

bases formed of rectangles.

Definition 3.2. A basis B is said to be density basis if B differentiates the integral of any

characteristic function Ig of measurable set E:

dp(z,Ig) = 0 at almost every x € R".

We will say that the basis B differentiates a class of functions F, if basis B differentiates the

integrals of all functions of F.

Definition 3.3. Let By, Bs C B be subbases. We will say that basis By is quasi-coverable by

basis By (with respect to basis B) if for any R € By there exist Ry, € By, k=1,2,...,p and
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R’ € B such that

p
RCRCR, R=|JR (3.1.1)
k=1
diam(R') < c¢-diam(R), |R'|<c¢|Ry|, k=1,2,...,p, (3.1.2)
p
> Rl <¢|R|, |R| < c|R|, (3.1.3)
k=1

where constant ¢ > 1 depends only on bases By, By and B. We will say two bases are quasi-

equivalent if they are quasi-coverable with respect to each other.

Theorem 3.3. Let By and By be subbases of density basis B formed of open sets from R™.

If the bases By and By are quasi-equivalent with respect to B then

FH(By) = FH(By).

3.2 Some definitions and auxiliary lemmas

Denote by E and E the closure and the interior of a set £ C R2 respectively, [ denotes
the indicator function of E. For a given rectangle R € R? we denote by len(R) the length

of the bigger side of R. A set & C R? is said to be simple, if it can be written as a union of

1—1 1 j—1 3 o
— — Z.
|: 2n 7271) >< { 2n ’2”) Y Z’j’ne

If n is the minimal integer with this relation, then we write wd(E) = 2. Note that if E is

squares of the form

a dyadic rectangle, then wd(E) coincides with the length of the smaller side of E. If E'is a

square, then len(£) = wd(F). Denote

ERE JJ 1

U { 2k+1) % [§,§+ an)> (3.2.1)
k=0

l

2
n—1
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and define the sets
E(n) = Eoo(ﬂ) U E()l (77/) U Elo(n) U Ell(n), (322)
Introduce the functions
u(x’ n) = (TL + 1)27172 (I[Foo(n) (%) + ]IFll(n)(x) - ]]:FIO(”)<:U> - HFOl(n) (.1')) , neN,
U(x) = H(0,1/2)x(0,1/2)(117) + H(1/2,1)x(1/2,1)($) - ]I(o,l/z)x(l/z,l)($) - ]1(1/2,1)><(0,1/2) ($)

Let w € Q2% be an arbitrary square and ¢, be the linear transformation of R? taking w onto
unit square [0,1)> C R? For an arbitrary function f(z) defined on [0,1)% and for a set

E C [0,1)* we define

fol@) = f(du(x)), E,= (¢w)_1(E) C w.

We have
supp (uy,(x,n)) = F,(n), (3.2.4)
supp (v,(7)) = w, (3.2.5)
B = Py = 5.26)
wd (E,(n)) = wd (F,(n)) = wd(w) - 27". (3.2.7)

Simple calculations show that

n+1
e, )y = [Ew(n)] = —=1wl, (3.2.8)

v ()1 = |wl. (3.2.9)

Then observe that, if w € DQ? is a dyadic square, then for any point 2 € E,(n) there exists

a dyadic rectangle R(r) € DR? with

1 - n+1 . . ;
|R(x)] /R(x) uw(z,n)de| = ——, = € R(z) C Eu(n), (3.2.10)
wd(R(z)) = wd(w) - 27 (3.2.11)
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Moreover, the rectangle R(x) coincides with (¢,) '-image of one of the representation rect-

angles from (3.2.1). Similarly, if w € DQ?, then

il
vy(x)dz| =1, z € R(x) Cw, (3.2.12)
|R()| R(z)
d
wd(R(z)) = & 2(""). (3.2.13)
for some square R(x) with |R(x)| = |w|/4. In this case R(x) coincides with one of the four

squares forming w.

The following simple lemma has been proved in [?, 17].

Lemma 3.1. Let Q € DQ? be an arbitrary dyadic square, f(z) = f(x1,15) € L*(R?) be a

function with supp f(x) C @ and

/f(asl,t)dt:/f(t,xg)dtzo, x1, 72 € R. (3.2.14)
R R

Then for any dyadic rectangle R € DR? satisfying R 7 @ we have

/ f(&)dz = 0. (3.2.15)

Proof. We suppose

Q= [041,51) X [062,52)a R = [alabl) X [ambz)-

If RN@ = @, then (3.2.15) is trivial. Otherwise we will have either [aq, 51) C [a1,b1) or

[ag, B2) C [ag,by). In the first case, using (3.2.14), we get

b2
/f dx—/ fxl,mg ) dxy dxs

ba
/ f ZL‘l,ZEQ) dl’l de’Q
as aq

:/@ (/Rf(xl,m)d:vl) diy = 0.

The second case is proved similarly. ]

95



Lemma 3.2. Let m be a positive integer and QQ be a dyadic square. Then for any simple set

E ¢ [0,1)2, there exists a finite family Q of dyadic squares w C Q such that

E,NE, =9, w#uw,

min wd(w) = wd(Q) - (wd(£))™,

weN

Q\ [ E.

we

= QI —[EN™.

Proof. Define a sequence of sets Gy, k =1,2,...,m, with
Q=G DG, D...DG,,
and finite families of dyadic squares Qp C DQ? k =1,2,...,m + 1, such that

wd(w) = wd(Q) - (wd(E))* ™, weQ, k=1,2,...,m+1,

G = U w, k=1,2,....m+1,

weNy,

Ge=Gra\ |J Bo= |J W\E,), k=2..m+L

WENK 1 wEN 1

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)

We do it by induction. For the first step of induction we take just G; = @) and let €); consist

of a single rectangle (). Suppose we have already chosen the sets G5, and the families €2, for

k=1,2,...,p, satisfying (3.2.19)—(3.2.22). Set

GP—HZGP\ U E, = U (W\Ew)-

wey wep

From the induction hypothesis of (3.2.20) it follows that

wd (w\ E,) = wd(w) - wd(E) = wd(Q) - (wd(E))?.

Hence we conclude that G, is a union of dyadic squares with side lengths wd(Q) - (wd(E))?

and we define the family 2,1 as a collection of these squares. Thus we get Gp11 and Q44

satisfying the conditions (3.2.19)—(3.2.22) for k = p+1, that completes the induction process.

Applying (3.2.8), (3.2.21) and (3.2.22) we obtain

Gul = 1G] = | | EBo| =1Giaa] = [ENIGia| = (1 |E]) |Grm

wENK_1
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and therefore
|G| = (1= [E))™ Q. (3.2.23)

Obviously the family of squares 2 = UZ‘:lle satisfies the hypothesis of the lemma. Indeed,

suppose w,w’ € ) are arbitrary squares. If w,w’ €  for some k, then according to (3.2.20)

we have w Nw' = @ and so (3.2.16). If w € Q, ' € Q and k < k', then

E, C W' C Gy,

EMCGk\Gk+1:>Emek/:®.

Thus we again get (3.2.16). The condition (3.2.17) immediately follows from (3.2.20), and

(3.2.18) follows from (3.2.23) and from the relation

m+1 m+1
UE|=|U U &|=|U G\ G| =10\ Gl = 1011 - (1~ |BI)").
we k=1 we k=1

]

Lemma 3.3. Let L > 1 be a positive integer and Q € DQ? be a dyadic square. Then there

ezist a function f € L=(R?), numbers a(L) € N and S(L) > 0, depended on L, such that

supp f C @, (3.2.24)
1 flloe < B(L), (3.2.25)
2|Q)|
|supp f| < (L) (3.2.26)
wd(supp f) > wd(Q) - 27, (3.2.27)
/ flz)dz =0, ReDR? R¢Q, (3.2.28)
R

and for any point x € Q) there exists a rectangle R(x) C Q) satisfying

wd(R(x)) > wd(Q) - 275 (3.2.29)
! / f(t)dt‘ ) (3.2.30)
|R(%)| |/ R T o
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Proof. Let n = 2L and denote

a(L) =n(2"+1), B(L)=(n+1)2"72, (3.2.31)
m = m(r) = | 2mnE 12 1 in —29W2)| Ly on (3.2.32)

Let E = E(n) be the set defined in (3.2.2). We have |E(n)| = (n+1)/2" and wd(E(n)) = 27"
Applying Lemma 3.2, we may find family € of dyadic squares w C ) with properties
(3.2.16)—(3.2.18). Set

G=|JE.(n), Gi=Q\G. (3.2.33)

we
According to (3.2.18), (3.2.31) and (3.2.32), we have

Gil = (1= [E())™ Q] = (1—”;1) 'Q’<6|<i|>

From (3.2.17) and (3.2.32) it follows that

G1: Uw,

wey
where €2, is a family of squares with

min wd(w) = min wd(w) = wd(Q) - (wd(E(n)))™ > wd(Q) - 27", (3.2.34)

weN we

Define

fl@) = uo(z,n)+B(L) D vu(x) = g(x) + gi(x).

weN we

Clearly this function satisfies (3.2.24) and (3.2.25). Then, we have

suppg = | Fu(n) C G, suppgi = G,
weN

supp f = supp g|_Jsupp g1.

This together with (3.2.6) and (3.2.33) implies

supp £ = | 1Fu(n)] + |G1|

we

1

e — E,(n)|+ |G

_ 1 2|Q)|
= W|G| + G| < 3L
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and therefore we get (3.2.26). Using (3.2.34), we obtain
wilsupp g) 2 migwie) - wd(F(n)) = wd(@) 27" = wa(Q) -2,
we
wd(suppgy) > min wl(w) > wd(@) -2 > wd(@) - 24,
welly

and therefore we get (3.2.27). The condition (3.2.28) follows from Lemma 3.1, since f(z)
satisfies the condition (3.2.14) according the definitions of functions u,(z,n) and v, (z). To
prove (3.2.30) we take an arbitrary point z € ). We have either z € G or € G;. In the
first case we will have € E,(n) for some square w € §2. By (3.2.10) there exists a dyadic

rectangle R = R(x), x € R C E,(n), such that

1 n+1
/Rf(t)dt‘ = R /Ruw(t,n)dt’ = > L.

2
In the second case from (3.2.12) we obtain

/R f(t)dt‘ - %)

for some square R = R(z), x € R C w. Obviously in any case R(x) satisfies (3.2.29). Lemma

1
R

1
" / vw(t)dt‘ > o
R

is proved. O

3.3 Dyadic rectangles in R?

Proof of Theorem 3.1. Let A = {v}} be a sequence with yo < 0o. Suppose conversely, we

have

F(DRA) \ F(DR?) # @.

That means there exist a function f € Lj,.(R?), a number o > 0 and a set £ C R" with

|E| > 0 such that

opra (z, f) =0, ae, (3.3.1)

dpr2(z, f) >, z€E, (3.3.2)
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According to (3.3.1) for almost any = € R? one can choose a number §(x) > 0 such that the
conditions

r € ReDRA, len(R) < §(x),

'ﬁ/}{f—f@)

For some 6 > 0 the set F' = {x € E: §(x) > 0} C E has positive measure. Then, using the

imply

«
< —. 3.3.3
: (33.3)

representation

F= U{xeF —<f() @}

JEZL

we find a set

G = {GF ‘%<f() W}czf (3.3.4)

having positive measure. Combining (3.3.2), (3.3.3) and (3.3.4), we will have

dope(@, f) > e wE G (3.3.5)
’ A / f=[f(= % if v € RNG, R € DR*(A), len(R) < 4, (3.3.6)
|f<x>—f<y>rs% .

z,yeG

Since almost all points of G are density points, we may fix o € G with

: |IRN G|
lim

=1.
len(R)—0,z0cReDR? | R

Using this relation and (3.3.5), we find a rectangle

,_(p—1 p q—1 q
el )

such that
1o € R € DR? len(R) <6, (3.3.8)
1
‘ - f—flzo)| > a, (3.3.9)
[B'| Jr
|IR'NG| > (1—47)|R/, (3.3.10)
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Besides, we may suppose
Ug—1 <N < Vg, Vg1 <m < Vg, (3.3.11)

for some integers t and s. This and the definition of v imply that R’ is a union of rectangles

of the form

i—1 =1 )
|:2th 72’/_7%) X |:2Vk5 72’/_1%) GDRAv

and from (3.3.9) it follows that at least for one of these rectangles, say R”, we have

f— f(x0)

1
‘W o > Q. (3312)

From the definition of yA and (3.3.11) we get

1 1 1
7| =

= . > Rl - 4774,
WhyTVhs — QUkyHVks —Vk—1"Vks—1  Qntm — |R| 4

From this and (3.3.10) we obtain R" NG # &. Take a point z; € R" N G. From (3.3.7) and

(3.3.12) we get

f—f(z1)

1 a
> ‘W/R”f—f(mo) — |f (@) = fo)| > 5. (3.3.13)

On the other hand we have 7; € R" NG, R € DRA, len(R") < len(R') < &, and therefore

i f 7

The last relation together with (3.3.13) gives a contradiction, which completes the proof of

1
[R"| S

by (3.3.6) we obtain

< a/2.

the theorem. O

Proof of Theorem 3.2. Now we suppose ya = oo, which means there exists a sequence of

integers p, " oo such that

lim (v, +1 — 1) = 00. (3.3.14)
k—o0
Using this relation, we may find sequences of integers L and [, k = 1,2, ..., such that
lpo1 >k + a(Lk), k=1,2,..., (3315)
Uy, <l <lo+ (L) <vps1, k=12, (3.3.16)
Lig1 > 28 (B(Ly) + k) k=1,2,..., (3.3.17)
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where o(L) and (L) are the constants taken from Lemma 3.3. Applying Lemma 3.3 for the

numbers L = Ly, [ = [, and for the square

AN T -
Q_sz_|:21k ’2lk)xl2lk 72lk)7 1§/La]§2 9
we get functions f; € L>°(R?) satisfying the conditions

k k
supp f;; C Qija

1£5llse < B(L),
2|Qy|
B(Li)’

wd(supp ff) > 27w,

|supp 1];| <

/ k(a)de =0, ReDR:, R¢ QL
R
and for any point x € ij there exists a dyadic rectangle Ry(x) C ij with

w(Ry()) > 27500,

| Ry ()] Ry () !
Define the function
2k
ij=1

From the relations (3.3.18)—(3.3.24) we conclude

2
supp | < ——,
supp Fil < 2775

wd(supp F) > 27w,

[Eklloo < B(L),

/ Fy(z)dr =0, R & DR?* len(R)>27",
R

(3.3.18)
(3.3.19)
(3.3.20)

(3.3.21)

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)

(3.3.26)
(3.3.27)

(3.3.28)

and for any point x € [0,1)? there exists a dyadic rectangle Ry (x) C [0,1)? such that

275 > len(Ry(x)) > wd(Ry,(z)) > 27—,

1
/ Fk(t)dt‘ > L.
Ry (x)
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Denote

- i Filz) (3.3.31)

k=1
From (3.3.25) and (3.3.16) it follows that ||Fg||; < 2 and so |F||; < 2. Let x € [0,1)? be an

arbitrary point. From the relations (3.3.15) and (3.3.29) we get len(Ry(x)) > 27+ > 27k

if j > k. Thus, using (3.3.28), we obtain

/ F;(t)dt =0, j>k. (3.3.32)
Ry (2)

On the other hand the relations (3.3.27) and (3.3.17) imply

Rl r/Rk Z S

From (3.3.30), (3.3.32) and (3.3.33) we get the inequality

L
< B(Lp_y) < 2’“ k> 2. (3.3.33)

1 1 L, Ly
Ft )dt' / Rt )dt’ e D
‘\Rk( N J Be@) [Ry.(z)] Ri(x) 2 2
which yields
1
lim sup —/F(t)dt‘ =00, x€]0,1)% (3.3.34)
len(R)—0, z€ REDR? ’R| R

Now take an arbitrary rectangle R € DR3A. We have
len(R) = 27" > wd(R) = 27". (3.3.35)

From (3.3.28) we get

/RFj(t)dt =0 if l; > 1. (3.3.36)
On the other hand if [; < 14, then from (3.3.16) it follows that
L+ (L) <y
and therefore by (3.3.26) we get
wd(supp (F})) > 27li—ol) > 97, (3.3.37)
Thus, using simple properties of dyadic rectangles, we conclude that

l; < vg, R ¢ supp (F;) = RNsupp (F)) = . (3.3.38)
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Consider the sets

Gi={ze[0,1)?: 0r(x,[)=0,k=1,2,...},

U N (0.2 \sun ().

k=1j:1;>vg

G =G NG,

Since F(z) is bounded, the equality oz (x, Fy) = 0 holds almost everywhere and so |G| = 1.
From (3.3.25) it follows that |G| = 1 and therefore we get |G| = 1. Take an arbitrary point
x € G. We have

x & supp (F}), > ko, (3.3.39)

for some ko. Consider the rectangle R € DRA such that z € R. Suppose we have (3.3.35)

and k > ko. Then form (3.3.38) and (3.3.39) we get
RNsupp (F;) =@, if j > ko and 1; < vy, (3.3.40)

From (3.3.36) and (3.3.40) we conclude

1 fo
— [ Fydt=3" —
|R\/R () “~ 2R

Thus we obtain

N Fi(x
lim = 3.3.41
len(R)—0, 7€ REDRA |R| / ; ( )
On the other hand (3.3.39) implies
ko
F

=y e (3.3.42)

j=1

From (3.3.41) and (3.3.42) we conclude that F' € F(DRZ) and supp F C [0,1)2. To have a

function f defined on entire R? we set

f(@) = flzr,22) = F({a1}, {22}), x€R

Clearly f € F(DRZ%) and (3.3.34) holds for any x € R O

64



3.4 Quasi-equivalent bases in R"

Proof of Theorem 3.3. First, let us suppose that
FH(B)\ FH(B,) # 2.
That means there exists a non-negative function f € Lj,.(R™) such that

o, (x, f) =0, a.e, (3.4.1)

o, (x, f) >0, z€kE, (3.4.2)

where |E;| > 0. From (3.4.2) it follows that there exist such positive numbers o and ~y that
the set

Ey={x e R": og,(z, f) >, 0 < f(z) <7} (3.4.3)
has positive measure. Set f = f, + f7, where

flx), if0< flz) <7,
0, if f(x) > .

fy(@) =

Since By C B is density basis, then it differentiates L and therefore differentiates f., € L,
namely we have dz,(z, f,) = 0 almost everywhere. Denote by Ej5 the subset of E, where
0, (x, fy) = 0. Clearly |Es| = |Es| > 0. From this we can deduce that if z € E3 C Ej then
0, (x, f) = dp,(x, f7) and fY(x) =0, since 0 < f(x) <. Furthermore, using (3.4.1), we get

set Ey C Fj3 of positive measure such that for any x € E,

g, (2, f7) >, f7(z) =0, (3.4.4)

681 (:C7 f’Y) = 07 (345)

According to (3.4.5) for any © € E, one can choose a number §(z) > 0 such that the

conditions

r€ ReB, diam(R)<d(zx),
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imply

1
T /R £ (u) du < n,

where > 0 will be conveniently chosen later. For some ¢ > 0 the set G = {x € E,: 6(x) >

0} has positive measure. Thus, we have transformed (3.4.4) and (3.4.5) into

o, (z, f7) > a, fl(x) =0, ifzegd, (3.4.6)

1
E/ ff(w)du<n, it RNG # @, R € By, diam(R) < 4. (3.4.7)
R

Since B differentiates I, hence we may fix o € G with

IRNG]|
im =1,
diam(R)—0,z0€ReB | R)|

which means that for any ¢ > 0 there exists o(¢) such that diam(R) < o(¢) and g € R € B

imply |[R NG| > (1 —¢)|R|. Using this relation and (3.4.6), we can fix such R that

rg € Re€ By, diam(R) < %min (0’ (%) ,5) , (3.4.8)
|%|/Rf“’(u) du > «, (3.4.9)

As we have that basis Bs is quasi-coverable with By, then for R € By we can fix R’ € B and
Ry € By, k=1,2,...,psuch that (3.1.1),(3.1.2) and (3.1.3) hold. From this and (3.4.8) we
get

1
v9o € R € B, diam(R) <o (—) ;

c
which implies

1
IR’ NG| > (1 - E) IR (3.4.10)

which together with (3.1.2) gives that there exists 2, € R, NG, k = 1,2,...,p. Now,
since each Ry contains some point from G, we can use (3.4.7) and come to contradiction
against (3.4.9). Namely, combining (3.4.7), (3.4.8) and (3.1.2) we have x, € Ry NG, Ry, €

B1, diam(Ry) < § and therefore

1
[ 7(u)du<n7 /{ZZl,Z,...,TTL
| Re| J R,
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which together with (3.1.3) implies

/R £ () du < /R > Tny (1) (0) du
— Z f(u) du < nz | Ri| < ne|R|
k=1 " Bk k

and
! / f(u)du < ne
— u .
1Bl /&
On the other hand, from non-negativity of function f7 and from (3.4.9),(3.1.3) it follows

1 |R| 1 a
— T(u)du > — - — T(u) du > —
|R|/Rf() > |R|/Rf() >

which is impossible if choose 7 < &. Thus we have proved that F*(By) C F*(By).
In the same way we can prove the inverse inclusion F*(By) C F*(Bj). Therefore the

theorem is proved. [

3.5 Applications

In this section we give several corollaries from Theorem 3.3 for bases formed of rectangles.
First of all, notice that if we change the sets of some basis B by arbitrary sets of measure
zero, then we get a new basis B with the same differentiation properties as 8. In particular,
op(x, f) = 0g(x, f) for any x € R™ and f € Lj,(R"). The reason for this is that we use
Lebesgue integral, which is consistent if we modify the domain of integration by a set of
measure zero. Hence, we can extend Theorem 3.3 for bases formed of bounded sets, which
are open up to a set of measure zero.

It is well known that the basis of all rectangles R" differentiates L>*(R"), i.e. it is a
density basis. Therefore we can apply Theorem 3.3 for B = R"™ and get a criteria for two

bases formed of rectangles differentiating the same class of non-negative functions:

Corollary 3.1. If bases Ry and Ry formed of rectangles in R™ are quasi-equivalent, then
FTH(Ry) = FT(Ry).
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Let Q = {w}}2, be finite family of sequences with
wj, —0ask—oofori=12... n. (3.5.1)
Define the basis Rq as a family of rectangles of the form

[(mi — l)w,ii,miw,ii) , miEeZ, keN i=12, ..., n.

i=1

and the basis Rq as a family of rectangles with side lengths ;,i = 1,2, ..., n satisfying
c1 w}% <l SCQ‘W}ii, kieN, i=1,2,...,n.

Then, it can be shown that the bases R and R, are quasi-equivalent. Therefore

Corollary 3.2. For any Q2 with (3.5.1)
FH(Rq) = FH(Raq).

Corollary 3.3. If the family of sequences €2 satisfies

Wi
max sup —— < oo, (3.5.2)
250N

then

FH(Rg) = FH(RM). (3.5.3)

Proof. Denote by ~ the finite quantity of the left hand side of (3.5.2). Then for coefficients
¢g =1 and ¢; = v+ 1 we have FT(Rg) = F(R"). Hence from the theorem we deduce

(3.5.3). 0

Finally, if we take w = 27" k € N, ¢ = 1,2,...,n, where A = {y : k > 1} is
an increasing sequence of positive integers, the basis R becomes the basis of all dyadic

rectangles DR\ corresponding to the sequence A.

Corollary 3.4. If the sequence A = {v} satisfies ya < 00, then
FHDRL) = FH(R™).
Particularly, if we take A =N, we get Theorem K.
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Conclusion

The thesis comprises three chapters.

In Chapter 1, it is investigated generalizations of the theorem of Fatou for convolution
type integral operators with general approximate identities. It is introduced A(r)—convergence,
which is a generalization of non-tangential convergence in the unit disc. The connections
between general approximate identities and optimal convergence regions for such operators

are described in different functional spaces.

1. It is found a necessary and sufficient condition on A(r) that ensures almost everywhere
A(r)—convergence for convolution type integral operators in both spaces of bounded
measures and integrable functions. Moreover, in the case of bounded measures, the
convergence occurs at any point where the measure is differentiable. In the case of

integrable functions, the convergence occurs at any Lebesgue point of the function.

2. It is discovered a necessary and sufficient condition on A(r) that provides almost ev-
erywhere A(r)—convergence for the same convolution type integral operators in the
space of essentially bounded functions. Additionally, the convergence occurs at any

Lebesgue point of the function.

In Chapter 2, it is studied some generalizations of the theorem of Littlewood, which makes
an important complement to the theorem of Fatou, constructing analytic function possesing
almost everywhere divergent property along a given tangential curve. The same convolution
type integral operators are considered with more general kernels than approximate identities.
Two kinds of generalizations of the theorem of Littlewood are obtained possessing everywhere

divergent property.

3. Under general assumptions, it is constructed a characteristic function such that the

69



convolution with general kernels possesses everywhere divergent property along a given
tangential curve. Particularly, it is proved that there exists a bounded harmonic func-

tion having everywhere strong divergent property along a given tangential curve.

4. Under general assumptions, it is constructed a bounded function, which is the boundary
values of some Blaschke product, such that the convolution with general kernels owns

everywhere divergent property along a given tangential curve.

Chapter 3 is devoted to some questions of equivalency of differentiation bases in R™. The
full equivalence of basis of rare dyadic rectangles and the basis of complete dyadic rectangles
in R? is investigated. It is introduced quasi-equivalence between two differentiation bases in

R™ and is considered the set of functions that such bases differentiate.

5. It is found a necessary and sufficient condition for the full equivalence of basis of rare

dyadic rectangles and the basis of complete dyadic rectangles in R2.

6. It is proved that two quasi-equivalent bases of some density basis in R" differentiate

the same set of non-negative functions.
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