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Introduction

We consider approximations and interpolations by the modified trigonometric system
H ={cosmnz:n € Z,}U{sinm(n—3)z:neN}, zel[-1,1] (0.1)

which was originally proposed by Krein [I] without investigation of its properties. Expansions
by the modified trigonometric system were studied in a series of papers [2HI3].
The set ‘H is an orthonormal basis of Ly[—1, 1], as it consists of the eigenfunctions of the

Sturm-Liouville operator

L= —d*/dz? (0.2)

with Neumann boundary conditions «/(1) = «/(—1) = 0. Both, the orthogonality and density
in Ly[—1,1] follow from the classical spectral theory ([14]).

Let My(f,z) be the truncated modified Fourier series

N
My(f,x) = %fg + ;[fﬁ cosTna + frsinm(n — 3)a], (0.3)
where
1 1
fe= /1 f(z) cosmnzdr, [ = /1 f(z)sinm(n — })zdz. (0.4)
Let
RN(f?'T> :f(x)_MN(fax> (05)

Obviously, for even functions on [—1, 1], expansions by the modified Fourier system coincide

with the expansions by the classical Fourier system

Helass = {cosmnz :n € Z,} U{sinmnx : n € N}, z € [-1,1]. (0.6)

Moreover, the modified Fourier system can be derived from the other classical system H*

H* = {cosmnz:n€Z}, x €|0,1] (0.7)



by means of a change of variable.
The first results concerning the convergence of the expansions by the modified trigonometric

system were appeared in the works [2H9].
Theorem 0.1 [6] Assume f € C?*[—1,1] and f" € BV[-1,1]. If |z| < 1, then
Ry(f,z) = O(N?), N — co. (0.8)

Otherwise,

Rn(f,£1)=O(N™'), N — oo. (0.9)

As we see, expansions by the modified trigonometric system have better convergence properties
for smooth odd functions on [—1, 1] compared to the classical expansions([I5]).

Let f € C*1"2[—1,1] and

Agka (f) = (FED(1) = fEHI(1) (1), k=0,.0,0 -1, (0.10)
and
Bopa(f) = (fH*HI(1) + DV (=1)) (=1, k=0,...,¢— 1 (0.11)

By means of integration by parts and Riemann-Lebesgue lemma, we get the following asymp-

totic expansions for the modified Fourier coefficients

- Asky1 —2¢—2
fn= (—1)”Zk+—2£+f§+0(n 172), n — o0, (0.12)
— (mn)
and
fo= (—1)H Bari1(f) Fo(n %), n — oo (0.13)

= (w(n —3))*+

We see that faster convergence of the modified expansions compared to the classical Fourier

expansions could be explained by faster decay of coefficients f

fi=0(n"?),n— o0 (0.14)

n

when f is enough smooth, but non-periodic on [—1,1]. Estimate ((0.14)) can be also explained

by a non-periodicity of the system functions sinm(n — 3)z on [—1,1]. Also, we see that for
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more rapid decay of the modified Fourier coefficients, the approximated function must obey

the first ¢ derivative conditions
fEY(£D) =0,7r=0,1...,¢— 1. (0.15)
Under such additional requirements, the convergence rate in Theorem [0.1|could be made faster.

Theorem 0.2 [3, [6] Assume f € C?12(—1,1), f21+2) € BV[-1,1], ¢ > 1 and f obeys the

first q derivative conditions (0.15). If |x| < 1, then
Ry(f,z) = O(N272), N — oo. (0.16)

Otherwise,

Rn(f,£1) = O(N"21) N — oo. (0.17)

We see that the derivative conditions are crucial for convergence properties of the
expansions by the modified trigonometric system. Without those conditions, the convergence
will remain slow. If a function doesn’t obey those derivative conditions, then, application
of a well-known polynomial subtraction method will correct the derivatives at the endpoints
x = 1. For the classical Fourier series this approach has a very long history (see [9, 16-H22]).
For the modified expansions these approach is explored in [4, 8, [9]. More specifically, we write

f (see [9]) in the terms of its Lanczos representation
f=f=9gr)+ g (0.18)
where functions (polynomials) g, are chosen such to satisfy the conditions
FE (1) = g (1), r=0,... k- 1. (0.19)
Since f — gi obeys the first k£ derivative conditions, the new approximation
My (f,x) = My (f — g, ) + gk

will converge with the same rate as if f obeyed those conditions. This is the polynomial

subtraction technique known also as Krylov-Lanczos approach ([23]). If the jumps of f are



unknown, their values can be approximated by solution of the corresponding system of linear
equations (see [21]). Now, assume that even polynomials Py(z) and odd polynomials Qx(x),

k=0,...,q— 1 satisfy the following conditions (see [24])

Agpi1(Pj(x)) = 0kj, 0<k,j<q-—1,

(0.20)
Bor11(Qj(x)) =0y, 0<k,j<q-1
The first few polynomials are

L L o9 o
PO(:E):_'T ) Pl(l’):—l’ (I _2)7

‘i ‘i8 (0.21)

—— P 2 —

Qo(z) = 5% Q1(z) 1235(95 3).

Now, let F' be defined as follows

Z Ageia (f Z Boi1 (f)Qr(). (0.22)

Then, F' obeys the first ¢ derivative conditions (0.15)). Now, if we denote

My (f,z) = My(F,z) + ZAzkH Pu(z) + > Barpa (/) Qu(2), (0.23)

Theoremwill be valid for approximation My, (f, x) without derivative conditions if the exact
values of Aggi1 and Boyy1, k=0,...,q — 1 are known. Otherwise, they can be approximated

by a solution of system of linear equations (see [24]). Let

We present the next three theorems for further comparisons. They explore, the convergence
of the expansions by the modified trigonometric system in different frameworks. Compared to
Theorems and [0.2], the exact constants of the asymptotic errors are shown explicitly. The
first theorem considers Lo-convergence. Next two theorems describe the pointwise convergence

of the modified Fourier expansions on = € (—1,1) and at the endpoints x = +1, respectively.

Theorem 0.3 [10)] Let f € C?*'[~1,1], ¢ > 0 and f?*Y € BV[—1,1]. Then, the following

estimate holds

1
N

6

Jim N2 R (f,2) | = VA () + B () (0.25)



Theorem 0.4 [J] Let f € C**2(—1,1), ¢ > 0 and @92 € BV[~1,1]. Then, the following
estimate holds x € (—1,1) as N — oo

( 1 ) N+1
27T2q+2 N2q+2 cos &L 2

Ry(f,z) =
X (Aggi1(f) cosm(N +1/2)x — Bagy1(f) sinwNa) (0.26)
+ o(N7272).

Theorem 0.5 [6] Let f € C?72[—1,1], ¢ > 0 and f*1*?) ¢ BV[~1,1]. Then,

1

(£l =
RN(fv ) 7T2q+2(2q i 1)

27 (A2 (f) £ Bagia(f))
N : : (0.27)

+o(N7271),

Thesis consists of five sections. Sections[If3|explore rational approximations by the modified
trigonometric system. They reproduce the results of papers [I0HI2]. Sections {4 and 5| study
interpolations by the modified trigonometric system. They reproduce the results of paper [13].

Sections consider rational approximations by the modified trigonometric system. Con-
sider a finite sequence of real numbers 8 = {6, }?_,, p > 1 and by Ak(8, f), f = {f,}52, denote

the following generalized finite differences

A0, f) = fa,

AR, f) = AN, )+ 0 DET10, ), k> 1

(0.28)

By AF(f), we denote the classical finite differences which correspond to generalized differ-

ences Ak (0, f) with 6 = 1. Tt is easy to verify that

_ g (’Z) e (0.29)

Let
Ry(f,x) = RY*(f, =) + RY"(f, ), (0.30)

where
R (f, x) Z fecosmnz, (0.31)

n=N-+1
and
R™M(f, x) Z frsinm(n )x (0.32)
n=N-+1

7



Consider two sequences of real numbers ¢ = {#¢}?_, and 65 = {0;}0_,. Let f* = {f5}2,

and f¢ = {f<}°,. Let u;(k,6) be defined by the following identities

k

k
H(l—k@ﬂ:) :Z,uj(kﬁ)a:j, k=1,...,p. (0.33)
=0

j=1

By means of sequential Abel transformations (see details in [10]), we derive the following

expansions of the errors (0.31)) and (0.32)

S AV /)
— 15, (1 + 262 cos ma: + (62)2)

R (f,2) = —

k (0.34)
X Z j(k,0%) cosm(N + 1 — j)z + Ry, (f, 0%, z),
=0
and
Rszn(f iL‘) _ i 9189 A?\fil(ei fs)
o S TTF (1 + 263 cosme + (62)?)
k (0.35)
x Yk, 0°) sinw(N + 1 — j)a + RY(f,6°, ),
=0
where
1
COS Ap 7/7TTLCC
RNp(f;e fE) 21—[ (1 +9k€m—x ;_1 9 f )
1 (0.36)
_.I_ AP 9 —'Lﬂ'nx
e
and
S’LTL 6 ”;z 'ZTI'?’LZE
L(f.0,7) = o e Z A0, f)e
=N (0.37)
e 2
_ y . Ap 0 S 77471'77/.73
20 [Th_ (1 + Ope=im) ;ﬂ f

These expansions lead to the following modified-trigonometric-rational (MTR-) approximations

P k-1 ;
g ARH(0°, )
M ,90,687.1? - M ) — k—N )
Np(f ) ~(f,2) ; 15, (1 4 262 cos ma: + (62)2)
k

X Zuj(k:, 6°)cosm(N +1— j)z—
=0
~ Z Op AN (0, )

— 1T, (1 + 263 cos ma + (62)?2)

(0.38)

x> pi(k,0%)sinm(N + 1 — ),

=0

8



with the error

Ry, (f,0°%0% ) = f(x) — My, (f,0° 0% x)
(0.39)
= Ry, (f. 0% x) + RY,(f,0°, ).
Similar to (0.23)), we can apply the polynomial correction approach to the rational approx-

imations

q—1 q—1
M, (f,60°.0°,2) = My, (F,0°,0°,2) + > Aspa (/) Pu(@) + > Borea (£)Qi(x),  (0.40)
k=0 k=0

with error

Ry (f,0%0% 2) = f(x) — My, (f,0° 0% 2). (0.41)

A crucial step for realization of the rational approximations is determination of parameters
6° and 6°. Different approaches are known for solution of this problem (see [25H32]). In
general, appropriate determination of these parameters should lead to rational approximations
with improved accuracy compared to the classical ones in case of smooth f. However, the

rational approximations are essentially non-linear in the sense that
My, (f +9,0%0° ) # Mn,(f,0°%0°, ) + My (9,0 6°, x) (0.42)

as for each approximation we need to determine its own 6¢ and 0° vectors.

In 10, 1], those parameters were determined from the following systems of equations
AP f)Y=0,n=N,N—1,....N—p+1, (0.43)

and

AP(6° f)=0,n=N,N—1,... N—p+1, (0.44)

which led to the Fourier-Pade type approximations ([25]) with better convergence for smooth
functions compared to the expansions by the modified trigonometric system ([10, 1I]). We
call those approximations as modified Fourier-Pade (MFP-) approximations. It is a complex
approach as parameters 6°, 8° depend on N and systems and must be solved for

each N.



Papers ([11),12]) consider simpler alternative approach for smooth functions, assuming that
¢° and 0 are determined as follows

S

;;:1—%’“, 0;:1—%’“, AT A0, k=1,....p, (0.45)
with 7¢ = {7f,..., 77} and 7° = {77,..., 77} independent of N. Actually, we take into con-

sideration only the first two terms of the asymptotic expansions of 8, = 6,(N) in terms of
1/N. Although, parameters ¢ and 6* in depend on N, we need only to determine 7¢
and 7° which are independent of N. Hence, this approach is less complex than the modified
Fourier-Pade approximations.

Section (1] considers convergence of the modified Fourier-Pade approximations in different
frameworks. Theorem explores the pointwise convergence for || < 1. It shows the exact
constant of the asymptotic error of the MFP-approximations when |z| < 1 is fixed. The conver-
gence rate of Ry is O(N7*"%7%) as N — oo. Compared to Theorem [0.4] the improvement
in convergence rate is by factor O(N?"). However, for the modified expansions, we require less
smoothness than for the MFP-approximations. Theorem proves similar result at x = +1.
The convergence rate of R}, is O(N~??"') as N — oo. Comparison with Theorem (0.5 shows
that the expansions by the modified Fourier system and the MFP-approximations have the
same convergence rates at the endpoints x = +1. However, comparison of the corresponding
constants h, , and hy, = 1 shows that the MFP-approximations are much more accurate than
the classical expansions (see Table also for x = £1.

This section also deals with the Ls-convergence of the MFP-approximations. Theorem
shows the exact constant of the asymptotic Ls-error. Comparison of Theorems [0.3] and
shows that the classical expansions and the MFP-approximations have the same convergence
rates O(N~27%/2) in the Ly-norm. However, comparison of the corresponding constants c,
and cg, = 1 shows that the MFP-approximations are asymptotically more accurate (see Table
3).

Sections [2| and [3] consider the convergence of the MTR-approximations with parameters
0°¢ and 6° defined by . In general, we derive the exact estimates for the main terms of

asymptotic errors without specifying parameters 7¢ and 7°. Then, we determine the optimal

10



values of parameters which vanish or minimize the main terms of asymptotic errors and lead to
approximations with substantially better pointwise convergence rates. We found that optimal
values of parameters 7 and 77, k = 1,...,p are the roots of some polynomials depending on
p and ¢, where ¢ indicates the number of zero derivatives in . Moreover, the choice of
optimal parameters depends on the parity of p and also on the location of z, whether |z| < 1
or x = +1.

Section [2f considers the convergence of the optimal MTR-approximations on |z| < 1. The-
orem explores the pointwise convergence without specifying the choice of 7¢ and 7°. It
shows that the convergence rate is O(N2¢7P72) as N — oco. Compared to Theorem , the
improvement in convergence rate is by factor O(N?). Theorem gives the optimal choice
for parameters 7¢ and 7° when |z| < 1 and p is odd. If 7 = 7, k = 1,...,p are the roots of

the generalized Laguerre polynomial L;,QQH) (x) then, the rational approximations have conver-

p+1

gence rate O(N297P _[L;l]_Z) with improvement by factor O(N E ]) compared to non-optimal
choice of parameters (Theorem . The improvement is by factor O(N (75 ]+ ) compared to
the expansions by the modified Fourier system (Theorem . In case of even p (see Theorem

, possible selection set of optimal parameters is wider. If for a given p and ¢ the following

polynomial
p
p\l+alp—k) k,
— (-1 0.46
§<k)(2q+1+k)!( Jw (0.46)
has only nonzero and real-valued roots x = z;, & = 1,...,p then, selection 7, = 770 = 2

provides with better convergence rate O(N 477 7[g]72> with improvement by factor O(N [%])
Improvement is by factor O(N 5]+ ) compared to the expansions by the modified Fourier
system (Theorem [0.4). When ¢; = 0, the roots of coincide with the roots of the
Laguerre polynomial L™ (z). When ¢; = —1/(2¢ + p + 1), the roots coincide with the ones
of L;(?q) (). In both cases all roots are positive.

Theorem of Section [2| explores the Lo-error of the MTR-approximations without spec-
ifying the choice of the corresponding parameters. First, it derives the exact constant of the

asymptotic Lo-error. Then, parameters are selected such to minimize (numerically) the men-

tioned asymptotic constant. We call these approximations as Ly-minimal MTR-approximations.

11



Table shows that the latests have better asymptotic Ls-accuracy compared to the MFP-
approximations.

Section |3| explores the pointwise convergence at © = £1. Theorem imparts the conver-
gence rate O(N2771) without specifying the choice of parameters. Comparison with Theorem
shows no improvement. Moreover, as our experiments show (see Figure , rational
approximations without reasonable selection of parameters can perform worse at x = +1 com-
pared to the expansions by the modified Fourier system. Theorem finds the optimal values
of parameters for odd p. It proves that the best accuracy could be achieved when parameters
7, = T, are the roots of the generalized Laguerre polynomial L},QQ) (). For that choice, the
convergence rate is O(N _2‘1_[%1]_1) with improvement by factor O(N [pTH]) compared to the
modified Fourier expansions (Theorem and the MFP-approximations (Theorem [1.2). In

case of even p, Theorem outlines the set of optimal parameters. If for a given p and ¢ the

following polynomial

P\ 1+ di(p—k) ko k
g (k) ENCTE T (—=1)kz (0.47)

has only real-valued and non-zero roots x = z;, for some d; then, selection 77 = 77 = z;, will
provide with convergence rate O(N —2q—[§]—1> with improvement by factor O(N [%]) compared to
the modified Fourier expansions and MFP-approximations. When d; = 0 or d; = —1/(2q + p),
the roots coincide with the ones of L*”(z) and LV (z), respectively.

Sections [] and [f] deal with interpolations by the modified trigonometric system. They
explore the convergence of the modified interpolations in different frameworks: pointwise and
Lo-convergence. In each case, we derive exact constants of the asymptotic errors and provide
comparisons with the classical trigonometric interpolation which shows better convergence
properties of the modified interpolation for odd functions.

The modified interpolation was introduced in [I3]. It is easy to verify that the modified

trigonometric system can be rewritten more compactly
H=A{p,(x):nel,}, (0.48)

where

((—1)”6% + e_m%> , ne€N. (0.49)



Then, we write the interpolation as follows

ON
In(f2) =Y flien(x), (0.50)
n=0
where
2 N o I . N .
f"_2N+1k;Nf(%)wn(wk), th = gn g F=0F1 . £N. (0.51)
Let

Both, the condition of interpolation and exactness on H follow from the discrete orthogonality

of the modified trigonometric system for the grid

2N
2 _
ON + 1 Z@n($k)@n<xs) = 6k,s7 ’Ma ‘3‘ < N7 (053)
n=0
and

9 N
> 20 Bm(@r) = m, 0 < m,n < 2N. (0.54)

2N +1 e

When f is a real-valued function, then the modified interpolation could be rewritten as

follows
1 N N
In(f,x) = 5 5+ Z fecosmnr + Z fesinm(n — 1)z, (0.55)
n=1 n=1
where
2 - 2 -
f§= o7 2 Tw) o= gyrg D ) cosmnay, (0.56)
k=—N k=—N
and
5 N
i ' |
fi= N 1 k:ZNf(xk) sinm(n — 3)xg. (0.57)

This form should be more convenient for analysis when f is either odd or even on [—1,1].

Similar to (0.23)), we can apply the polynomial correction approach to the modified inter-

polation
Iy(f 7)) =In(F.2) + S Azt (f) Pe() + qi Baes1 (f)Qr(), (0.58)

with error - -
rv(fox) = f(z) = I} (f. ©). (0.59)

13



Section [ studies the Lj-convergence of the modified interpolation. Theorem shows
that the Ly-convergence rate of 1%, is O(N~2473/2) as N — oo. We see that the modified inter-
polation has the same convergence rate as expansions by the modified trigonometric system.

When ¢ = 0, Theorem shows convergence rate O(N ’%) in the Lo-norm. The classical

interpolation
N
:Z';:\f'asszc(‘]c7 I’) — Z fnewrnx’ (060)
n=—N
where
1 N
- — —iTnTy 61
fo= 3 +1kZ_Nf@ck)e (0.61)

has convergence rate O(N~2) in the Ly-norm for odd functions on [—1,1] (see [33]). Hence,
the improvement is by factor O(N).

Section [5] explores the pointwise convergence of the modified interpolation. Theorem [5.1
shows the exact constant of the asymptotic error when |z| < 1 is fixed. The convergence
rate of r% is O(N~2473) which is better than the convergence rate of the expansions by the
modified trigonometric system and improvement is by factor O(N). When ¢ = 0, Theorem
implies the convergence rate O(N~2) as N — oo. The classical interpolation (see [33])
has convergence rate O(N~!) for the grid same grid z,. Hence, improvement is by factor
O(N?). Theorem reveals the exact constant of the asymptotic error when x = £1. It
shows that the convergence rate of r% is O(N~2¢"1) which is the same as for the convergence
rate of the expansions by the modified trigonometric system. When ¢ = 0, Theorem shows
convergence rate O(1/N). In this case, as f(1) # f(—1), the classical interpolation doesn’t
converge at the endpoints. Hence, the modified interpolations have better convergence rate at

the endpoints with improvement by factor O(N).

14



Modified Expansions and Interpolations

Sections consider convergence acceleration of the modified Fourier expansions by ra-
tional corrections which lead to modified-trigonometric-rational (MTR-) approximations. The
rational corrections contain some unknown parameters. We define those parameters differently.
The first approach leads to the modified Fourier-Pade (MFP-) approximations (see and
(0.44))). The second approach is based on ((0.45]), where the values of parameters 7¢ and 7° are
determined optimally to provide better convergence properties. Section [1| explores the point-
wise and Lo-norm convergence of the MFP-approximations. Section [2| considers convergence
of the optimal MTR-approximations on (—1,1) and Section [3| at the endpoints x = +1.

Sections [, [f] introduce interpolations which are exact on the modified trigonometric sys-
tem and study convergence in different frameworks: pointwise and Ls-convergence. Section
explores the convergence in the Lo-norm. Section |9 studies the pointwise convergence on
|| < 1 and at x = +1. In each case, we derive the exact constants for the asymptotic errors
and perform comparison with the corresponding results of the classical interpolations with the

2k

same uniform grid ¥y = 537, [k < N on [-1,1].

1. Convergence of the MFP-approximations

In this section, we explore convergence of the MFP-approximation in different frameworks.
The first part of the section is devoted to the pointwise convergence on |z| < 1. In the second

part, we study the convergence at x = £1 and in the Lo-norm. We assume that parameters 6¢

and 6% are defined by (0.43)) and (0.44)), respectively.

Let

[T+ 6ix) =D l0)*. (1.1)

k=1
Systems ((0.43)) and (0.44) can be reformulated as linear systems of equations with unknowns

15



76 (6°) and ~,(6%) as follows

p
AP ) = fo+ > W), =0, n=NN-1,... N—p+1, (1.2)
k=1
and
R p
ARG, ) = fo+ > w0 fi =0, n=NN-1,... N-p+1. (1.3)
k=1

Then, 6¢ and 6° can be determined from (|1.1]), as the roots of the corresponding polynomials.
According to systems (|1.2)) and ((1.3]), coefficients ~;(6) would have the following asymptotic

expansions (if f is enough smooth, see below)

IR N0/ TR e/
DIGEDY N%t %(0%) =) ]\jff (1.4)
with some constants 75, and 75,. In particular (see [27]),
74(09) = O(1), 7;(6°) = O(1), N — oc. (1.5)

More precisely,

s c p

J

First, we introduce some lemmas.

Lemma 1.1 Assume f € C*"*[-1,1], m > 0 and f®"*) € BV[-1,1]. Then, the following

asymptotic expansions are valid

fe= (=" Z 1(47:245—;512) +o(n™™2), n — oo, (1.7)
k=0
and
fo= (D)"Y BQi*i(f gm +o(n™?2), n — oo. (1.8)
2 (n(n—1))

Lemma 1.2 Assume f € C*"*2[—-1,1], m > 0 and f*"*2 € BV[-1,1]. Then, the following

asymptotic expansions are valid

fo=(=1)" Z ‘?;Z;—;EQ +o(n™™3), n — oo, (1.9)
k=0
and
fo= (D)"Y BQ’“ﬂ(fQ)k ~+o(n"?"%), n — oo. (1.10)
e (m(n — 7))+

16



Let

( ])nJrl > O > |
) m - ) n - .
(7T(7’L ;))2m+2

Pom) = V" 0 ) =

(ﬂ-n)2m+2 )

and

P(m) = {Pu(m)};2, , Q(m) = {Qu(m)}3L, .
Lemma 1.3 [10] For each p > 1, the following estimates hold

AP = Patm) S (P32 o),

and

A21Qm) = Q) X (P2 o)

Proof. According to (0.29), we have

- Z @ <w<7§_—13;;m+2
Y (T L,

where

Q
ko
3
I
ingls
PR
EIES

)(—1)Ssm, m > 0.

S=

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

This concludes the proof as o, ; =0, 7 =0,...,p— 1 and o, = (—1)p! (see [22]). Similarly,

we prove the second estimate. []

Lemma 1.4 [10] Assume f € C?it2+2)[ 1 1] and f*1+?+2) ¢ BV[-1,1], ¢ >0, p > 1, and

let the systems , have unique solutions. If
fEH(£1) =0, k=0,...,q—1,
then, the following estimates hold
AY(AL(6°, f) = O(n™"727%) + o(n ") n > N+1, N — o0,

and
AZ(AL(E°, ) = O(n~""%72) 1 o(n 2% 1 = N + 1, N - .

17
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Proof. We provide the proof for f¢ only. According to Lemma

fe = (_1)” Z AQIH—M + O(n_Qq_Ql”_?’)' (1.20)

n - (n)2k+2

Then,

AY(AR(0, f9)) Z%HCA“’ (f°)

o (1.21)

= Z Vs(0 Z Agi1 (F)AY(P(K)) + o(n=27%7%),
s=0
Taking into account estimates (|1.5)) and Lemma we get the desired estimate.[]

Lemma 1.5 [10] Assume f € C?120+2)[—1 1] and f@e+2r+2) ¢ BV[-1,1],¢> 0, p > 1, and

let systems (1.2)), (1.3)) have unique solutions. Let

FEH(ED) =0,k =0,...,¢ = 1, Agg1(f) Bagia (f) # 0. (1.22)
Then, the following estimates are valid

AR (AL (67, ) =Azga(f)

(—=1)N*v (2 4+ w + 1)! iﬁc( . (Qq—l—w—l—t—i—l)
2q+2 N 2q-+p+w+2 | A
T2t N (2 + 1! = 2¢ +w+1 (1.23)

FO(NT2707P=3) 4 o( N 72072073,

and

A (—D)NHF2 (20 +w + 1) & 2 +w+t+1
AR (AL(6°, %)) =Bagra(f) - > Bip—t)
TP N2 w2 (2g 4 1)1 2¢+w+1 (1.24)

+O(N—2a7w=P=3) 4 o(N—247273),

where
p .
Bilt) = D (=150,
=0 (1.25)
Bat) =D (=150,
§=0
and 5y, i, are the coefficients of the following asymptotic expansions
2p+1 'YC
W) = 3 o,
(1.26)




Proof. We prove (1.24]). Estimate (|1.23)) can be handled similarly. The existence of asymptotic
expansions ([1.26]) follows from the smoothness of f and the solutions of systems ([1.2)), (1.3]).

Then, we have

AW (AE(6°, ) Z% 0°) A% (f°)

(1.27)
w C &
=3 (U)o
k=0 5=0
where ~,(0°) is the solution of system ((1.2]). From (1.20)), we derive
g 20+ (4] :
f _ (—1)N—sk LZA%‘H-%—&-I(JC)(2q—|—j+1)<k+s)j2[

N—s—k (7?N)2q+2 = NI — 2l 2q+21+ 1 (1.28)

+ o( N~2072P73),
Substituting this and the first equation of 1.26 into ( m, we obtain
sy A 2 +j—t+1
AY(AP (. £¢)) = 2q+2l+1 -
( ( f) WN2q+2ZNJ;lz; 2l 2q+2l+1
j—t—21

X Z ( _t_zl)aw,uﬂf_t_%_u(t) (1.29)

+ (N 272073,

where a,,,, is defined by ([1.16). Taking into account that (see [22]) ay =0, u=0,...,w—1,

we get
2p—w1 i 3]
R (—1)N 1 Apgrar(f) (2¢ +t +w+1
AY(AP(Q. ) = —— 2 — —
N( n( 7f )) 7T2q+2Nw+2q+2 J;O NJ ; e 7'(21 2q + 21 + 1
t—20

t+w— 21 1.30

X Z ( u )Oéwt 20— u+wﬁ (] - t) ( )

u=0
+0(N—2q—2p—3).

From [27], we know that
Ba(i—1)=0,j=0,....p—1;0<t<j;0<u<t (1.31)

Thus, from (|1.30), we obtain

p
" ce A2q+21+1 2q+t+w+1
AR(ALO. ) = g e S Z 2\ 224

t=0 =0

t—2¢

X Z (t+w 2l)awt st—urwBS(p — 1) (1.32)

u
+ O(N—P—w—Zq—3> + O(N_2q_2p_3).
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It remains to notice that only the term u = ¢, [ = 0 is not zero, and therefore,

w re (_1>Naw,w u 2q+t+w+1 t+w
AN(AY(0, ) = AZQ+1(f)7r2q+2NP+w+2q+2 Z 2 + 1 "

t=0

)i
+ O(N—p—w—2q—3) + O(N—Qq—Qp—EI)'

This concludes the proof since ., = (—1)*w!. O

(1.33)

Theorem 1.1 [10] Assume f € CPt2+2[_1 1] and fPa+2+2) ¢ BV[-1,1], ¢ > 0, p > 1,

and let systems (1.2)), (1.3) have unique solutions. If
f(2k+1)(:t1) = 07 k= 07 g =1 A2q+1(f)B2Q+1<f) 7é 07
then, the following estimates are valid for x € (—1,1)

w08 (£ g0 (=DM (2g+p+1lp! cos FEN —2p +1)
N,p(f7 0 ;I> = A2q+1 (f) 22p+1ﬂ_2q+2N2q+2p+2(2q n 1)| cos2pt1 %

+o(N )

and

sin s (—DN2¢+p+1)lp!  sin ZF(2N — 2p)
Ry (f,0°, 1) = Bagra(f) 222 N20+2p+2(2g + 1)) cosHl 22

+ o(N~2-2-2),

Proof. We estimate Ry (f,0° ). According to (L.6), we have

p
H(l +05e™) — (1 +€™)P, N — o0,
k=1

and it remains to estimate only the sum in the right hand side of (0.36))

0 2p+1 N
S ap@e, feme = —mene 35 ARARE )
Aﬁ(g(ﬂ fc)emrnac — _ezw(N+1)x N n'
n=N+1 = (1 + 627rx)w+1
—1 §O 2p+2 c fey\ imn
+ (1 + eiﬁx)2p+2 Anp (Ag(e 7f ))6 .
n=N-+1

Taking into account that

A%@wa;ﬁ»:=§3(k)A%_xwhﬁx

S
s=0

we see from ((0.43) that
AR (AP0°, f)=0,k=0,...,p—1.

20

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)



Therefore,

S o i AR (AR, )
¢ peyimnz . jim(N+1)z =N\=n\Y >
Z Afb(g 7f )6 - € (1 + eiﬂ'I)p-i-l

n=N+1
2p+1 e
i) Z AR (Ap (67, [))
(1+ei7r:r)w+1

(1.41)

w=p+1
1 - feny i
b Y AR e
(1 + ezﬂ'a:)2p+2 nzN:-s—l
Lemma [[.4] shows that
AZF(AL(E, 7)) = o5, 1 . (1.42)

Hence, the last term in the right hand side of (L.41) is o( N~2P~2¢-2). According to Lemma [1.5]

AU (AP(0°, f€)) = O(N™2070P=2) 4 o(N~20-0P=2) N 4 o0, (1.43)

As parameter w is ranges from w = p+ 1 to w = 2p + 1, then the latest is O(N—24-2P73),

Hence,
i AP (QC fc)eimm — _eiw(N—f—l)ac A:]DV(AZ<967 fc))
n ) (1 + 6i7rx)2p+1
n=NH (1.44)
+ o( N~2a72p=2),
Similarly,
i AP (GC fAc>67iﬂ'nx — _efiTr(NJrl)x AZ])V(A};L(QC7 fc))
n 9 (1 + e—iTr:c)Qp-i—l
=N (1.45)
+o(N-2-2-2),
Therefore,

AR (AL (67, [9))
(1 + eiﬂ'x)?p-l-l

(V1) AN (AR (67, ) (1.46)
(1 + e—iﬂx>2p+1

0,07, 2) = —em D

—e

+ o(N722),

Finally, we need to estimate A2 (A2(6¢, f¢)). Again by Lemma we have

P (AP (Hc fe (D
AR (AD (04, ) = A2q+1(f)N2p+2q+27T2q+2(2q + 1)!
< st B o

t=0

+ o(N~2-2-2).
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It is possible to show (details see in [27]) that the sum in the right-hand side of ((1.47))
equals to (—1)Pp!(p + 2¢ + 1)!. Hence,

(=)™ (2¢+ 1+ p)!p!

A]]DV(A]TDL<9c7 fc)) = A2q+1(f) N2p+2q+27r2q+2(2q + 1>!

(1.48)
4 O(N72q72p72>.
Together with (1.46]), it implies
vos . —1)V+1 2q_|_ 1 +p |p| 6i7r(NJr1)yc
RN,p(fa 0 7$) = A2q+1<f) §V2p3_2q+2(ﬂ_2q+2(2q +)1)| [(1 I ez‘ﬂx>2p+1:|
: (1.49)
+ o( N—2072P=2),
Similarly, we can show that
: (=D"(2¢ +1+p)lp! eV +3)e
R?\?@o(f? 9873:) = BQC]+1<f) 2p+20+2.,-2g+2 . i
B | wmx\2p+1
N2 +H20+27026+2(2g + 1) i(1 4 etmz)2p (1.50)
Fo(N )
which completes the proof. [
Note that for p = 0, Theorem [I.1] coincides with Theorem [0.4]
Let
fo(r) =sin(zx — 1)(2* = 1)*, ¢=0,1,2,.... (1.51)

It is easy to verify that these functions obey the first ¢ derivative conditions.

Figure|l.1{shows the results of the approximation of f;(z) by the modified Fourier expansion
(p = 0) and the MFP-approximations (p = 1,2,3). We see a tremendous increase in accuracy
while applying the MFP-approximations for smooth function on [—0.7,0.7]. For example, in
case of p = 3, the improvement is 3.8 - 107 times.

Next, we investigate the pointwise convergence of the MFP-approximations at the endpoints

x = +1. We estimate (0.36|) and (0.37) for x = +1.

Taking into account (1.6)), we see that 67, 6; — 1, as N — oo. Let

ngl—T—quo(N_l), k=1,...,p,
N (1.52)

S

e,’;:l—%juo(N*l),k:L...,p.

To find 7¢ and 7%, we compare two results that outline the behavior of A? (62, f¢) and AP (6%, f*).
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Figure 1.1: The graphs of |Ry,(f,06% x)| on [-0.7,0.7] for N = 64 while approximating
fi(z) (see (1.51)) by the modified Fourier expansions (p = 0) and the MFP-approximations

(p=1,2,3).
Lemma 1.6 [10] Let f € C@etr+D[—1 1], f@atr+D) € BV[-1,1], ¢ > 0, and
FE(ED) =0,k =0,...,q =1, Agyi1(f)Bagi1(f) # 0. (1.53)

Let systems (1.2)), (1.3) have unique solutions 0 and 0°, respectively. Then, the following

estimates hold as N — oo and n > N

AR(6°, f) = Asgir(f)

(=1)"(2¢ + p + 1)! (1 - g)ﬂ

NPn2a+2724+2(2g + 1) n

. (1.54)
+0(N7P)W’
and
; (- @t p Dl (N Y

Ap(es fs) :B2q+1(f) 2q4+2.-2¢+2 l———~=

n ’ | _1
NPp2a+272a+2(2q 4 1)! n—s; (1.55)

_ 1
+ o(N p)n2q+2'

Proof. We prove only the first estimate. The proof, in general, imitate the one of Lemma [1.5]

23



so we omit some details. Let v¢, be the coefficients of the asymptotic expansion

p

20 =30 o). (1.56)

t=0

We replicate the arguments in the proof of Lemma , then apply Lemma (when p is odd)

or Lemma (1.2 (when p is even), and obtain

e, fo) Asgrora(f) (2¢+20+ 1Y . .
AR, f - (7n) 2q+2 Z N Z 1 Z 2l 20 +t+1 Biali —1)
t=0 N =0

(1.57)
NP 1
+of )W’
where 35(j — t) are defined by (1.25). From the proof of Lemma [1.5] we know that
Bi(j—t)=0,7=0,....p—1,0<p<j;0<u<t. (1.58)
Therefore,
84007 ) = g (D s > L (P -
Np(7n)% — (N) 2q + 1 (1.59)
_ 1
+o(N p)n2q+2
This concludes the proof (see [27]). O
We omit the proof of the next Lemma, as Lemma proves a more general result.
Lemma 1.7 [10, 18] Let f2etr+) ¢ AC[-1,1], ¢ > 0. Let
FEIED) =0,k =0,...,q = 1, Aggr1(f)Bagia(f) #0, (1.60)
and
TC 7_8
0 =1—-L 0 =1-L k=1,...p 1.61
k N7 k N’ ) P ( 6 )
Then, the following estimates hold forn > N, as N — oo
A (—1)"tp u (2q+p — k + DI(=1)*y,(7°)
A (05, f) = Asga (f) >
n\Yk> q+2 1r2q+2 kpnp—k
n2+2(2q + 1)Im2a+2 £~ N¥n (1.62)
_ 1
+o(N p)m,
and
(—1)ntp+l (2q +p —k+ DI(=1)Fy.(7%)
p(NS
An(elw f ) BQq+1(f) n2q+2(2q n 1)|ﬂ_2q+2 Z Nk(n _ 5) —k (1 63)

_ 1
+o(N p)w,
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where

p p
LI+ 7w) = w()at, (1.64)
k=1 k=0
and
p p
H(l + Tx) = Z"}/k(Ts)l’k. (1.65)
k=1 k=0
Comparing Lemmas [I.6] and we get
(2¢+p+1)! P
©) = mu(7°) = . 1.

Now, recall ([34]) that the generalized Laguerre polynomials L () have the following

closed form
p

Ly (w) = kz:;(_wkk!(p fpk;iz!+ k)!xk' (1.67)

Also, it is worth to noting that the generalized Laguerre polynomial L;ga)(x) has p real-

valued and strictly positive simple roots.

From (1.66) and (1.67), it follows that 70 = 77 = 7, k = 1,...,p are the roots of the

generalized Laguerre polynomial L;gzqﬂ)(x), which leads to the following theorem.

Theorem 1.2 [T1] Assume f € C?P+2[—11], ¢ >0, p > 0 and f?1+7+2) € BV[-1,1]. Let
fEHY(£1) =0, k=0,...,q—1, (1.68)

and
Asgr1(f)Bag1(f) # 0. (1.69)

Let systems (1.2)), (1.3) have unique solutions 6° and 6°, respectively. Then, the following

estimate holds

L (Aggr (f) + Baga(f)) + o(N"21),  (1.70)

RN’p<f’ 967 087 :l:l) - 7T2q+2(2q + 1)N2q+1

where

pl(2¢ +1)!
=t 7 1.71
P4 (2g+p+1)! (1.71)
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Proof. As we mentioned above parameters ¢ and #° have asymptotic expansions as in (|1.52)),

where parameters 75 = 7, = 7, k = 1,...,p and 7 are the roots of the generalized Laguerre
polynomial
p
+2q+1)!
L () = S (1) P J 1.72
(@) RZ:O( T 1Ty AT (1.72)

From here and the Vieta’s formula, we also have

p
(2¢+1+p)!
- B 1.73
1;[ (2¢+1)! ( )
In view of (0.36)) and (0.37]), we write
RY:(f,0°+1) = AP (6°, f9) " 1.74
Wy (S, 07 £1) ilmo % TRIC (1.74)
and
(L0, £1) = £ AP (6%, f5)(—=1)" (1.75)
Z 1(Tk —l—O XN:—H
From (L.66) and Lemma [L.6], we get
Aggrr(f) (2q+p+1)! &1 N\*
R?\?fp(f? 907j:1> = q2 2 p Z 2q+2 l=—
et G M S, )
+o(N~271),
Finally,
cos c ps A2 +1(f) h ) —2q—1
°(f,0°,0°, £1) = 2q+q2N2q+1 (ququ) + o(N~21), (1.77)
where
p k
p\ (=1)
h,qo=(2 1 —_— . 1.78
=0 (Vg (1.78)
Similarly, we show that
Ry (.00 1) = £t (1.79)

T249+2 N2g+1 (2(] + 1)

which concludes the proof (see [35]). O

Note that, for p = 0, Theorem [I.2]coincides with Theorem [0.5] Comparison of Theorems
and [0.5[shows that the expansions by the modified Fourier system and the MFP-approximations

have the same convergence rates at the endpoints * = +1. However, the comparison of
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p\¢ || a=0|q=1|q=2|q=3|q=4| g=5 | q=6

p=1 2 4 6 8 10 12 14

p=2 3 10 21 36 %) 78 105

p=3 4 20 56 | 120 | 220 | 364 | 560

p=4 ) 35 | 126 | 330 | 715 | 1365 | 2380

Table 1.1: The values of 1/h,, .

constants hy, , with hg ; = 1 shows that the MFP-approximations are much more accurate than
the classical expansions and asymptotic improvement is by factor ho,/h,, = 1/h,,. Table
presents the numerical values of the ratio 1/h,, .

It would be interesting to compare the asymptotic improvement with actual improvement

max [Ry(f, )]
T (f,6°0° x)| for fo(z) (see

for moderate values of N. Table |1.2| shows the values of
ma [ Fy

(T51) for N = 64.

We see that for small values of p and ¢, the corresponding numbers of Tables and

are rather close.

pP\¢ |q=0| q=1 | q=2 | q=3 | g=4 | q=5 q="6

p=1]| 197 | 3.82 | 5.55 7.17 8.70 10.13 11.49

p=21291| 9.10 | 17.93 | 28.90 | 41.54 | 55.50 70.50

p=3| 3.81 | 17.33 | 44.11 | 86.08 | 143.93 | 217.63 | 306.81

p=41] 4.69 | 28.88 | 91.42 | 211.17 | 404.31 | 684.00 | 1060.94

max [ Ry(f, )|

Table 1.2: The values of ratio (F.0°.0°.7)] while approximating ([1.51)) for N = 64.

max | Ry
max [Ry,

Figure demonstrates the values of —log,,, (Hi%t}% |Rn,(f,0° 6%, x)]) for different values
of N and p = 0,1,2,3 while approximating f;(z) (see (1.51)). The case p = 0 corresponds to
the expansions by the modified Fourier system.

Now, we investigate the Lo-convergence of the modified Fourier-Pade approximations.
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Figure 1.2: The values of —log, (HEE%lRNvP(fv 90’957m)|) for different N and p while ap-

proximating fi(z).

system.

Theorem 1.3 [I0)] Let f € C*tP+i[—1 1], f@atr+) ¢ BV[—

the unique solutions of (1.2) and (1.3|), respectively. If
fEHD(£1) =0, k=0,...,

then, the following estimate holds

q—1, A2q+1(f)BZq+1(f) 7é 0,

Jim N R, = e e A8, 1 () + By (1),
where
! 0 7 (t—) ’
0, — 2F 2?24;).1)!4% 3 /1 o / ;zq;ig Z . JTJ L
and 1, k= 1,...,p are the roots of the generalized Laguerre polynomial L 2q“)( ).

Proof. We have (details see in [10])

||RN,p(f,9,Ilf)||%2 =51+ 827

where

%) 7 2

Si= ) | D (FLrANE fOR|

j=N+1 [n=N+1

28

The case p = 0 corresponds to the expansion by the modified Fourier

1,1, ¢ >0,p > 1. Let 0°, 6° be

(1.80)

(1.81)

(1.82)

(1.83)

(1.84)



and

00 7 2

Sp= Y| Y (=nrAane, fomn| (1.85)

j=N+1|n=N+1

where
ec p+k—1
heos = , (1.86)
Z HJ 1 ]751( )
and
93 p+k—1
piin = (1.87)
Z H] 1]#1( )
Then,
cos i (ec)p—l—s—n—l
stk H] 1,];&1(60 9]0)
(1.88)

N e
H?:l,j;éi(Tj —7i+o(l)

i=1

Similar estimate, we can write for h5™,.

Now, from estimates (1.54)) and ([1.55)), we derive the limits

4q+3
]}EI;ON Sy —c A2q+17

and

4943
A}LH;ON S2 —C BQq+1a

which conclude the proof. [J

Estimate (1.81]) is valid also for p = 0, which coincides with Theorem as cpq = 1.
Comparison of Theorems and shows that the classical expansions and the MFP-
approximations have the same convergence rates in the L;-norm. However, comparison of
constants ¢, , and ¢y, = 1 shows that the rational approximations are asymptotically more
accurate and, the improvement is thanks to the factor co,/c,, = 1/¢,, Table shows
the numerical values of ratio 1/¢,,. For example, when ¢ = 6 and p = 4, the asymptotic
improvement is 5595 times.

Let us see, how those asymptotic estimates could be achieved for moderate values of N
for a specific function. Table |1.4 shows the values of % while approximating f,(x) (see

(1.51))) for N = 64. We see that the corresponding numbers in Tables and are close for

small p and q.
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pP\¢ | q=0|q=1|q=2|q=3| q=4 | q=5 | q=6

p=1]| 34 | 66 [ 99 | 13 16 19 22

p=2| 63 | 20 41 70 | 107 | 151 | 203

p=31| 98 | 46 | 125 | 265 | 481 | 791 | 1212

p=4| 13 89 | 310 | 797 | 1706 | 3229 | 5595

Table 1.3: The values of the ratio 1/c¢,,.

pP\¢ | q=0|q=1|q=2|q=3| q=4 | q=5 | q=6

p=1] 33 | 6.3 | 9.1 11 15 16 18

p=21] 6.1 | 18 34 95 39 106 | 134

p=3| 92 | 38 96 | 185 | 343 | 461 | 647

p=4| 12 71 | 217 | 493 | 1042 | 1565 | 2413

Table 1.4: The values of 12202 whije approximating (1.51)) with N = 64.

17N,

2. Convergence of the Optimal MTR-approximations

on |z| <1

Throughout this and the next section, we assume that parameters 0y, k = 1,...,p are

defined by (see (0.45))
-
kal—ﬁk,Tk%O,kzl,...,p. (2.1)

Let 7 = {7,...,7,} and coefficients v,(7) be defined by the following identity

H(l + ) = Z (1) (2.2)

k=1

Next lemma unveils the asymptotic expansions of A*(A?(6, f)) and A*(AP(6, f*)), where
A0, ) = {20, )} (23)

Lemma 2.1 [19] Assume f € C?atptr+i[1 1], f@atrtr+D) ¢ BYV[-1,1],¢>0,7r >0, p > 1,
and

fEH(£1)=0,k=0,...,¢— 1. (2.4)
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Let Oy, k = 1,....p be defined by (2.1). Then, the following estimates hold for n > N as

N — o0
o A7(6. % S (e p k) NS ()
An (A (9 = g . QZqJ’_w nt+p—k+2 SZ:q 7T2S+2(2S + 1)!ﬁk787t(w) (25)
o(N7P)
R e n2q+r+2
p 2q+r [t_Tw]
(t+p—k+1)! Bos1(f) >
AY (AP N = (-1
RO 5N = (M )Ty :Z+ YT Z (st 1R (®) )
o(N~P)
+ n2q+7‘+27
where
t—2s a
. i—2s—¢ w+p—k,l+p—k 9.
Brsal Z t—2s—0O)l(p—k+ 0O (2.7)
t—2s 1 t—2s—/4 o L .
~s = k+ = wip—k,tAp— 2.8
B () ;}( +2) (t—2s—0Olp—k+10)V (28)
with

=y ()rsiizo (29)

s=0
Proof. In view of (0.28) and ({2.1]), we have
p
c k fc
AR (0, f9) Z D) ppt o), (2.10)
k=0
Taking into account that A¥(AP~*(fe)) = Awtr=k(f) and using (0.29), we get
P k w+p—k
w( A rc (_1) fyk(T) w+p—k c
AV(AP©, f) =D — 3 ; Foers- (2.11)
k=0 Jj=0
Application of Lemma [1.1], when p+r is odd, and Lemma [1.2], when p + r is even, leads to the

following asymptotic expansion (h =p — k + 1)

w % ) st (w+p—k
AY(AP (8, f)) Z —1)3( . )

7=0
A s 1 2.12
x Z 2 +1 — ( )

7rn 25+2 o k)2s+2

(N ")

n2at+r+2°
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Then,

k=0 7=0 ']
a+[2] 0 251
y Z Ags1(f) Z ( t )(k+]> (2.13)
2542 —2s5—1
- (mn)2s+ L \2s+1 nt
o(N~P)
+ n2q+r+2 '
Finally,
2q+h
wr A ” A (f) (t+1
AL (AP, f9) = (-1 Z Z ntt2 Z 7T2s+2 — 9
k= t=2q
t—2s t— 9 (2 14)
« Z ( ) >kt288aw+pk,€ '
=0
o(N~P)
+ n2q+r+2

It remains to notice that ayip—ge = 0 for 0 < £ < w+p—k (see [23]). Hence, t —2s > w+p—k,

and s < [(t —w)/2]. O

Next theorem reveals the asymptotic behavior of the MTR-approximations for |z| < 1

without specifying the selection of parameters 7¢ and 7°.
Theorem 2.1 [12] Assume f € C?0P+2[—1 1], f2+r+2) ¢ BV[-1,1], ¢ >0, p> 1, and
fEH(£1)=0,k=0,...,¢— 1. (2.15)

Let O, k = 1,...,p be defined by (2.1). Then, the following estimates hold for |z| < 1 as

N — o0
(_1)N+p+1
Np(f.0, 1) = A2‘1+1<f)N2q+p+22p+17r2Q+2(2q—|— 1)!
cos (2N —p+1)
% cosP 1 ZF

(2.16)

hp2qe1(7) + o(N727P72),

and

(_1)N+p

No(f.0,x) = BQQ+1(f)N2q+p+22p+17TQQ+2(2q+ 1)!
sin %7 (2N — p)

cosptl IZ e

(2.17)

p2q+1(T) + o( N727P72),

where

P (T) = Z(—1>k%(7)(m+p— k). (2.18)

k=0
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Proof. We prove only estimate (2.16). Estimate (2.17)) can be handled similarly.
Taking into account that 6, — 1 as N — 0o, we estimate only the sums on the right-hand

side of (0.36). By the Abel transformation, we get

6:ti77(N+1)x

Z Aﬁ(e,fc)e:tiﬂna; - A?\[(Q)fc)

+imx
n=N+1 (1 +e )

6:I:i7r(]\/—‘,—1)a: L .
- WAN(A”(H, i) (2.19)

e X A et

1 e:l:iﬂ':c
( + n=N+1

Lemma estimates sequences AL (6, f€), AL (AP(6, f€)) and A2(AP(6, f)) as N — oo and

n > N + 1. It shows that for r = 1 and w = 2, we have

o(N~P)

AZ(AP(0, ) = PTER (2.20)

and the third term in the right-hand side of (2.19)) is o(N"?"2¢72). Then, with r = 1 and
w = 1, we have

Ay (AP(9, f)) = O(N—P72079), (2.21)

and the second term is O(N~P~24-3)_ Finally, using the exact estimate for A% (6, f¢), we derive

. (—1)N u 2¢+p—k+1
AN, ) = Avqi(f) Jrrarraaere > w(r) 9+ 1 ke p—k
k=0

(2.22)
+O(N2P79),

which completes the proof as

Xp—k,p—k = (_1)pik(p — k). (2.23)

Note that Theorem is valid also for p = 0, which corresponds to the modified Fourier
expansions (compare with Theorem . In that case, the exact constants of the main terms
in (2.16) and (2.17) coincide with the similar estimate in [9] (Theorem 2.22, page 29).

Theorem [2.1| shows that (see (0.41])
Ry, (f,6°,6°,2) = O(N~27772) (2.24)
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if parameters ¢ and 0° are defined by (0.45). We see improvement in convergence rate by
factor O(NP) and this result is obtained without specifying parameters 7¢ and 7°.
Let us compare the modified Fourier expansions and MTR-approximations for a specific

smooth function. Consider the following one
f(z) = (1 —2*)?sin(x —1). (2.25)

for which

f"(1) =0, f(—=1) = —8sin(2), (2.26)
f7(1) =24, f"(—1) = 24 cos(2) + 24sin(2).
Hence, the function obeys the first ¢ = 1 derivative conditions .
Figures and show the behaviors of |Ry(f,x)| (p = 0) and |Ry,(f,x)| (p = 1, 2,
3, 4), respectively, on interval [—0.7,0.7] for N = 64 while approximating (2.25). We used
7 =71, =k, k=1,...,p in the rational approximations.
According to the results of Theorem as bigger is the value of p as higher is the
accuracy of the corresponding approximations. We observe it empirically. We see that
max(_o.7,0.7 | Rnp(f, )| is 3-107® for p = 0, is 1.6 - 107 for p = 1, is 9- 107! for p = 2,

is 6.6 - 10712 for p = 3 and is 5.7 - 10713 for p = 4.

Modified Fourier Expansion
3.x 1078}

25x10°8f

2.x1078}

i
f
a

I

Figure 2.1: The graph of |Ry(f,z)| on [—0.7,0.7] for N = 64 while approximating (2.25)) by

) o) r“ m

Mr m +

0.7

the modified Fourier expansion ((0.3)).
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Figure 2.2: The graphs of |Ry,(f,6 0% x)| on [-0.7,0.7] for N = 64 and different p while

approximating (2.25) by the MTR-approximations with 7 =70 =k, k=1,....,p.

Can we improve the accuracy of the rational approximations by appropriate selection of
parameters 7° and 7¢7 Further in this section, we give positive answer to this question and
show how the optimal values can be chosen.

Estimates of Theorem show that improvement can be achieved if parameters are chosen

such that 7 = 7¢ = 7 and

hp2q+1(T) = 0. (2.27)

By looking into the definition of hy,2,+1(7), we observe that condition (2.27)) can be achieved,

for example, if

i) = (7)ot s ot (223)

where Q,.(k) is a polynomial of order r < p —1
Qu(k) = ¢k, co =1, (2.29)

=0
with unknown coefficients ¢;, j = 1,...,7. Then, condition ([2.27) follows from the well known
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identity

i(—l)’“ (i) k=0, j<p. (2.30)

k=0

Further, we determine the values of ¢;, j = 1,...,r for improved convergence of the rational
approximations. Next result is an immediate consequence of those observations and estimates

of Theorem [2.11

Theorem 2.2 [17] Let f € C?7P+2[—1 1], and f?1+P+2) ¢ BV[-1,1], ¢ >0, p > 1. Assume

the following polynomial

¢ QT k k, .k
Z( >2q+p—1+]2)< 1)k (2.31)

k=0
has only real-valued and non-zero roots x = z,, k=1,...,p and let
0o =0 =1— % k=1 (2.32)
k _— k - N, -_— 9 0 .. 7p. .

Then, the following estimate holds for |x| < 1

Ry (f,0°,0°,2) = o(N"77P7%), N — oc. (2.33)

Theorem [2.2]is valid only, if for a given p and ¢, polynomial (2.31]) has only real-valued and
non-zero roots. Further, we clarify this statement by showing those cases when it is true.

By imposing extra smoothness on the underlying functions, we derive more precise estimate

of ([2.33). First, we need estimates for A% (AP(0, f¢)) and A% (Ar(0, f5)).

pt+1

1
2q+p+ [%} +2 (2q+p+ [T} +2)

Lemma 2.2 [12] Assume f € C —1,1], f

GBV[_L”: q= O; D=
1, and

fEHD(£1)=0,k=0,...,q— 1. (2.34)

Assume polynomial (2.31) has only real-valued and non-zero roots x = z, k =1,...,p and 6y
is defined by (2.1) with 7, = 2. Let w < p, when w and p have the same parity, and w < p+1,

otherwise. Then, the following estimates hold as N — oo

. 2q+{1%1}+1 =3
w (AP re (_1)N 1 - A25+1(f)
ARNOIND="F-2 5 D w2 gy it (®)
j= o [prw—j+l s=q ) (2.35)
t 2q+{ 3 ]
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and

(—)VH [ ] 1 & B
w (A r's _ 2s+1 -
AN(AP(eaf )) — —Np Cj Z Nt+2 Z 7T28+2(23—|— 1)!O-s,t,j(1U)
=0 pgqy[ptusitl] s=q (2.36)
pt1]
o T
where
p
P p—k+t+1)
ose(w) = (2¢+p+1)! ( )ﬁhaduﬁ K, (2.37)
= \k 2q+p+1—Fk)
and
p
- P\ 5 (p—k+t+1)
%$KW%ZQQ+p+1ﬂ§:<:>&mAw) K, (2.38)
— \k (20 +p+1—k)

with 8 and B defined in Lemma .

Proof. We prove only (2.35)). For that, we prove the following properties of the o, ;(w)

owAw)=Q2q§t§2q+{ﬂiﬁgii—}—1, (2.39)
qgsg[iggy (2.40)
and
OMJ@0=4Lt=2q+[Ejj%;ii—}, (2.41)
q<s§[i%5] (2.42)
Taking into account the definition of [y, +(w) (see (2.7)) We have
p
p\ (p—k+t+1)!
s,t.j = (2 !
st = Cap+ 'S (1) i ey
} (2.43)
= Joti—2s= vk w+p—k
> Z Z (_1)uupk+ﬁ< )
—(t=2s=Olp—k+ ) u
Then,
p
—k+t+1)!
; =(2 DI(=1)Ptw _1)k(P (p
s = @+ DI S ()
-2 - (2.44)
S (w+p—k)! o By
k?t+] 2s—u . .
Z (=2 —a)lp— ka0~ FHwp=ktw)
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where S(n, k) are the Stirling numbers of the second kind (see [36]). Applying the following

well-known property ([36]) of the Stirling numbers

S(k+m, k) = Zm: (k * m) ci(m), m > 0, (2.45)

— m—+t

where ¢;(«) are the associated Stirling numbers of the second kind, we can write

Sp—k+up—Fk+w)= Z(g_w+i

)cr(u —w). (2.46)

Thus, for o,, ;(w), we obtain

Oorj(w) = (2¢ +p+ 1)(—=1)PH _2 (S D Z o + 5
) 0 (2.47)
x 3 g2 ) (p> ( (p—k+t+Dp—k+w)

k] 2q+p—k+D(p—k+w—r)
It remains to notice that the following expression

p—k+t+Dl(p—k+w)!

kt+j72sfufw
2q+p—k+Dlp—k+w—r)!

(2.48)

isa (2t 4+ j — 2s — u + r — 2q — w)-degree polynomial of k, and hence, we can write

245 —2s—utr—2g—w
T — p—k+t+D(p—k+w) _ ! Z ! A Jm (2.49)
29 +p—k+Dp—k+w—r) " '

m=0
with some coefficients d,,,. Therefore,

t—2s—w

0i(w) = (2q +p+ D=1 Y 1

—~ (t—2s—u—w)
" (u)
X;(U-}-T)!

2t+j—2s—u+r—2q—w
where o, ,, are defined by (2.9)). It is easy to verify that 2t +j —2s —u+1r — 2¢ — w < p,

(2.50)

E Ay Oty

m=0

which completes the proof as a,,, = 0 for m < p. Second, in view of (2.50]), we similarly prove

(2.41)).
By taking n = N in , and using , we get
2q+{p+1}+1 |
AR(A(0, DR CE 2_: WQS;S;H 737 s (0) (2.51)

p+1

+0<N2wws,

This completes the proof in view of (2.39)) and (2.41). O
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Further, in Theorems [2.3] and [2.4, we show that the pointwise convergence rate of the
rational approximations depend on the asymptotic of A% (AP(0, £¢)) and A% (AP(6, £*)).
From the other side, Lemma reveals that the convergence rates of those sequences

depend on the value of (as w = 0)

[Z%H} . (2.52)

When p is odd, for the highest power of 1/N, parameter j can be only j = 0. It means that
Q,(k) = 1. When p is even, parameter j can be j < 1 which means that Q,(k) = 1 + ¢ k.
Parameter ¢; we determine later.

Next theorem unveils the convergence rate of the MTR~approximations for odd values of
p, when Q,(k) = Quy(k) = 1. Note, that in this case, the roots of polynomial coincide

with the roots of generalized Laguerre polynomial Ll(,zqﬂ)(:z:).

Theorem 2.3 [12] Let parameter p > 1 be odd, f € C2TP+ " +2[—1 1], ¢ > 0,

FePEEE4) ¢ BY[—1,1] and
fEH(£1)=0,k=0,...,¢— 1. (2.53)

Let 0y, k = 1,...,p be defined by (2.1), where 1, be the roots of the generalized Laguerre

polynomial L;,zqﬂ)(x). Then, the following estimates hold for |x| <1 as N — oo

(~pV+
RN,p(f7 0,) = A2q+1<f) N2q+p+PT“+27T2q+22p+1

cos (2N —p+ 1)
% ( cosPtl IE Tq,2g+ 2410 (0)

2 (2.54)
cos % (2N — p)

2 cosPt2 IF T9.2q+2540 (1)>

T o( NP2,

and

sin — (_1)N
RN,p(f7 9, $) — BQq+1 (f) N2q+p+%+27{'2q+22p+1

1 EQN_
><(SIHQ( P) .

cosP+1 % 9¢,2q+251 0 (0)

(2.55)

+sin RN —-p—1)_

2 cosP+2 % Uq,2q+”7“,0 <1))

b o(N-Hr )

where o and & are defined in Lemma[2.3

39



Proof. We estimate RS (f,0,x) (see (0.36)) only. The error Ry%(f,6,z) can be estimated
similarly. Taking into account that 6, — 1 as N — oo, we estimate only the sums on the
right-hand side of .

An application of the Abel transformation to the sums of R (f, 0, z) leads to the following

expansion of the error

00 o eEim(N+1)z etim(N+1)z oy N
Z AZT)L(Q’ fc)e = (1 + 6:|:z7rx (0 fc) (1 + e:l:iﬂx)QAN(Ap(07 fc>>
n=N+1
pT—HJrl w A AC
_ din(N+1)z AN (AP0, f9)) (2.56)
e — (1 + e:tiﬂz)w-‘rl
A Ap 0 fc)) :I:i7rnac'

According to Lemma [2.1], we have

BELL2 Ay § o(N~P)
2 c — >
AR? (AP0, £9)) N N =00, n> N +1, (2.57)
and hence the last term on the right-hand side of (2.56) is o(N~=277="2 ~2) as N — oc.

It follows from Lemma that the third term in (2.56) is O(N_zq_p_%_g’) as N — oo.

Therefore,

COS(J(' 9 x)

eiﬂ'(NJrl)m ef'iﬂ(NJrl)x , .
. A A (0, f€
<2(1 + ezwa:)p+1 + 2(1 + e—mrac)p—l—l) N( 7f )

e s YT (258)
a (2(1 + eirz)p+2 + 2(1 + eiﬂ':p)p+2) Ay (AP0, f9)) :

+ o(N~27P=572),

By Lemma we have

2g+ 2541 (3]
oy _ (DY 1 Assr1(f)
AN, ) = NP Z Nt+2z 2542 75,.0(0)
t=2¢+24+ s=q

+o( NP

(2.59)
DY )
:( N)2q+2Np+% Z 287:215 Ts,2¢+241 0 (0)
T po
+ o(N~20 P =2y,
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and

2q+”+1+1 (5]
( A2s 1<f)
A (A0, 7)) = I
t= 2q-|-p+1 5=q

+o(N"20P 53y

_,'_[pfl] (260)
-1 N iz A .
= ( ) . Z 2+1(f)a it (1>
(WN)2q+2Np+% 28 $,2q+55=,0

s=q

+ o(N 2P &R ).

Taking into account that (see (2.41))
Ty aq1 21 0(0) = 0y 9gy 011 4(1) = 0, 5 > g, (2.61)

we conclude that o, 5, pi1 o(0)and o, Lept 0(1) are nonzero only for s = ¢ which leads to the

following estimates

(=D~
(WN)2q+2Np+%

AR, ) = Azgar(f)

O-q,2q+pT+1,O (0)
(2.62)

Fo(NTHT ),

and
(=~

A}V(AP(H, fC)) — A2q+1(f) (7N )2a+2 NP

+p7+1 O-q,2q+p7+1,0 (1)

(2.63)
+ o( N2~ R —2).

From here, we get

(_1)N+1
20+2 N 2a+p+5+2
6i7r(N+1):r
X (Uq,2q+PJ2r1,0 (0) Re [(1 T 6i7rx)p+1:|

€i7r(N+1)x
+0q,2q+%,0 (1) Re [(1 I eiwx)p+2:|>

R?\(f),sp(f? 97 ':C) = A2q+1(f>

(2.64)

Fo(NHPE),

which completes the proof. [

Note, that for even functions, Theorem [2.3| coincides with Theorem 4.3 of [29].
Figure shows the result of approximation of (2.25) by the MTR-approximations with

optimal parameters 70 = 73}, k = 1,...,p as the roots of L,()Qqﬂ)(x). We see better accuracy on
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p=1 p=3

6.x107 11 [
: 25x10714
5. x10711 | [
u 2.x107 14 -
4.x107 [
: 15x10°14 |
3.x10711 [
f _14
2 x10-11 F 1.x10 i
iy . 5.x10715
I I Ii [
| | | AN A WV "“A'\" |
07
7
JVM
0.7

-0.7 0.7 -0.7
p=5 p=

35x 107 ¢ 12x10719 |
_17 b [

3.x10 E 1.x10719 -
25x10717 | ?
. 8.x10720 |-

2.x10717 | [
i 6.x10720

15%x10717 F I
r —20 [

1x10° 17 F 4107

5.x10718 | 2.x10720

-0.7 i 0.7 -0.7

Figure 2.3: The graphs of |Ry,(f, 0 6° )| on interval [—0.7,0.7] for N = 64 while approx-
imating (2.25) by MTR-approximations. Parameters 75 and 77, k = 1,...,p are the roots of

L;E;Qqﬂ)(x) which are optimal for odd p on |z| < 1 (see Theorem .

[—0.7,0.7] compared to non-optimal parameters as in Figure For p = 1, the improvement
is almost 25 times, and for p = 3, the improvement is almost 240 times.

Next theorem deals with even values of p. As we mentioned above, the best convergence
rate is possible if Q, (k) = Qi(k) = 1+ ¢k and 73, k = 1,.. ., p are the roots of (2.31]). We need
to assume that polynomial has only real-valued and non-zero roots x = 2z, k=1,...,p
for fixed p and ¢. In two cases, we can prove that it is true. When ¢; = 0, the roots of
polynomial coincide with the roots of the generalized Laguerre polynomial L1(02q+1)(a:).
When ¢; = —1/(2¢ + 1 + p), the roots coincide with the ones of L ().

We saw from our experiments (which we can’t prove theoretically) that polynomial
has only real-valued and non-zero roots also for other values of parameter ¢;. However, based
on our experiments, we observed that the rational approximations have almost similar accuracy

for different values of ¢; while approximating smooth functions on |z| < 1.
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Theorem 2.4 [19] Let parameter p > 2 be even, f € C2HP+3+2[_1 1], ¢ > 0, fRatr+i+2) ¢
BV[-1,1] and

fEHD(£1)=0,k=0,...,q— 1. (2.65)

Assume the following polynomial

P\ 1+ci(p—k) ko k
;; <k) erirmt Ve (266)

has only real-valued and non-zero roots x = z, k = 1,...,p and let Oy be defined by (2.1)) with

Tk = zx. Then, the following estimates hold for |x| < 1

(_1)N+1
RN,p<f7 0, I) = AQq-I—l(f) NQQ+p+§+27TQQ+22p+1

cos (2N —p +1)
x cosPtl TF

<0q72q+§,0 (0) + 9g,2¢+5,1 (0) ex
(2.67)

+cos 52N —p)ogagiza (1)
2 cosPt2 TF “a

o(N-2r-E2y,

and

sin — (_1)N
N,p(f? 0, {L‘) - BQQ-H (f) N2a+p+5+22¢+29p+1

sinZE(2N —p) /. )
. ( C(Z)SP'H Iz (U‘LQ‘H%O (0) + 9¢,2¢+5,1 (0) Cl)
2

sin G (2N —p —1)0,9412.1 (1)0 >
1

2 cospt? o

(2.68)
+

Fo(NTHIE)

where o and & are defined in Lemma[2.3

Proof. We prove only (2.67) and need only to estimate the sums on the right-hand side of

(0.36). Likewise to (2.56)), we apply the Abel transformation and get the following expansion

of the error
eiiﬂ'(NJrl)z

(]_ + e:l:iﬂ'a?)

6ii7r(N+1)x

Z A7 (8, ch)eﬂmz = AR (8, fc) - WA}\/(AP(& fc))

n=N-+1
+in(N+1)x Al Al]l\;(Ap(ev fc)) (2 69)
- Z (1 + eiiﬂx)erl ’

w=2

= E+2 4 rc imnx
= 3 AP, et

n=N-+1

1
+ -
(1 + ei’mz)
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Taking account Lemma 2.1 we obtain

242, 4 reny  O(NTP)
AZT(AP(O, f)) = ey

N — oo, n>N+1. (2.70)
n

and the last term on the right-hand side of (2.69) is o(N~2977"%2-2) as N — oco. According

to Lemma [2.2] the third term in the right-hand side of (2.69) is O(N~277=373) as N — oo.

Therefore,

eiﬂ'(NJrl)m efiﬂ(Nle)x , .

. , AL (0, f€
<2(1 + ewrm)p-‘rl + 2(1 + e—wrac)p—l—l) N( ’f )
ei7r(N+1)w N e—i7r(N+l)x
2(1 + eiﬂx)p+2 2(1 + efimv)erZ

COS(f 0 :E)

) AL (AP0, ) (2.71)

+ o(N~27P=572),

According to Lemma [2.2] we get

( 1 2¢+5+1 A

iy (— 2541 (

AR, ) = Z Z Nt+2 Z 7T2s+2 ”j(o)
=0 1=2¢+%

o N-2-p-5-3)

(2.72)
q+[§] A

_ 25+1

o ( 2q+2Np+p Z Z 7T23 572q+%7j (0)

+ o(N"2a7P=572),

and
1 2q+2+1 =
A fc (_1)N 1 AZs 1(f) —9g—p—P _
A}V(Ap(eaf )) = No ch Z Nt+2 Z 7.‘.;;4»2 Us,t,j(l) +O(N 2q—p ) 3)
j=0 t:2q+[17+§*j] s=q
g+ (23]
(—1D)%¢ Z Agei1(f) 2q-p-L—2
= 5 —— L0, 954p1 (1) Fo(NTI7P727%),
2q+2 \NP+2 2s 2q+5,
(WN) q+2 NP po T 2
(2.73)
According to ([2.41]), we have
Ogngrest j(0) =0 o0 00 ;(0) =0, 5> ¢ (2.74)
and
O-s,2q+%1,1(1) = 07 $>4q. (275)
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Hence, 0, »+1 ;(0), j =0,1and o_,, , »+1 (1) are nonzero only for s = ¢, which leads to the
) 2 ’ 27

following estimates

e (_1>N
AN(0, f) = Azgir(f) (xN )22 NPT (Uq,2q+§,0 (0) + 04,24+2,1 (0) Cl) -
)
and
N
1 (AP rfeyy (_1) €1 v
AN(A (97 f )) - A2q+1<f) (WN)2q+2Np+% Uq,2q+§,1 (1) (2 77)
T o(N- i)
Finally, from (2.71f), we get
(_1)N+1
N,p(f7 97 iC) = A2q+1 (f) 7T2q+2N2q+p+%+2
6i7r(N+1)z
X <(O'q72q+127’0 (O) + O'q72q+g71 (0) Cl> Re [W]
(2.78)

€i7r(N+1)x
t 0g2¢+2,1 (1) Re [(1 T eiwm)p+21 Cl)

+o(N )

which completes the proof. [J

Theorems [2.3] and [2.4] conclude that by appropriate determination of parameters 7¢ and 7,
kE=1,...,p, we get extra improvement of the convergence rate of the MTR-approximations

p+1

by factor O(N E ]) compared to Theorem Final improvement compared to the modified
expansion is by factor O(NpJ’[%]).

Let us return to MTR~approximations of . Figure [2| shows the results of approxi-
mation of by the MTR-approximations with even p. Parameters 70 =7, k =1,...,p
are selected as the roots of quﬂ)(:t). Compared with Figure , we see better accuracy on
|z| < 1. For p = 2, the improvement is almost 27 times, and for p = 4, the improvement is
almost 200 times.

Figure shows similar results with parameters 77 = 77, K = 1,...,p as the roots of
L}(72q>(x). In the next section, we will prove that those parameters provide with improved

accuracy also at © = £1 for some p and q. We see that both choices of parameters provide

with similar results on |z| < 1.
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Figure 2.4: The graphs of |Ry,(f,0¢6° )| on interval [—0.7,0.7] for N = 64 while approxi-

mating (2.25). Parameters 7 and 77, k = 1,...,p are the roots of LY ().

Theorem [I.3] shows that the Lg-error of the MFP-approximations depends only on the
T parameters which are the coefficients of the second term in the asymptotic expansion of
0, = 0x(N) in terms of . Paper [26] showed that the accuracy of the rational approximations
by the classical Fourier system could be increased by appropriate selection of those parameters.
We try the same approach for the MTR-approximations with parameters 6 and 6° defined by
(T.61).

We omit the proof of the next theorem as it imitates the proof of [[.3|

Theorem 2.5 [11] Let f € CPP+D[—1 1] and f+7+) ¢ BV[-1,1], ¢ > 0
p>1. Let

fEHY(£1) =0, k=0,...,q—1, (2.79)

and

0o=0=1— L 750 k=1,....p. (2.80)
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Figure 2.5: The graphs of |Ry,,(f,6° 6°, )| on interval [—0.7,0.7] for N = 64 while approxi-

mating (2.25). Parameters 75 and 77, k = 1,...,p are the roots of LY ().

Then,

*

. 3 C i

where c;, . is defined by (1.82)) for all 7, >0, k=1,...,p.

In estimate , the constant ¢, , will coincide with ¢, , if the parameters 7, are the roots
of L](fq“)(x). Our goal is the minimization of ¢ , by an appropriate selection of parameters 7,
k=1,...,p (see also [20] for a similar problem). The corresponding MTR~approximations, we
call as Lo-minimal MTR-approximations. Table shows some of the optimal values of 75 (see
[26]) with the corresponding value of 1/c;  which shows the efficiency of the Lo-minimal MTR-
approximation in comparison with the classical expansions by the modified Fourier system with
the exact asymptotic constant ¢y, = 1.

Comparison of Tables and shows that the Ls-error of the Lo-minimal MTR~appro-
ximation is smaller than the Ls-error of the corresponding MFP-approximation. For example,

in case of p = 2 and ¢ = 6, the asymptotic improvement is almost 4.9 times.
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1/0“{76{ 5.7 | 122 | 187 | 25.3 | 318 38.3 44.9

T1 1.35| 3.3 5.3 7.3 9.3 11.3 13.3

1/c5, | 211 | 82.4 | 183.8 | 326 | 508 | 731 | 994

T1 28 | 54 3.3 4.9 6.5 14.9 17.1

To 0.53 | 1.8 7.8 10.2 12.6 8.2 9.9

1/c3, | 61.3 | 412 | 1297 | 2965 | 5667 | 9650 | 15167

Ti 42 | 7.3 5.2 7.2 4.95 17.9 20.4

To 03 | 3.2 | 10.1 | 12.7 9.1 6.4 7.9

T3 1.29 | 1.12 | 2.3 3.6 15.3 11.1 13.1

1/cy, | 157 | 1704 | 7378 | 21442 | 49700 | 99492 | 179701

T 22| 46 6.9 5.4 114 5.2 10.6

To 5.7 1 9.1 | 122 | 15.1 17.9 8.8 6.5

T3 0.1 | 2.1 3.7 9.2 7.1 20.6 23.3

T4 0.67 ] 0.74 | 1.6 2.7 3.9 13.7 15.9

Table 2.1: Numerical values of 1/cy, , for p = 1,2, 3,4 with the optimal values of 7., k = 1,...,p
that minimize c; .
3. Convergence of the Optimal MTR-approximations at

r==+1

In this section, we explore the pointwise convergence of the MTR-approximations at the
endpoints * = +1. Next theorem explores the convergence of the rational approximations

without determining parameters 7¢ and 7°.
Theorem 3.1 [12] Assume f € C?+P+1[—1,1], fCatr+l) ¢ BV[-1,1], ¢ >0, p> 1, and

fEHD(£1) =0,k =0,...,q— 1. (3.1)
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Let Oy, k=1,...,p be defined by (2.1). Then, the following estimates hold

A2q+1(f> (—1)p
N2a+1 (2g 4 1)Imw2a+2+,(7) hy.24(7)

REgs(f,0,%1) =

(3.2)
+o(N"2 1 N - oo,
and
; Bag+1(/f) (1)
s (f0,£1) = £ h
N0 0250 = 5N (g 4 ey () T (5.3
+o(N"21) N — o0,
where hy, ., (7) is defined by (2.18)).
Proof. In view of (0.36) and (0.37)), we write
cos NP - p rc n
N,p(f7 Q’ il) - An(‘gv f )(_1) ) (34)
(1) n=N+1
and
sin NP - P £'s n
p(T) n=N+1

Now, the prove immediately follows from the estimates of Lemmal[2.1] by taking w = 0, r = 0

and by recalling that a, s, = (=1)P"*(p— k). O

Note that this theorem is valid also for p = 0, which corresponds to the expansions by the
modified Fourier system (compare with Theorem [0.5)). Exact constants of the main terms in
(3:2) and (3.3), for p = 0, can be found also in [6] (Theorem 3.2). We see that, in general,
rational corrections don’t increase the convergence rates of modified Fourier expansions at the
endpoints x = +1 without specifying appropriately parameters 7¢ and 7°. Both approaches
have the same convergence rates O(N2¢71). Moreover, as Figureshows, without reasonable
selection of the parameters, modified Fourier expansions have better accuracy compared to
"non-optimal” rational approximations at x = +1.

Is it possible to improve the accuracy by appropriate selection of parameters 7¢ and 7°7

The answer is positive and the solution is in the estimates of Theorem We put

i) = (}) ot o), (3.6)

(2g+p—k)""

49



8.x107 115x10°0

6.x10°7 | A
k - 11.x10°®

4.x10°7+

15.x10°7
2.x107+ 1

Figure 3.1: The graphs of |Ry,(f,6° 6° )| for p=0,1,2,3 and N = 64 while approximating

(2.25)) at the points = £1. In rational approximations, we took 70 =7 =k, k=1,...,p.

where
Pr(k) = dik?, do = 1. (3.7)
=0

Now, the property hy,2,(7) = 0 follows from the identity

i(—l)’“ (i) =0, j<p (3.8)

k=0

Next theorem is the result of these observations and Theorem B.11

Theorem 3.2 [19] Let f € C?7tP+1[—1,1], ¢ >0, p > 1, and fCr+) ¢ BV[-1,1]. Assume

the following polynomial

k; (i)w(—nw (3.9)

(2 + k)!
has only real-valued and non-zero roots x = z,,, k =1,...,p and let
0 =0 =1—"E k=1,...p (3.10)
N
Then,
Ry (f,0°,0°,£1) = o(N77"), N — oo. (3.11)

Our next goal is derivation of the exact convergence rate of (3.11)).

Lemma 3.1 [19] Assume f € C2tP+*5 1111 1], ¢ > 0, p > 1, f@atrHHD ¢ BY[—1,1]

and

FOHD(£1) =0, k=0,...,q— 1. (3.12)
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Assume the following polynomial

P <Z) %_k];!)(_ka (3.13)

has only real-valued and non-zero roots x = z, k =1,...,p and let O be defined by (2.1]) with

Tr = 2. Then, the following asymptotic expansions hold as N — oo

2q+[ 24

COS 1
DD S
t=2 +[p+1 J]
2y
_ ot
x Zbg /) Z T252(25 + 1)!5‘1»?5—“ (€) (3.14)
{=0 s=q
[%] A2s+1 (f) _Qq_[ﬂ}_l
-2 aBra(gs ¢ Dy oved (1) [ oV,
s=q
and
1 r QQJF[%] 1
Sm 0,+1 + d; —_—
(f ) 7p(7') — J Z B Nt+1
=0 t:2q+[p+§ 1]
2yl B
_ ot -
=0 s=q

5]
BQerl(f) N _9 _[LH]_l
-3 (25 1T sty (1) | +o(N7271= 7))

S=q

where by 1s the {-th Bernoulli number and

p
(p—kz+t+w)! .
0s5(w) = (2¢ + p) 'Z( >5kst K, (3.16)
and
p
: P\ 3 (p—k+t+w)
. = (2 ! J
Susw) = a3 (1) o) T e .17

with B and B defined in Lemma .
Proof. We prove only (3.14). First we prove that
537t,j(w) - 07 (318)

o1



when

l—w-—y t
QQStSQQ—F[}%}—L andqgsg{i]

(3.19)

Taking into account the definition of fys:(w) (see (2.7)) and using (2.45) property of the

Stirling numbers of the second kind we receive

0s 5 (w) = (29 + p)I(=1)° _Z (t— 22 — )] 2 (57&3)!

- t+j—2s—u;_q\k [P (p—k+t+w)llp—k)
DI () 6ot

Similar to (2.50]), we derive that

t—2s 2t+j+w—2s—u+r—2q

Osrj(w) = (2q + p)I(—1)7 Z (e ,Z uﬂ > i Qi

m=0

where «,, , are defined by @, which completes the proof as a,,, = 0 for m < p.

Second, in view of (3.21]), we similarly prove that

1—9— t
dstj(w) =0, t=2q+ [w}, g<s< [5]

In view of Lemma (with w = 0) and equation ({3.4)), we write

p () 2q+(25]
COS /yk T
s (f,0,£1) = Z NG Y (p-k+t+1)
=0 t=2q
2 [e¢]
A23+1 1
X Z 7T28+2 28 + /Bk s t( ) Z np_k+t+2
n=N+1

Lo

(3.20)

(3.21)

(3.22)

(3.23)

We estimate the infinite sum on the right-hand side of (3.23|) by the Euler-Maclaurin formula

(see [37]). We have

0o 2+ (24—t

1 B 1 p—k+t+w\ by(—1)"
an—k+t+2_p_k+t+1 Z w Np—k+t+w+1

n=N w=0

+ O(N—Qq—p-ﬂ-k—[p%l]—?)

b

where b, is the w-th Bernoulli number. Then,

p+1 )

2g+] ] t—2q [ 5 ] A2 +1(f)
COS (f 8 j:]. E : Z N?H—l Z {4 . Z 7T28+2(23 T 1)!6S,t—€7j(£)

t=2q s=q
r 2q-+[24]-1 [%]
Ly ! Ao (f)
_ , "
Vp(T) =0 g = Nt+2 Z 7T23+2(23 + 1)!53715,]( )

+o(N~2- 51y,
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which completes the proof in view of (3.18]) and (3.19) OJ

By repeating the observations of previous section, it is possible to deduce that for getting
the maximal convergence rate for odd values of p, the polynomial P, (k) can be at most degree-0
polynomial, P,.(k) = Py(k) = 1. For even values of p, P,.(k) = P1(k) = 1+ dik. In the first
case, parameters 73 are the roots of Lé,QQ) (). In the second case, if d; = 0, we get the roots
of LG9 (x) and, if d; = —1/(2¢ + p), we get the roots of L,(f"*”(x). The next two theorems

immediately follow from Lemma and identity (3.22)) and, we omit the proofs.

Theorem 3.3 [12] Let parameter p > 1 be odd, f € C27P+"+2[—1 1], ¢ > 0,

FRatPEE42) ¢ BY[—1.1] and
fEH(£1)=0,k=0,...,¢— 1. (3.26)

Let O, k = 1,...,p be defined by (2.1)), where 7, k = 1,...,p be the roots of the generalized

Laguerre polynomial LZ()QQ) (x). Then, the following estimates hold as N — oo

1 AQq—H(f)
N20+HE+1L (7)) 202 (29 4 1)

1
X (5q,2q+”;1,0 (0) - §5q’2q+%’0 (1)) (3.27)

R3S (f,0,%1) =

o,

and

1 B2q+1<f)
N20+E5+1 (1) w202 (29 4 1)

RS(1,0,+1) = +

~ 1 -
X (5q,2q+p§1,0 (O) — §5q72q+%70 (1)) (3.28)
+ O(N_Qq_%l— ),

where & and & are defined in Lemma .

Figure shows the result of approximation of by the rational approximations with
optimal values of parameters 7., K = 1,...,p as in Theorem We see that by increasing p
(p is odd), we increase the accuracy of approximations at the points z = +1. Note that p =0
corresponds to the classical expansion by the modified system and we see that in contrary to

Figure the optimal choice of parameters do have big positive impact on the accuracy.
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Comparison of Theorems and reveals the problem of the optimal rational approxi-
mations which is in the difference of optimal values of parameters 7, for |z| < 1 and z = £1.
On |z| < 1 and & = £1, the optimal values are the roots of Lé,QqH)(x) and LY (z), respectively.
The choice of L,(fq) () will result in better accuracy on overall [—1,1] by the uniform norm,

but on |z| < 1 the rate of convergence will be worse by factor O(N).

—log (Jerror)

e '
: ---------------------- "1

16/ . o
: o S ---® —e— p=0
i ‘_.-" //A” —————————---

147 __.-"‘-— /// --__________

[ - ///_. o
L /A/ ———‘_,

12/ PSR .

i yo I o
I e -

10- a R 5
N AP D .
8 [ e
b s
6ﬁ//‘

100 200 300 400 500

Figure 3.2: The values of —logg (Hi?é |Ry,(f, 0% 6%, x)]) while approximating ([2.25]) for dif-
ferent N and p. Parameters 77 and 7, k = 1,...,p are the roots of the generalized Laguerre

polynomial LI(,ZQ)(I).
Next theorem explores even values of p.

Theorem 3.4 [12] Let parameter p > 2 be even, f € C2HP+5+2[1 1], ¢ > 0, fRatr+i+2) ¢
BV[-1,1] and

fEH(£1)=0,k=0,...,¢— 1. (3.29)

Assume the following polynomial

2 14+di(p—Fk
; @) et E ipk)! ) (Z1yht (3.30)

has only real-valued and non-zero roots x = z, k = 1,...,p and let 0y be defined by (2.1)) with
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Tr = 2. Then, the following asymptotic expansions hold

1 A +1(f)
cos 9 j:l = 2
N,p(f, ) ) N2a+5+1 Yp(7)72q+2(2q + 1)

(3.31)
+ O(N_Qq_%_l), N — o0,
and
; 1 Bag1(f)
R (f,0,£1) = £ 1 d,,(d
Npll 021 = e e (ag £ 1)1 Cer () 5.32)
+o(N"27271 N — o0,
where
(I)q,p(dl) :5q,2q+§,0 (0) - 5q,2q+§—1,0 (1)
1 (3.33)
+d (5q,2q+§,1 (0) — §5q,2q+§—1,1 (1)> :
and

Py p(dr) :5q,2q+§,0 (0) — 5q,2q+§—1,0 (1)

) N (3.34)
+dy (5q72q+§,1 (0) - §5q,2q+§71,1 (1)> ;

with § and & defined in Lemma .

Estimates (3.31)) and (3.32)) are valid if polynomial (3.30) has only real-valued and nonzero

roots. As we mentioned above, in two particular cases when d; = 0 and d; = —1/(2¢ + p),
the roots of the polynomial coincide with the roots of L% () and LZ(;qul)(x), respectively.
Both Laguerre polynomials have only real-valued and positive roots and Theorem is valid
in both cases. The choice of polynomial L;(,Qq)(:p) is reasonable as it will provide with optimal
rational approximation both on |z| < 1 (see Theorem and at x = %1 for some p and q.

Figure shows the result of application of the rational approximations to function ([2.25))
with optimal values of parameters 74, k = 1,...,p as the roots of L}(}Zq) (x).

Now, we show that for some p and ¢, estimates and can be improved with
appropriate selection of parameter d;. Assume that for a given p and ¢, it is possible to vanish

®,,(dy) by appropriate selection of dy in (3.31]). Then, we derive
RS (f.6°,0°,£1) = o(N~207571), (3.35)
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Figure 3.3: The values of —logyg (Hleg |Rn,(f, 0% 6%, x)|> while approximating ([2.25]) for dif-
ferent N and p. Parameters 77 and 7, k = 1,...,p are the roots of the generalized Laguerre

polynomial L? (x).

or

RS (f.6°,60°,£1) = O(N~27572) (3.36)

in case of smoother functions. Similarly, if Ci)%p(dl) = 0 by appropriate selection of parameter

d17 then,
RyM(f,0°,0°, 1) = o(N 207271, (3.37)
or
N (f,0°,0°,£1) = O(N 27572 (3.38)

in case of smoother functions.

The problem is that, we can not vanish both ®,,(d;) and ®,,(d;) simultaneously by the
same d;. Hence, we decompose a function into even and odd parts, and perform separate
optimizations in terms of parameter d;. In order to choose parameter d; appropriately, we

need to have
1

0424481 (0) = 504241311 (1) # 0, (3.39)
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and

N 1-

5q,2q+§,1 (0) - §5q,2q+g—1,1 (1) #0 (3.40)

for even and odd functions, respectively.

Then, we put
_5q72q+§,0 (0) + 5q,2q+§—1,0 (1)

6f12¢1+g,1 (0) - %5q,2q+g—1,1 (1)

dy = do"(q) = , (3.41)

and

) 2o (0) + 0 p_10(1
dl :dzdd@) — _ q,2q+2,0( ) ~q,2q+2 1,0( ) (3'42)

5‘1:2(1+%,1 (O> - %5q,2q+%71,1 (1)

Finally, we put d&**"(¢q) and d*(q) into (3.30) and if that polynomials have only real-valued

and nonzero roots, the optimization process will succeed. Tables [3.1] and [3.2] show that except

some special cases, we can optimize estimates of Theorem [3.4]

q 0 1 2 3 4 5 6
ds’e™(q) -1 1 1/3 1/5 1/7 1/9 | 1/11

T1 —1.41 2.71 426 | 5.89 | 7.57 | 9.28 | 11.01

To 1.41 13.29 | 11.74 | 13.31 | 15.29 | 17.39 | 19.53

dsen(q) | —3/14 | —3/2 | 3/10 | 3/22 | 3/34 | 3/46 | 3/58

T1 012 | —=2744 | 261 | 3.81 | 5.10 | 6.45 | 7.85
To 1.09 1.57 5.86 | 7.50 | 9.23 | 10.99 | 12.78
T3 3.46 4.44 1 10.85 | 12.72 | 14.76 | 16.86 | 18.98
T4 791 943 |2228 |21.43|23.15 | 25.36 | 27.71

deen(q) | =1/11| —=1/5 | 1 | 1/7 | 1/13 | 1/19 | 1/25

T 0.18 —0.74 | 1.96 | 2.90 | 3.95 | 5.07 | 6.25
To 1.00 1.34 428 | 5.57 | 6.98 | 846 | 9.98
T3 2.60 3.41 7.51 | 9.04 | 10.76 | 12.54 | 14.35
T4 5.15 6.45 | 11.99 | 13.62 | 15.55 | 17.59 | 19.67
Ts 8.96 10.74 | 18.54 | 19.91 | 21.87 | 24.08 | 26.38

T6 14.84 | 17.18 | 75.72 | 31.25 | 31.35 | 33.32 | 35.69

Table 3.1: The values of d5""(¢q) and the roots of (3.30) for p =2,4,6 and 0 < ¢ < 6.
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q 0 1 2 3 4 ) 6

ds*(q) | - - /2 | 1/4 | 1/6 | 1/8 | 1/10
71 — - 4417 | 6 | 7.653|9.347 | 11.07
T — - 13.58 | 14 | 15.68 | 17.65 | 19.73

ds(q) | —3/20 | —3/8 | 3/4 | 3/16 | 3/28 | 3/40 | 3/52

T1 023 | =195 | 2.70 3.87 | 5.14 | 6.48 | 7.87

To 1.35 1.83 6.09 7.63 | 9.31 | 11.05 | 12.83

T3 3.77 4.96 11.41 | 13.01 | 14.93 | 16.98 | 19.07

T4 8.249 | 10.16 | 35.80 | 22.99 | 23.76 | 25.69 | 27.92

dgtd(q) | =1/14 | —=1/8 | —1/2 | 1/4 | 1/10 | 1/16 | 1/22

T1 0.20 0.53 | =16.59 | 294 | 3.98 | 5.09 | 6.27

To 1.06 1.80 2.07 5.67 | 7.04 | 850 |10.01

T3 2.71 3.88 4.52 9.23 | 10.86 | 12.60 | 14.40

T4 5.29 6.92 793 | 13.95 | 15.73 | 17.70 | 19.74

Ts 914 | 11.23 | 12.62 | 20.58 | 22.21 | 24.28 | 26.52

T6 15.04 | 17.65 | 19.45 | 37.63 | 32.58 | 33.82 | 35.98

Table 3.2: The values of d2*(¢) and the roots of (3.30) for p =2,4,6 and 0 < ¢ < 4.

Figures and show the errors at x = 41 while approximating with rational
approximations, where parameters 77 and 7;, £ = 1,...,p are selected according to Tables
and for even and odd parts of the function, respectively. We called this approach as
“optimal” in the figures. For comparison, we showed also the result of approximations with
parameters 75 and 75, k = 1,...,p as the roots of L](fQ) (x) (see Figure and Theorem .
In the figures, we call the latest as "non-optimal”. We see the impact of optimizations on the

accuracy of the rational approximations at x = +1.
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Figure 3.4: The values of —log <mél>§ |Ry,(f, 0% 0° x) |) and different N while approximating
(2.25)). In case of "non-optimal”, parameters 7¢ and 77, k = 1,...,p are the roots of LéQQ) ().

In case of "optimal”, the parameters are chosen from Tables and forp=4and g =1.
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Figure 3.5: The values of —logig (m?é‘RN,p(ﬂ 307(98,35)\) for p = 6 and different N while
approximating (2.25)). In case of "non-optimal”, parameters 75 and 77, k = 1,...,p are the
roots of L,(fq) (x). In case of "optimal”, the parameters are chosen from Tables and for

p==6and qg=1.
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4. Lo-convergence of the Modified Interpolations

In this section, we explore the convergence of the modified interpolation in the Ls-norm.
As we mentioned in Introduction, it is more convenient to rewrite the modified trigonometric
system as follows (see ((0.48))

H={pn(x):n€Z}, (4.1)

where

_imnx

2 ),nGN.

Then, the truncated modified trigonometric series can be rewritten more compactly

My (f,2) =Y fren(x), (4.3)
where
fm= / fa)an @, (4.4)

Next lemma establishes connection between the modified discrete f7 (see (0.51))) and the

continuous coefficients f".

Lemma 4.1 [13] Assume that f € C?[—1,1] and f” € BV [—1,1]. Then, the following identity

holds

fa =1+ Z f@nsnye +(=1)" Z Jont@ensry2, n=1,...2N. (4.5)
j=1 j=1

Proof. From the pointwise convergence of the modified Fourier expansion (see Theorem |0.2

with ¢ = 0), we have

o) oo 4N+1
Fl@) =Y fei@) = > [liaenenPitarenin(@). (4.6)
j=0 r=0 j=0
Taking into account that ;o ani1)(2k) = @j(2k), we write
oo 4N+1 9 N
mr=>> fﬁgr(zzvﬂ)m > i) Baar). (4.7)
r=0 ;=0 k=—N
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As we mentioned, the modified trigonometric system is discrete orthogonal for the gird

Ty = 22— k=0,%1,...,+N, which means that

2N+17
2 N
> enl@)Bml@r) = dpm, 0 < myn < 2N (4.8)
2N +1 £~
and

2 2N
N T 1 > on(@e)Palxs) = Ok, [kl |s| < N. (4.9)

n=0

Moreover, it is easy to verify that for j =2N +1,...,4N +1

2 N 0, n=0
> pilwn)Ba(an) = (4.10)

(=1)"04ns2-nj, 1<n<2N

All these together completes the proof due to (4.7)). O

We can rewrite Lemma [4.1] for coefficients f3 (see (0.4) and (0.57)) as follows.

Remark 4.1 Assume that f € C?[—1,1] and f” € BV|[-1,1]. Then, the following identity
holds
fﬁzfs+2frsz+(2N+1)ja n=1,...,N. (4.11)
J#0
The next theorem describes the convergence of the modified interpolation (see (0.58)) in
the Lo-norm. Recall that for even functions, expansions and interpolations by the modified
trigonometric system coincide with the classical expansions and interpolations. That is why,

we formulate the convergence theorems only for odd functions on [—1,1].

Theorem 4.1 [13] Let f be odd function on [—1,1]. Assume that f € C*[—1,1] and

f@atY) € BV[—1,1], ¢ > 0. Then, the following estimate holds

. 3
dim NP, = [Bagir ()]~ 505

(4.12)

where

IS ST
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Proof. We can rewrite 74 (f,z) (see (0.59))) for odd f as follows

N

i (f,x) = Z(F,SL — F¥)sinm(n — 3z + Z FZsinm(n — 3)z. (4.14)

n=1 n=N+1
Due to the orthonormality of the system functions of H, we get
N , oo
s nk $\2
Irillz, =D (Fs = F3)"+ > (1) (4.15)
n=1 n=N+1
Taking into account that function F' obeys the first ¢ derivative conditions (0.15]), we derive

the following asymptotic expansion of its modified Fourier coefficients by means of integration

by parts

(-
((n = )

F¥ = Byyi(f) + o(n2172), (4.16)

Then, application of Remark [4.1] leads to the following estimate for n =1,..., N

(_1 n+1
Ey = Fy = Bagia(f)

(,ﬂ—N)Zq+2

_1)j
@)+ 5

+o(N7272), (4.17)
J#0

Estimates (4.16]) and (4.17)), together with (4.15]), complete the proof. O

When ¢ = 0, Theorem shows convergence rate O(N ’%) in the Lo-norm. The classical
interpolation has convergence rate O(N~2) in the Ly-norm for odd functions on [—1,1] (see
[33]). Hence, the improvement is by factor O(N).

Let us consider the following odd function on [—1,1]
f(z) = 2 sin . (4.18)

By ei(N) = [[f(z) = Z§*“(f,2)||L, and ex(N) = ||f(2) — Zn(f, )||z,, We denote the
Lo-errors of the classic and modified interpolations, respectively.
Table [4.1) compares €1 (N) and e9(N) for (4.18]) and different values of N. Numerical results

almost confirm the estimate of Theorem .11
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N 32 64 128 256 512 1024 2048

e (N) |/ 0.0978 | 0.0694 | 0.0492 | 0.0348 | 0.0246 | 0.0174 | 0.0123

g2(N) || 0.0020 | 0.0007 | 0.0003 | 9-1075 | 3-107° | 1-107° | 4-107°

Table 4.1: Lg-errors of the classical and modified interpolations for N = 64, 128, ... ,2048 while

approximating (4.18]).

5. Pointwise Convergence of the Modified Interpolations

In this section, we investigate the pointwise convergence of the modified interpolations on
|z| < 1 and the endpoints = +1. We need some auxiliary estimates for the proof of the main

results. We will frequently use the properties of the following numbers

o= (V) s, (5.1)

which are connected with the Stirling numbers of the second kind ([38]). In [23] it was verified

that
1)!

apm=0,0<m<p, a,,=(—1)pl, appi1 = (—1)”@. (5.2)

Let ¢ = {c,} be a sequence of complex numbers and A?(¢) be a finite differences

~ (v
AP(¢) = _ > 0. :
@ =3 (2 p20 5.3
Let
(_1)n+1 A 00

Qn(m) = Q(m) = {Qn(m) 172 (54)

R
From ((0.22)) and asymptotic expansion (4.16)), it follows that Q,(m) are the modified Fourier

coefficients of the correction polynomial @,,(z). Then, denote

Q(m) = {Q5(m)}3%,, (5:5)
where Q% (m) are the discrete modified coefficients of Q,,(x) (see (0.57)).

Lemma 5.1 [13/ For any p > 0 and m > 0, the following estimate holds

(1)1 (2m + 2p + 1)
(w(n — 52 (n — 1%(2m + 1)]

O(n™2m=273) n — co. (5.6)

AP (Q(m)) =
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Proof. From definition of AP (Q(m)), we have

AZP(Q(m)) _ i <28p) Qnips(m) = (W((n_l_)?;];;ﬁ i (1 (251(—1)k

o= Tl (5.7)
(—1)ntptl “)C+Qm+q)(—ns S(ﬁ o
= (=1 p* agy 4,
(W(n _ %))2m+2 ; om+1 (n _ %)s ]z:; j D]
where ), ; are defined by (5.1)). This completes the proof in view of (5.2). O
Lemma 5.2 [153] For any p > 0 and m > 0, the following estimates hold
. A —1)" P (2m + 2p + 1) (—1)7
A2 — = (
n (Q(m) Q(m)) (,H_N>2m+2N2p(2m_|_ 1)! ]z: (2j + )2m+2p+2 (5 8)
+O(N2"= 23 n=1,...,N, N — cc.
Proof. According to Remark we can write
AZ(Q(m) = Qm) = DAY, vy, (Qm))
Jj#0
—1)ntptl 2p 2 —1)J 1
e L (1) e
(77 ) k=0 j#0 ( J+ N) 1+ j+P—k:L%
N(2i+ ) (5.9)
(=1 j;t(—i)t(an%—l—kt)
(aN)zm+2 2 Ne\ 2m 41
t j . 1\t—s
t (=1)(p+J—3)
X (_1)8052 ,S . n : )
3 (it 2 g e
where oy, s are defined by ((5.1]). This completes the proof in view of (5.2)). [J
Lemma 5.3 [13/ For any m > 0 the following estimate holds
. DN (2m +2p + 2)! & Y —3)
a%(Qom) - S 3. pre
(mN)2m+2 N2p+1( 2m+1‘ 2]—1—1 mt2p+3
(5.10)
+O(N2m=2=4 N - 0.
Proof. From Remark [4.1 we have
AZQm) = 3 A, 10, (Q(m)
]_700
(=DM (1) 2m 4 1+t o [t .
:(wNVmHZE: Nt \ 2m+1 5 ) ("D s (5.11)

t=0 s=0

Yp+ij—3)""
X Z 2]+1 2m+2 ’
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where g, s are defined by (5.1)). Taking into account that

3 =1 _ =0,1 12
ZW—Q m=0,1,... (5.12)

j=—00
and identities ([5.2)), we complete the proof. [J
Next theorem demonstrates the pointwise convergence of the modified interpolation away

from the endpoints.

Theorem 5.1 [13] Let f be an odd function on [—1,1]. Assume that f € C%*3[—1,1] and
f@at3) € BV[—1,1], ¢ > 0. Then, the following estimate holds for |x| < 1

(—1)N  7|Eagya| sinm(N + )

N2a+3 22015(2¢ 4+ 1)1 cos? &f

ryv(f, @) = Bagya(f) +o(N"273) N > o00,  (5.13)

where By, is the k-th Buler number.

Proof. We put
fin = - 'ri—}—l? fs—n = - v7i+17 (514)

to rewrite interpolation error (4.14}) in a more convenient form

N
1 s s w(n—=)x
T?V(vx):z Z (Fn_Fn)e (n=2)
n=—N-+1
1 «— ,
+ 5 S Fentnmie (5.15)
v n=N+1
1 -N
- F* ir(n—3)x
to 2

We proceed by application of the Abel transformation and derive

1 (s . s .
T?V(f) Jf) = m (FN+1 SIIITF(N — %).’L‘ — FN Slnﬂ'(N + %)Z‘)
_ 1 2 nEAYE 2/ Fas\ -
i 4(1 + cos x)? (Aj 1 (F)sinm(N = 3) = AL (F)sin7(N + 3))
e i N L =, | (5.16)
A FS _ FS 1TNT A Fs ITNT
+ 8(1 + cos mz)? ; n )er™ & nz]\f:-i—l 2 (F7)e
i —1 -N-1
e A4 FS — Fs iTne A4 )i iTnT '
* 8(1 + cos )2 (n:ZN nl Jem + nzz_oo n(F7)e )
Taking into account the following asymptotic expansion of the modified coefficients
q+1
F =" Bonia (£)@u(m) + o(n™4), n — oc, (5.17)
m=q
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we get
q+1

A2 (F*) ZBMH 2(Q(m)) + o(n 2, n — . (5.18)

Now, according to Lemma 5.1, we have
AL(F*) = ofn~271), (5.19)

and the infinite sums on the right-hand side of (5.16)) are o(N—2773). Again from (5.17), we

write
g+1 3 .
m=q (5.20)
+o(N )
and from Lemma [5.2, we get
AYFS — F*) =0o(N72%, n=4142 ... +N. (5.21)

Hence, the finite sums on the right-hand side of ((5.16]) are o( N~2473).
Lemma [5.3] shows that

A% (F*) = o( N7273), (5.22)

and

A% (F*) = o(N273). (5.23)

All these lead to the following estimate

1 L o
ry(f.z) = Tool 2 (FRyisinm(N — D)z — Fysinm(N + 3)z)
2 (5.24)
+ o(N72073),
According to Lemma [5.3] we get
: (DM2¢+2) <~ (=176 - 3)
F]%:BQq-&-l(f) Z P T ——
N)2a+2 N 2 1)2m+3
() —~ (2j+1) (5.25)
+ o(N2173),
From the other side
9 N
Fym = o871 k;Nf(xk) sink = 0. (5.26)
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Hence,

(=) (g + 1) sinm(N + 5)x i’f (=1)7(G —3)

_ —2g-3
ryf:2) = Bra(/) 2m2a+2 N24+3 cos? 7 (2) 4 1)%a+3 +o(NTHT), (5.27)

j=—0c0

which completes the proof. [

When ¢ = 0, Theorem implies the convergence rate O(N ) as N — oo for an odd
function. The classical interpolation (see [33]) has convergence rate O(N~!) for the same grid.
Hence, improvement is by factor O(N?) as N — oo.

Figures and show the graphs of the absolute errors of the classical and modified
interpolations while approximating for different values of N. Comparison shows that the
modified interpolation is O(N?) times more accurate than the classical one, thus, confirming

the estimate of Theorem [B.1]

0.014} 0.0035 0.0008 |

0.012} 0.0030

0.010} 0.0025 0.0006

0.008" 0.0020

0006, QI0OLB|H

I ||\ | L lllll |

i il

0lOOZ 0.000%

05 05 -05 : 05 -05 05
N=64 N=256 N=1024

Figure 5.1: The graphs of the absolute errors while approximating (4.18)) by the classical

interpolation.

Next theorem explores the convergence of the modified interpolations at the endpoints

r = =%1.

Theorem 5.2 [13] Let f be an odd function on [—1,1]. Assume that f € C*12[—1,1] and

f@at2) ¢ BV[—1,1], ¢ > 0. Then, the following estimate holds

(=DM By
N20+1 220¥175(2g + 1)

r%(f, £1) = £ By 11 (f) +o(N271) N — oo, (5.28)

where By, is the k-th Fuler number.
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Figure 5.2: The graphs of the absolute errors while approximating (4.18)) by the modified

interpolation.

Proof. We use and get

N
r(f 1) = (Fr = )=+ Z Fi(—1)m, (5.29)
n=1 n=N+1

Taking into account the following asymptotic expansion of the modified Fourier coefficients

Fyy = Bag1(f)Qnlg) + o(n™72), n — oo, (5.30)

and applying Remark [4.1] we get forn=1,..., N and N — oo

s s Bognn(H)(=1)"* j 1 —2¢-2
R B = e L g o Ga
j
Equation (5.29)), together with (5.30)) and (5.31]), implies
(=D~

T’?V(f, il) = :Eng+1(f) 20+2 N2g+1

X L —/1Z—<_1>j dr | +o(N72771)
2051 o S5 @+ e ’

which completes the proof. [

(5.32)

When g = 0, Theorem [5.2| shows convergence rate O(1/N). In this case, as f(1) # f(—1),
the classical interpolation doesn’t converge at the endpoints. Hence, the modified interpolations
have better convergence rate at the endpoints and the improvement is by factor O(N). We
see that Figures and confirm this observation, where the graphs of the absolute errors
while approximating at the endpoints 1 by the classical and modified interpolations

are presented.
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Figure 5.3: The graphs of the absolute errors at x = +1 while approximating (4.18) by the

classical interpolation.
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Figure 5.4: The graphs of the absolute errors at x = +1 while approximating (4.18) by the

modified interpolation.
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Conclusion

Thesis is devoted to expansions and interpolations by the modified trigonometric system.
It consists of five sections.

Sections consider rational approximations by the modified trigonometric system. We
call them as modified-trigonometric-rational (MTR-) approximations. The rational functions
depend on some unknown parameters. We define those parameters differently. The first ap-
proach leads to the modified Fourier-Pade (MFP-) approximations (see and (0.44)).
The second approach is based on , where the values of parameters 7¢ and 7° are de-
termined optimally to provide the best possible convergence rate. We call them as optimal
MTR-approximations.

e Section [1] explores the convergence of the MFP-approximations:

- Theorem explores the pointwise convergence for |z| < 1 and shows the exact
constant of the asymptotic error. The convergence rate is O(N~2¢72P=2) as N — oo. Compared
to Theorem [0.4] the improvement in convergence rate is by factor O(N%).

- It is important to note that, in all theorems, for the modified expansions, we require
less smoothness than for the rational approximations.

- Theorem [1.2] studies the convergence at = +1 and derives the exact constant of the
asymptotic error. The convergence rate is O(N??™!) as N — oo. Comparison with Theorem
shows that the expansions by the modified Fourier system and the MFP-approximations
have the same convergence rates at the endpoints x = +1. However, comparison of the
corresponding constants h, , and hy, = 1 shows that the MFP-approximations are much more
accurate than the classical expansions (see Table [1.1)).

- Theorem [1.3] shows the exact constant of the asymptotic Lg-error. Comparison of
Theorems (0.3 and shows that the classical expansions and the MFP-approximations have
the same convergence rates O(N—2973/2) in the Ly-norm. However, comparison of the corre-

sponding constants c,, and ¢y, = 1 shows that the MFP-approximations are asymptotically
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more accurate (see Table [1.3)).
e Section [2| considers the pointwise convergence of the optimal MTR-approximations on
(—1,1).

- Theorem provides with general estimate on |z| < 1 proving that without optimal
selection of parameters 7 and 7, k = 1,...,p, the rational approximations have convergence
rate O(N~207P2) as N — oo if an approximated function has enough smoothness and obeys
the first ¢ derivative conditions (see ) Compared with the modified Fourier expansions
(see Theorem [0.2)), the improvement is by factor O(N?) as N — co.

- Theorem provides the optimal choice for parameters 7, when |z| < 1 and p is odd.

Ifrf =17,k =1,...,paretheroots of the generalized Laguerre polynomial L,(?q“)(x) then, the

p+1

rational approximations have convergence rate O(N 277 -5 ]_2) with improvement by factor
O(N [L;rl]) compared to non-optimal choice of parameters (Theorem . The improvement is
by factor O(N [ ]+p ) compared to the expansions by the modified Fourier system.

- Theorem [2.4] provides the optimal choice when |z| < 1 and p is even. It shows that the
set of optimal parameters is wider compared to odd p. If polynomial has only nonzero
and real-valued roots x = z;, £ = 1,...,p then, selection 7} = 75 = z;, provides with better
convergence rate O(N 2477 7[%]*2) compared to the estimate of Theorem and improvement
is by factor O(N [%]) Improvement is by factor O(N [5]+r ) compared to the expansions by the
modified Fourier system. The problem is to find the values of ¢; in for which it will
have only real-valued and nonzero roots. In two cases it is obvious. When ¢; = 0, the roots
of coincide with the roots of L;()2q+1)($). When ¢; = —1/(2g + p+ 1), the roots coincide
with the ones of qu) (). In both cases all roots are positive.

- Theorem explores the Lo-error of the MTR~approximations without specifying the
choice of the corresponding parameters. First, it derives the exact constant of the asymp-
totic Ly-error. Then, parameters are selected such to minimize (numerically) the mentioned
asymptotic constant. We call these approximations as Lo-minimal MTR-approximations. Ta-

ble shows that the latests have better asymptotic Ls-accuracy compared to the MFP-

approximations.
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e Section 3| considers the convergence of the optimal MTR-approximations at the endpoints
r==+£1.

- Theorem reveals the convergence rate of the MTR-approaximations at x = +£1
without specifying parameters 7¢ and 7°. It derives the exact constant of the asymptotic error,
which helps to determine the optimal values of parameters for better convergence. Theorem
shows the convergence rate O(N~2¢71) as N — oo. Comparison with Theorem shows
the same convergence rate.

- Using the explicit form of the exact constant, Theorem finds the optimal values of
parameters for odd p for better convergence rate at x = £1. It proves that the best accuracy

could be achieved when parameters 7; = 7 are the roots of the generalized Laguerre polynomial

p+1

LI(DQQ)(x). For that choice, the convergence rate is O(NN —20-[% ]_1) and improvement is by factor
O(N [L;rl]) compared to the modified Fourier expansions.

- When p is odd, the optimal choices for |z| < 1 and x = £1 are different. The choice
of polynomial L{?? (x) will provide with the minimal uniform error on [—1, 1], but for |z| < 1,
the convergence rate will be worse by factor O(N) compared to the optimal choice qu“)(x).

- Theorem outlines the set of optimal parameters for even p. It shows that the
optimal choice is 70 = 7, = 2, k = 1,...,p, where z;, are real-valued and non-zero roots
of (0.47). It provides convergence rate O(N _2‘1_[%}_1) with improvement by factor O(N [%])
compared to the modified Fourier expansions. Polynomial has only real-valued and non-
zero roots when dy = 0 or dy = —1/(2q + p). For the first choice, the roots coincide with the
ones of L (z) and for the second choice, with the roots of L?*~"(z). The choice of LY (z)
is better as it will provide with optimal approximations both for |z| < 1 and x = +1.

- However, estimates of Theorem allow to determine parameter d; for even more
better convergence rate. Tables and show some values of d; and parameters 75, that will
provide with convergence rate O(N _2‘1_[5]_2) with improvement by factor O(N'). The problem
is that the latest choice is not optimal for |z| < 1. It will give worse accuracy compared to the

optimal selection for |z| < 1. Convergence rate will degrade by factor O(N). As in case of odd

p, a user of the algorithms must decide which choice will be more appropriate to select, the
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best approximation on overall [—1, 1] with worse accuracy on |z| < 1, or the best accuracy on
the latest.

- The optimal values of parameters 7¢ and 7° depend only on p and ¢ and are independent
of f. It means that if functions f, ¢ and f + ¢ have enough smoothness and obey the same
derivative conditions, the optimal approach leads to linear rational approximations in the sense
that

My, (f +9.0%0° x) = Mn,(f,0°%0%, ) + My (9,0 6°, x) (5.33)

with the same parameters #¢ and 6° for all included functions.

e Sections [ and [f] explore the convergence of the modified interpolation in different frame-
works. Comparison with the classical interpolation, for the same uniform grid, confirms better
convergence properties of the modified interpolations for odd functions on [—1, 1] in all frame-
works. Section [4 studies the La-convergence of the modified interpolation. Section [5] explores
the pointwise convergence of the modified interpolation.

- Theoremd.1|reveals the convergence rate in the Lo-norm. It presents the exact constant
of the asymptotic error in the Ly-norm. It shows that 7% (f, z) (see (0.59)) is O(N~2473/2) as
N — oo. The modified interpolation has the same convergence rate as expansions by the
modified trigonometric system (see Theorem [0.3)).

- When ¢ = 0, Theorem shows convergence rate O(N _%) in the Ly-norm. The clas-
sical interpolation (see (0.60])) has convergence rate O(N ~2) in the Ly-norm for odd functions
on [—1,1]. Hence, the improvement is by factor O(N) for odd functions. Recall that for even
functions on [—1, 1], the modified interpolation is identical to the classical interpolation.

- Theorem explores the pointwise convergence on |r| < 1 and derives the exact
constant of the asymtotic error for a fixed z € (—1,1). The convergence rate of r% is O(N~2973)
which is better than the which is better than the convergence rate of the expansions by the
modified trigonometric system and improvement is by factor O(N) (see Theorem |0.4)).

- When ¢ = 0, Theorem implies the convergence rate O(N3) as N — co. The
classical interpolation has convergence rate O(N~') for the same uniform grid on [—1,1].

Hence, the improvement is by factor O(N?) for odd functions.

73



- Theorem reveals the exact constant of the asymptotic error when x = +1. It
shows that the convergence rate of r% is O(N~2471) which is the same as for the convergence
rate of the expansions by the modified trigonometric system.

- When ¢ = 0, Theorem 5.2 shows convergence rate O(1/N). In this case, as f(1) #
f(=1), the classical interpolation doesn’t converge at the endpoints. Hence, the modified

interpolations have better convergence rate at the endpoints with improvement by factor O(N).
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Notations

F — a sequence {f,}%2,

f¢ — modified Fourier cosine coefficient, see ((0.4))

n

/2 — modified Fourier sine coefficient, see ((0.4))

fm — the modified Fourier coefficient, see (|4.4))

n

f,g — the modified Fourier discrete cosine coefficient, see ([0.56)

f,j — the modified Fourier discrete sine coefficient, see ({0.57])

f;;n — the modified Fourier discrete coefficient, see ((0.51)
f,, — the classic Fourier discrete coefficient, see

‘H — the modified Fourier system

Heass — the classic Fourier system

‘H* — the classic Fourier cosine system

In(f,z) — the modified interpolation, see ((0.50)
Zi(f,x) — see

Tdassic( f x) — the classic interpolation, see

My (f,z) — truncated modified Fourier series, see
ML (f,x) — see

My, (f,60°6°, x) — the MTR-approximation, see ((0.38])

My, (f,0°,0° x) — see (0.40)

1)



Ry (f,x) — error of the modified Fourier expansion, see ([0.30))

R (f,x) — see

RS*(f,z) — cosine error of the modified Fourier expansion (see ((0.31)))

R3™(f,x) — sine error of the modified Fourier expansion (see (0.32))
5o (f,0,z) — cosine error of the MTR-approximation (see (0.36]))

R (f,0,x) — sine error of the MTR-approximation (see (0.37))

Rnp(f,0°,6%, 2) — error of the MTR-approximation (see (0.39))

Ry, (f,0°,0° 2) — see (0.41))

rn(f, ) — error of the modified interpolation (see ((0.52))

r4(f,x) — see (0.59)
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