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Overview

Relevance of the topic. In spectral theory of differential operators has been

profoundly studied for the Sturm-Liouville problem. The first studies of such prob-
lems were performed by D. Bernoulli, J. d’Alembert, L. Euler in connection with the
solution of the problem describing the vibration of a string. In a series of articles,
dating from 1836-37, Sturm [24, 25] and Liouville [16] created a whole new subject
in mathematical analysis. The Sturm-Liouville theory gave the first theorems on
eigenvalue problems and as such it occupies a central place in the prehistory of func-
tional analysis. The inverse problems as a separate branch of mathematics occurred
from a work of V.A. Ambarzumian in 1929 ([1]), which in its turn was under the
influence of quantum mechanics. Such problems often appear in mathematics, me-
chanics, physics, electronics, geophysics, meteorology and other branches of natural
sciences. From the 1940’s an excellent group of mathematicians: Borg, Levinson,
Marchenko, Krein, Gelfand, Levitan, and others (see, e.g., [2, 12, 17, 18, 6, 13]),
constructed a very rich theory of inverse problems connected with the equation of
Sturm-Liuoville (Schrodinger), which used elegant results of different fields of math-
ematics, as the theory of operators, real and complex analysis, the theory of integral
equations, etc., and developed them. Interest in this subject has been increasing
permanently because of the appearance of new important applications, and nowa-
days the inverse problem theory develops intensively all over the world (see, e.g.
journal ”Inverse Problems”).

The Dirac equation is a relativistic wave equation derived by British physicist
Paul Dirac in 1928. It describes all spin-1/2 massive particles such as electrons and
quarks (see [26]). It is consistent with both the principles of quantum mechanics
and the theory of special relativity, and was the first theory to account fully for
special relativity in the context of quantum mechanics. It is the system of partial
differential equations, where unknown is 4-component vector-function. In the case
of spherical-symmetric potential it reduces to ordinary differential system. From the
end of 1950’s and the beginning of 1960’s also began the study of inverse problems
for the Dirac equation (see, e.g. [20, 23, 28, 5]).

Goals. Find necessary and sufficient conditions for two sequences to be the set
of eigenvalues and the set of norming constants of a Sturm-Liouville problem with

in advance fixed boundary conditions. Generalize uniqueness theorems of Am-
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barzumyan and Marchenko. Investigate uniqueness theorems with the lowest eigen-
value.

Give the description of the isospectral Dirac operators on a finite interval in
explicit form. Investigate the eigenvalues and eigenfunctions for Dirac operators
with linear potential on whole and half axes. Give perturbations of Dirac operators
with linear potential, when one add or subtract finite number of eigenvalues and
scale the values of norming constants. Find formulae for eigenvalues’ gradient on a
finite interval and on half axis.

Research methods. Methods of theory of differential and integral equations,

real and complex analysis.

Scientific novelty. All results are new and are the following:

1. The necessary and sufficient conditions for two sequences {\2}° , and {a,, }5°,
to be correspondingly the set of eigenvalues and the set of norming constants
of a Sturm-Liouville problem with a real summable potential ¢ and in advance

fixed separated boundary conditions are found.

2. Connections of the set of norming constants and boundary parameters a and

B are found.

3. A uniqueness theorem with the lowest eigenvalue (g, «, 3) for inverse Sturm-

Liouville problem is proved.

4. The bounds for the lowest eigenvalue pg(q, ., 8) Sturm-Liouville problem are

found.

5. It is shown, that there is a set of boundary conditions for which a generaliza-

tion of Ambarzumyan’s theorem is valid.

6. A new kind of uniqueness theorem, in some sense a generalization of Marchenko’s
theorem, conditioned by inequalities for inverse Sturm-Liouville problem is
provided and proved. And other uniqueness theorems with inequalities are

proved.

7. The description of all isospectral Dirac operators (on a finite interval), in
explicit form and only in terms of the normalized eigenfunctions of the initial

operator, is given.



8. The eigenvalues and eigenfunctions for Dirac operators with linear potential

on whole and half axes are found in explicit form.

9. Perturbations of Dirac operators with linear potential (when one add or sub-
tract finite number of eigenvalues and scale the values of norming constants)

are constructed.

10. The concept of eigenvalues’ gradient is given and formulae for this gradient

are obtained on a finite interval and on an half axis.

11. The concept of eigenvalues’ derivative with respect to canonical matrix-potential
is introduced and shown how it is used for describing the isospectral Dirac

operators or when finite number of spectral data is changed.

Theoretical and practical value. All the results and developed methods rep-

resent theoretical interest.

Approbation of results. Most of the results were reported in the following

conferences:

in seminars of the chair of Differential Equations, ” Annual sessions of the Ar-
menian Mathematical Union (AMU)” - 2013, 2015 and 2016 (Yerevan, Armenia).
”Second International Conference 'Mathematics in Armenia: Advances and Per-
spectives” (Tsaghkadzor, Armenia, 2013). "IV annual conference of the Georgian
Mathematical Union dedicated to academician V. Kupradze on his 110-th birth-
day anniversary” (Thilisi, Batumi, Georgia, 2013). ”Eight International Summer
School on Geometry, Mechanics and Control”, (Miraflores de la Sierra, Spain, 2014).
”Inverse Problems: from Theory to Application” (Bristol, United Kingdom, 2014).

Publications. Main results of the thesis are published in 15 works (8 papers and
7 conference abstracts), which are listed at the end of references.

Structure and volume of the thesis. The thesis consists of preface, two chap-

ters each has three sections, conclusion and bibliography with 68 items. Total

number of pages is 87.



The content of the work

The Chapter 1 is devoted to Inverse Sturm-Liouville Problems (ISLP) on a finite
interval.

In spectral theory of differential operators has been profoundly studied the Sturm-
Liouville problem (SLP):

ty = —y" +q(x)y = py, z € (0,m), (0.1)
y(0) cosa + y'(0) sina = 0, a € (0, ], (0.2)
y(m)cos B+ y'(m)sin 8 =0, B € [0,m), (0.3)

which we denote by L(q,«, 3), where u € C is the spectral parameter and q is a
real-valued, summable function ¢ € L} [0, w]. At the same time, by L(q, , 3) we also
denote the self-adjoint operator, generated by this problem (0.1)-(0.3) in Hilbert
space L? [0, 7] (see, e.g. [21, 19, 14]).

It is known, that the spectrum of the operator L(gq, a, 3) is discrete and consists
of countable real, simple eigenvalues (see, e.g. [19, 29, 8]), which we denote by
tn = pn(g, @, 8), n = 0,1,2,..., emphasizing the dependence of u, on ¢, o and
B. Let (z,p) = ¢z, u, o, q) and Y(x, u) = ¥(z, p, B, q) are the solutions of the

equation (0.1), which satisfy the initial conditions

w(ovﬂaoﬁ(]) = sin «, <p/(oa“,avq) = —cosa,
1/J(777Ma57Q):Sin57 w/(WaMaB,Q):—Cosﬁa

respectively. The functions ¢(z, u,) and ¥(z, uy,), n > 0, are the eigenfunctions,
corresponding to the eigenvalue u,,. The squares of the L2-norm of these eigenfunc-

tions:
tn = an(g, , B) :=/ Pl )de,  n=0,1,2,...,
0
bn:bn(q7a7/3) ::/ /ll)2(x7/'tn)dx7 n2071727"'7
0

are called norming constants. Since all the eigenvalues are simple, there exist con-
stants k, = kn(q,a,8) #0,n=0,1,2,..., such that

@(xvﬂn) = Kn 'l/f(il',/.in)
6



The sequences {1, }22 o, {an}i2y , {bn}52 and {k,}22, are called spectral data
(besides these, there are other quantities, which are also called spectral data).

In general, the inverse spectral problem is to reconstruct the operator by some
spectral data. Such problems often appear in mathematics, mechanics, physics,
electronics, geophysics, meteorology and other branches of natural sciences. In-
terest in this subject has been increasing permanently because of the appearance
of new important applications, and nowadays the inverse problem theory develops
intensively all over the world.

In the cases sina # 0 or/and sin 8 # 0, often as norming constants is being

G, 7 bn
—o—andby = -5
sin” av sin” 8
In Section 1.2 we describe the necessary and sufficient conditions for two sequences

considered the quantities a,, =

{2y = {A2}°, and {a,}%, (the case sina # 0) to be correspondingly the
set of eigenvalues and the set of norming constants of a Sturm-Liouville problem
with real summable potential ¢ and in advance fixed separated boundary conditions.

More precisely, we proof the following:

Theorem 1 For a real increasing sequence {\2}°°_, and a positive sequence {an }5
to be spectral data for boundary-value problem L(q, v, B) with a ¢ € LL[0, 7] and fized
a, B € (0,7) it is necessary and sufficient that the following relations hold:

1) the sequence {\,}52, has asymptotic form

w
An=n+—+1y,
n

1
where w = const, l, = o (), when n — oo, and the function [(-), defined by
n
formulal(x) = Y7 1, sinnz, is absolutely continuous on arbitrary segment [a,b] C
(0,27),

2) the sequence {an}52 o has asymptotic form

- ™
Ay, = — + Sy,

2

1
where s, = o0 () , when n — 0o, and the function s(-), defined by formula s(z) =
n

Yoo | sncosnz, is absolutely continuous on arbitrary segment [a,b] C (0, 27),

3)



4)

~ o0 ~

ag 1 apn

0 pn—po\2 *;+ < = P 77) = —cot 3.
(77 k=1 k2 ) n=1 (W[NO — M) Hk:Lk;ﬁn 52 )

An intensive development of the spectral theory for various classes of differential
and integral operators took place in the 20-th century.

Historically, the first work in the theory of inverse spectral problems for Sturm-
Liouville operators is due to Ambarzumyan [1]. Consider SLP generated by differ-

ential equation (0.1) with Neumann boundary conditions

y'(0)
y'(m) =

0,
0,

ie. L(q,m/2,7/2). It is easy to calculate, that if ¢(z) = 0, then the eigenvalues of
the problem L(0,7/2,7/2) are u, = n?, n > 0. He proved the inverse assertion, i.e.
if the eigenvalues of the problem L(q,7/2,7/2) are n?, then the potential ¢ = 0.

Swedish mathematician Borg [2] was the first who paid attention to the impor-
tance of Ambarzumyan’s result. Borg showed that in general for the boundary-value
problem L(q, «, 8) additional information is required in order to reconstruct the op-
erator uniquely. Therefore, the Ambarzumyan’s result was an exception from the
rule and for a given spectrum, there exist infinitely many triples (g, c, ), such that
the corresponding problems L(q, , 8) have the same spectrum. In the same work he
showed that two spectra is sufficient for the unique determination of the operator.

The next step in the development of the classical inverse Sturm-Liouville problem
was taken by N. Levinson [12]. Levinson, in 1949, proved, that in the class of even?
Sturm-Liouville operators the spectrum {p,, }52, uniquely determines the potential
q(z) and the parameter a.

In 1950 V. Marchenko [17], using transformation (transmutation) operators, proved

that if two Sturm-Liouville problems on the half-line,

" +q@)y=py,  y(0)—hy(0)=0,
—y"+@(@)y=py,  y'(0)—hoy(0)=0

ISturm-Liouvile operator L(q, o, B) is called even, if ¢(z) = q(7 — x) and a + § = .
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have the same spectral function, then ¢;(x) = g2(z) and hy = ha.

In Section 1.3 we bring various formulations of famous uniqueness theorems,
then we give some new statements of uniqueness theorems. A uniqueness theorem
with the lowest eigenvalue for Sturm-Liouville problems with arbitrary self-adjoint

boundary conditions is proved.
Theorem 2 Let q, qo € LL(0,7) and ¢ = q — qo. If
to(q) — po(qo) = essinf g or  po(q) — po(qo) = esssup g,
then q(x) = qo(x) + po(q) — po(qo) a.e. on (0, ).
As a corollary of this Theorem, we find bounds for the lowest eigenvalue 1o(q, o, 5).

Theorem 3 Let o € (0,7 and 8 € [0,7) and q € L (0, 7). The lowest eigenvalue
to(q, «, B) has the property

essinf g(x) + po(0, o, B) < po(g, o, B) < esssupg(x) + p0(0, o, B).

After that, we give a new proof of the famous generalization of Ambarzumyan’s

theorem with one spectrum (see [9, 11]).

Theorem 4 Let ¢’ € LZ(0, 7).
If
Mn(qv Q, T — a) = ;Ufn(oa Q, T — Ck),

for alln >0, then q(z) = 0.

After that a uniqueness theorem similar to Marchenko’s theorem conditioned by

inequality.
Theorem 5 Let ¢ € LZ(0,7). If
tin(g; 0, B) = pin(qo, o, Bo),
an(q; @0, B) = an(go, 0, o),
for alln >0, then = By and g(x) = qo(x).

Furthermore, other uniqueness theorems conditioned by inequalities are proved (for

Kn,bp and (7, pn), (0, pn)), €.g.



Theorem 6 Let ¢ € LZ(0,7). If

Mn(qaa(ﬁﬁ) = /,Ln(QQ,OéO,BO),
|K'n,(Q7OZOaﬂ)| Z |’in(q07a0550)|7

for alln >0, then 8= By and q(x) = qo(x).

The Chapter 2 is devoted to the direct and inverse spectral theory for Canonical
Dirac System.

Let p and ¢ are real-valued, summable on [0, 7] functions, p,q € LL[0,7]. By
L(p,q,a, B) = L(Q, , B) we denote the boundary-value problem for canonical Dirac
system (see [27, 5, 14, 4, 19]):

by = {B% —|—Q(x)}y =My, ze€(0,m), = ( z; ) , (0.4)
y1(0)cosa + y2(0)sina =0, « € (—g,;], (0.5)
yi(m)cos B+ ya(msinf =0, fe(-7.7). (0.6)

where

B( 0 1 ) Q(x)<p<x> a(a) )

-10 a(z) —p(x)

Matrix-function €2(+) is usually called potential function, and A is a complex (spec-
tral) parameter, A € C. By the same L(p,q,a, ) we also denote a self-adjoint
operator, generated by differential expression £ in Hilbert space of two component
vector-functions L%([0,7]; C?) on the domain

p={u= ( " ) sy € AC[0, 7], (y)r, € L2[0,7] k= 1,2,
Y2

y1(0) cosa + y2(0) sinae = 0, y1(7) cos B+ ya(m) sin 8 = O}

where AC|0, 7] is the set of absolutely continuous functions on [0, 7] (see, e.g. [21,
15]).
Two Dirac (or Sturm-Liouville) operators are said to be isospectral, if they have

the same spectrum. The problem of description of all isospectral Sturm-Liouville

10



operators was suggested and solved (for ¢ € L3 [0, 7]) by E. Trubowitz and coauthors
in the series of works [10, 9, 3, 22].

For Dirac operators the description of all isospectral operators is given by Haru-
tyunyan in [7]. That description has a ”"recurrent” form, i.e. at first only one norm-
ing constant is being changed, while the others stay unchanged, and obtained a
new operator which has the same spectrum and the same norming constants except
one. Then changing successively each norming constants, all isospectral operators
were inferred, which have the given spectum. Note, that each operator is being ob-
tained from the previous operator. This approach Harutyunyan calles ”recurrent”
description.

In Section 2.1 we give the description of all self-adjoint regular Dirac operators
for with potential functions p,q € L[0, 7], on [0, ], with the same spectrum, in
explicit form, i.e. only in terms of normalized eigenfunctions of the initial operator
L(Q,,0) and a given sequence from [2. With this aim we set T = {t; }rez € I>
and by S(z,T) denote square matrix

5@) = (85 + (e =1) [ Biy(s)as)
0 1,JEZ
where 0;; is a Kronecker symbol, h,(z) = (hn, (x), hn,(x))* are normalized eigen-
functions and * is the sign of transponation. By SZ(,k)(x,T) we denote a matrix,
which is obtained from the matrix S(z,T), when we replace k — th column of
S(x,T) by {—(e"™ — 1)hy,(x)}rez column, p = 1,2. Now we can formulate our

result as follow.

Theorem 7 LetT = {t;}rez € I and p,q € L3[0,w]. Then the isospectral operator
L(p(T),q(T),,0), corresponding to T, is generated by potential, which is defined
by formula

Qx, T)=Qz)+ G(x,2,T)B — BG(z,z,T) = ( ¢z, T) —p(z,T)

p(,T)  q(z,T) )

where

1 det S(k)(l‘ T)
Glz,2,T)= ——— Lo hi(z).
(@2, T) = 35 S(z,T) k%( det S (z, T) #()

11



In addition, for p(x,T) and q(x,T) we get an explicit representations:

p(@.T) = p(0) = qogiy D D det S T, (o),

keZ p=1

2
- _1)p-1 (k)
a(0,T) = q(0) + S S G 2 2 () det S0 (@, D, (@).
keZ p=1
In Section 2.2 we consider singular Dirac operators on whole and half axes with
potential functions p,q € L]%MOC. By L(p,q) we denote a self-adjoint operator (see
[21]) on whole axis, generated by differential expression £ (see (0.4)) in Hilbert space

of two-component vector-functions L?((—o0,o0); C?) on the domain
D= {y = ( 9 ) syr € L?(—00,00) N AC(—00,00);
Y2

(ty)r € L*(—00,00),k = 1,2},
where AC(—o00,00) = AC(R) is the set of functions, which are absolutely continuous
on each finite segment [a,b] C (—00,00), —00 < a < b < co. We assume that this
operator has purely discrete spectrum, which consists of simple, real eigenvalues,
which we denote by A, (p,¢) and enumerate in increasing order.
For a € (—g, g}, by L(p,q,a) we denote a self-adjoint operator on half axis,
generated by differential expression ¢ (see (0.4)) in Hilbert space of two component

vector-functions L2((0,00); C?) on the domain

D, = {y = ( u ) 3Yk € L2(07OO) ﬂAC(0,00);

Y2

(Uy)r € L*(0,00),k = 1,2; y1(0) cos o 4 y2(0) sin o = O},

where AC(0,00) is the set of functions, which are absolutely continuous on each
finite segment [a,b] C (0,00),0 < a < b < oco. Here we also assume that this
operator has purely discrete spectrum, which consists of simple, real eigenvalues,
which we denote by A, (p, ¢, @) and enumerate in increasing order.

We prove that canonical Dirac expression with linear potential

Qo(m):ag-x:<2 g)

12



generates operators on whole and half axises, for which we can find the eigenvalues
and eigenfunctions in explicit form. Precisely, if we take the system of Chebyshev-
Hermite orthonormal functions

2
_LH7L
gon(x)zw n=0,1,2,...,

NG

where )
n, ,—x

$2d e
dx™

Then for Dirac operator L(0, z) the vector-functions

ro=(? ) o= () we=(5)

forn=1,2,..., are eigenfunctions corresponding to eigenvalues A\_, = —v/2n, \g =
0, A\, = v2n.

The spectral function of an operator L(0,x,0) is defined as [5, 14]

H,(z)=(-1)"e

p(A) = { Yo Gns A>0,
= D A<An<0 ap’ty A <0,

and p(0) = 0, i.e. p(\) is left-continuous, step function with jumps in points A = A,
equals a, !

We construct perturbations of these operators with in advance partially given
spectrum, i.e. we answer the questions, what will happen with the potential ¢(z)
if we add or subtract finite number of eigenvalues and change the values of norming
constants. For instance, if we extract one eigenvalue, e.g. \g(0, z,0) we will get the

following theorem.

Theorem 8 Let p(\) is a spectral function of the operator L(0,z,0). Then the
function p(X), defined by relation

~ P(A% A S )\07
p(A) = 1
p(A) —ag -, A > A,

where ag = \/7/2, i.e.



where §(\) is Dirac d-function, is also spectral. Moreover, there exists unique self-

adjoint canonical Dirac operator L generated by the differential expression [ =

d -~
Bd— + Q(z) and the boundary condition y1(0) = 0, for which p(\) is spectral func-
x

tion. Wherein, the potential function Q(m) is represented by the following formula

2
e*l‘
0 T
O(x) = a0 = Jo €7 ds
673?
S — 0
* ag — fo e=%%ds
and for the eigenfunctions the following formulae hold
Vnyl(x)
Vilx) = 2 2 , n € Z\{0}.

e~ T fow e~ T V,a(s)ds
ay — fox e—5%ds

Vn’g(l‘) +

Section 2.3 is devoted to Dirac operators, which have discrete spectrum. The

concept of eigenvalues’ gradient is given (for both L(p,q, «, 8) and L(p, ¢, a))

grad, — (8)\n O\, 0N,  OXy, )

o’ 08 op(x)’ Iq(x)

and formulae for this gradients are obtained in terms of normalized eigenfunctions.

Theorem 9 Let A\, and h,(x) are eigenvalues and normalized eigenfunctions of

the problem L(p,q,«, B), correspondingly. Then the following relations are valid:

P& Bp®) _ o),
%ﬁﬂvm) = [hn(m)?,
W — [, ()2 = Ty ()2,
W = 2, () + Py (3.

Similar formulae for operator L(p, q, ).

14



The concept of eigenvalues’ derivative with respect to a canonical matrix-potential

is introduced:
o\, o\,

o\ op(x 0q(x
(e

n
dq(x)  Op(z)
and shown how it is used to describe the isospectral operators or when finite number

of spectral data is changed.
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Widthnthm

Unbkbwhinunipymbp ihpgwd E Syinpd-Lhnughih b dhpwlh oybpugpnpitinh hwdwn
nnn2 ninhn b hwjunwpa jubnhpbtipht:

Wnwohli glunid mumdbwuhpyly £ Gypnipd-Lhnwdhih Ggpuyhtt juinhpp hwgpwdh
Ypw, b uypugyti &b htplywy wprynibpbtipp.

o Qb Ll {A\2}°° U {a, }5, hwonpnuljwlnipynbbtiph hwdwp withpudtog b
pujupun wuydwbbtp, npytiugh tpubp hwinhuwbwt hpuuwbwpdtp, hwbpw-
gnuiwptith ¢ wmptitghwyny b bwhiwytiu $hpugud wbowpynn igpuyhtt wuydwb-
otipny Sypnipd-Lhnupth jubinph, hwdwyuwgpuuppwbwpwp, uithwuwb wpdtpbtph
L tnpdwynpnn hwuypunpnibibph puqunenib:

e Quniyty kb Gnpiwynpnn hwuguypmbbtph pugimpyub b « n S bgpught ywpw-
utppbtiph vholi Juwyp:

e Unugyly L dhwympjub phnptd (g, @, §) thnppugnyl utithwlwd wpdtipny
Juiwywud hbpbwhwdwmd tgpuyhtt wuwydwbbtpnyg Sypnipd-Lhndphth hwjw-
nund pubnhpbtiph hwdwp:

o Qupiyty bl po(g, o, 8) thnppugnyl utithwlwd wpdbph qhwhwpuubbbp:

e 3nyg L wypybky, np gnjnipynih mbh tqpuyhtt yuwydwbbtph pwquniyeynih, nph
hwdwp qtinh mbh Swipwpdmdjubh phnptdh pbnhwipugnudp:

o Uyuwgnigyly £ Gnp phyh dhwympjud pbnptd Syimpd-Lhnuhth hwjunwina
fuinhpbtpnud Wuwydwiwynpyud withwjwuwpmpniny, npb hbs-np hdwugny
hwinhuwtnd £ Uwpstitynjh phnptidh ptnhwipugnd: 6y wyugnigyty Go wyg
vhulnipyub phnptittpn yupdwituynpjuwd wmbthujuwuwpnipmabbpny:

Epynnpn gijunud nuunudwuhpyty G0 Yhpuwyh yuinbwlubd hwiwunpgh hwdwn Ggpu-
Jht jubinhpbitipp huwpyuwdh, jhuwwnewigph b wpwbgph Ypw, nph plpugpnud upugyty
&b htaplywy wprymbpbtpn.

e Spyty £ hupwdh ypw npnpdwd dhpwlh poinp hgnuytijyppug owytipupnptiph
Oqupwgnnipynip pugwhwpp phupny:

e Gyt b wnwigph U Jhuwwnwbgph Yypw npnpqwd qodwghlt yniptibighwiny
“Yhpwlh owytipwypnpbbph ubithwwb wpdtipbtiph b utithwlwt Pnmbyghwdtiph pwu-
guwhwyp phupbpp:
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o Guinnigyty b qdwyht ywmphbghwiny “+hpwyh oybpupnpbth gpngenudtipn, tipp
thnfumd tiip Ypounp putiuyny utithwjub wpdtiptitipn W/jwy thnfumd tbp inpdwynpnn
hwuypunpmbbtiph wpdtipbitipp:

o Spybj L hunpywdh b jhuwwnwiigph ypw dhpwyh utithwjub wpdtipttiph gpunhtinph
hwujugnipynbp b qupiyt] pwbwaltp wyn gpunhtigph hwdwp:

o Ltipdmdyty L ubithwlul wipdtiph wdwlywh hwujugnipymop pup juinbwub
dwyiphg wnptitghwih U gnyg yindby bpw jhpwenpymbp tpp djupugpmad tiup
hgnuutijyppug Yhpuyh oytipupnpbtipp uid tpp thnpunid Gup uwblyipuy yujug-
utinh puqunpynibn:

3akJiroueHue

B mmccepramum paccMOTpeHbI HEKOTOPBIE TPsAMbIe W OOpATHBIE 330a9u I Ole-
paropos IlIrypma-JInyBunns u dupaka.
B nepsoit rnase uzydena kpaesas 3aga4a g lrypma-J/luyBuiis Ha KOHEIHOM

WHTepBaJjle U IMOJIyYeHbl CJle/IyIoline pe3y/bTaThl.

e Haiinennpr HeOOXOAUMbBIE W JOCTATOYHBIE YCJAOBHUS JJisi TOrO YTOOBI MHOXKE-
crBa {A2}%° ) u {a,}3°, ABAAIUCH, COOTBETCBEHHO, MHOPKECTEOM COOCTBEH-
HBIX 3HAYEHWH 1 HOPMUPOBOYHBIX MOCTOSHHBIX 3aaun [Irypma-JInysumis c
NeHCTBUTEHHBIM ToTeRnnanom ¢ u3 Li[0, 7] w ¢ m3Hauaabro dbuKcHpoBaH-

HbIMH, PAa3ACJI€HHbIMA KPAa€BbIMU YCJIOBUAMM.

Ld Haﬁ,ﬂeHa CBA3b ME2K/1Y MHOZKECTBOM HOPMHUPOBOYHBIX TOCTOAHHBIX U KPAEBbIX

MapaMeTpoB « U [ W3 KPAEBBIX YCJIOBHIA.

o [lomydena Teopema eIMHCTBEHHOCTH C HAUMEHBINAM COOCTBEHHBIM 3HAYEHW-
eMm po(q,a, B) mns obparubix 3aza4 IITypma-J/IuyBuiuisa ¢ OpOU3BOJIbHBIMU

CaMOCOTIPAZKEHHBIMU KPACBBIMU YCJIOBUAMMU.

o Haiinenbl oueHky st HAMMEHbIIEro COOCTBEHHOrO 3HadeHusd fio(q, o, f).

21



e [lokazamo, UTO CyIIeCTByeT MHOYKECTBO KPAEBBIX YCJIOBH, JIJIT KOTOPHIX NMe-

er MecTo 0000IIeHre TeopeMbl AMOAPITy MsTHA.

e Jlokazama TeopeMa eJHHCTBEHHOCTH HOBOTO THUIIA, 11t oOpaTHbIX 3aaa4d [IITypma-
JluyBuiia (CBA3aHasA C HEPABEHCTBAMM), KOTOPasi, B KAKOM-TO CMBICJIE, €CTh
060bmenne Treopembr Mapdaenko. U mosiydensbr gpyrue TeopeMbl € uHCTBEHHO-

CTH, CBA3aHHbIE C HEPAaBEHCTBaMH.

Bo Bropoit riaBe usy4enbl Kpaesble 33/1a49u /I KAHOHUYECKOi cucrembl Jupa-
Ka Ha KOHEYHOM WHTepBaJje, Ha IOJIyOCH M Ha BCeil OCcH, U IOJIyYeHBI CJeyolue

pPe3yIbTATHI.

e Jlamo onmcaHuwe BCEX W3OCIEKTPAJIBbHBIX OmeparopoB Jlupaka HA KOHEIHOM

HUHTEPBAJIC B ABHOM BHJIC.

e B aBHOM Buze HaiimeHnbl COOCTBEHHDBIE 3HAYEHUS U COOCTBEHHDBIE (DYHKITUN OIIe-

paropoB Iupaka ¢ JTUHEHHBIM MOTEHIIUAIOM HA OCH W HA MOJIYOCH.

e B aBHOM BHIIe MOCTPOEHBI TaKWe BO3MYINIEHUS orepaTopoB upaka ¢ jmHed-
HBIM IIOTEHIIAAJIOM, IPU KOTOPBIX MEHHAETCHd KOHEYHOE YHCJIO COOCTBEHHBIX

3HaUYeHui I/I/I/IJ'[I/I MEHAEeM 3Ha9YCHHUA HOPMHPOBAHHBIX ITOCTOAHHBIX.

e Jlamo moHsTHE TpaaWeHTa COOCTBEHHBIX 3HAYEHWH i omeparopoB dupaka
HA KOHEYHOM MHTEDBAJIE U HA IOJIyOCU, U HaMAeHbl (POPMYJIbL JJid ITUX I'Pa-

JIHAEHTOB.

e Bremeno nousgTne mpon3BOIHON COOCTBEHHOTO 3HAMEHHUS 110 MATPUIe-(DYHKITIN
U IIOKa3aHO €r0 IIpUMEHeHue IIPU OIMCAHUU H30CIEeKTPaJIbHBIX OIIEPaTOpPOB

Jlupaka win, Ipu W3MEHEHUU KOHEYHOT'O YUCJIA CIEKTPAIbHBIX JAHHBIX.
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