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General characteristics of the work

Relevance of the theme. Let L/K be a finite Galois extension of fields with

Galois group G. Then L can be regarded as a module over the group ring K[G], where
K acts by multiplication and G acts in a natural way. The normal basis theorem implies
that this module is in fact cyclic, namely there is an isomorphism L 2 K[G] of K[G]-
modules. Similarly one may consider the Z[G]-module L*, but this time its structure is
rather complicated and is not well studied even if the fields L and K are ”good” enough.
If K and L are finite extensions of Qp, then the ring of integers O as well as all the
fractional ideals p7,n € Z of the field L are Ok [G]-modules and one might ask a question
concerning their structure . In connection with this S. V. Vostokov proved in [1] that if L/K
is an abelian p-extension with Galois group G and K does not contain a primitive p-th root
of unity, then in the field L there exist ideals which are decomposable as Ok [G]-modules if
and only if the ramification index e(L/K) divides the different D, /x.
The multiplicative case was studied in a series of articles [2-6]. The starting point of our
investigations was the article [4] by D.K.Faddeed, where he considered the case of cyclic
p-extension L/K with Galois group G = (o), such that K contains a primitive p-th root of
unity (p. It was proved that there is an isomorphism of R = F,,[G]-modules

L {R" ® R/(c — 1)%, ¢ € Niuyic(LY)

R"®R/(c —1)® R/(0c — 1), otherwise
Moreover, the author provided a canonical method for selecting the generating elements in
a way that they satisfy certain requirements concerning Hasse’s norm residue symbol.
In a similar way one may consider E/E? as an R-module, where E = 1 + py, is the group
of principal units in L. In the article [7] we considered this module in the case of a cyclic
extension L/K of degree p. It turned out that its structure depends on several factors,
including the ramification of the extension L/K. The proof of this result is provided in the
first paragraph of the second chapter of the thesis.
Further, Z.I. Borevich studied E as a Z,[G]-module in the case of cyclic p-extensions L/K.
In this respect the following theorem concerning unramified extensions was proved in [5].

Theorem (Borevich, 1965) If the extension L/K is unramified and the fields L and
K have the same irreqularity degree s > 1, then for the Z,|G]-module E there exist a system
of generating elements 01, ...,0,_1,&,w with the unique defining relation f”a = w7, where
n=[K:Qp.

With the development of the theory of formal groups it became clear that the con-
sidered additive and multiplicative cases are special cases of a more general construction.
Namely, let M/L,L/K, K/Q, be finite extensions with M/L Galois. If F' is a one dimen-
sional formal group law over the ring Ok then one can introduce a new operation on the
maximal ideal pps according to the rule x —IL— y = F(z,y). From the axioms of a formal

group it follows that the structure obtained is in fact an abelian group. It is denoted
by F(pa). Now the task is to study F(par) as a Gal(M/L)-module, more precisely as
a Endo, (F)[Gal(M/L)]-module, where Ende, (F) is the ring of endomorphisms of the
formal group F. If F = G, F(x,y) = = + y is the additive formal group, then F(pas)



is simply the ideal pas and Ende, (F) = Ox. This is precisely the additive case consid-
ered above. Similarly, if K = Q, and F' = G,, is the multiplicative formal group given
by the law F(z,y) = = + y + 2y, then Endo, (F) = Zp and F(py) =2 E,z — 1+
as Zp[Gal(M/L]-modules, where E = 1+ pas is the group of principal units in M. This
one is the multiplicative case considered earlier. Moreover, if we want a particularly large
endomorphism group, we arrive at the so-called Lubin-Tate formal groups F'. A slight mod-
ification of Borevich’s theorem was proved in the paper [8], where the authors studied the
structure of F'(par) in the case of a Lubin-Tate formal group F. In the paper [9] T.Honda in-
troduced a new method of constructing formal groups which were later named in his honor.
They appeared to be generalizations of Lubin-Tate formal groups due to the classification
theorems of O.V.Demchenko, proved in [10]. Thanks to the tight connection between these
two types of formal groups it became possible to generalize the results already proved for
Lubin-Tate formal groups to the case of Honda formal groups. In particular we generalized
the latter result to the case of Honda formal groups in the second paragraph of the second
chapter of the thesis (See also [13]).

Third chapter of the thesis contains some of our results on arithmetic sequences, namely
the sequences whose terms are integers. We would like to mention a result related to the
Fermat sequence defined by the formula a,, = 22" 41 for all n. It is known that any two
distinct terms of this sequence are coprime. We were interested in whether the result would
remain true if we replaced 1 with an odd number d. The research answered this question
in the negative (see Theorem 3.3). The second section contains the proof of a theorem
concerning asymptotic estimates of the divisor function.

The aim of the thesis:

1. To study the structure of the F,[Gal(K/k)]-module V = E/E? in the case of cyclic
extensions K/k of local fields of prime degree p, where E is the group of principal
units in K.

2. To find generating elements and defining relations for the Ok, [Gal(M/L)]-module
F(pam) in the case of unramified cyclic p-extensions M/L of local fields and Honda
formal groups F'/Ok relative to the unramified extension K/Ko.

3. To prove that a sequence A = (an)5=, of positive integers is distinguished as soon as
it satisfies one of the conditions listed below

e liminf M

=0 and A is increasing.
n—oco  In(n)

e lim a, = oo and there is a sequence (bn)n=; such that ged(ak, ar+1) < by for
n—o0

all £ and I.

4. To prove that if d is any integer different from 1, then for any M > 0 there exist
distinct positive integers m and n such that ged(2® +d,2*" +d) > M.

5. To prove that if A = (ng)iz2; is a sequence of positive integers each term of which is
a power of a prime, namely nj = p,'*, where py, is prime for all k, then



o If 11 > 0, then T, (1) — 00, as my — 0.
o If 1 < 1< 67, then Ty, (1) — 00, as ny — oo.

where

To(w) = (r(n))™" max {r(n+t)}, n=1,2,..,

1<t<[nt/#]
0 = inf{\ > 0|D(z) = zlnz + (2y — )z + O(z)}

and D(z) =), ., 7(n) is the summatory function of 7.

The methods of investigations. In the thesis we apply methods and use the results
obtained on the basis of the theory of local fields, formal groups and Galois modules, as
well as other known methods developed by the St. Petersburg School of Algebraic Number
Theory.

Scientific innovation. All results are new, with the exception for Theorem 3.1,
which was previously proved in [12] for almost injective sequences. We would like to stress
that our result is independent of [12].

Practical and theoretical value. The results of the work have theoretical character.
The results of the thesis can be used in the study of formal modules defined in extensions
of local fields, as well as in the investigations regarding arithmetic sequences.

Approbation of the results. The obtained results were presented at the Research
Seminar of Constructive Class Field Theory of St. Petersburg State University, 2016-2018
as well were scheduled for presentation at the International Conference On Number Theory
which took place in Palagna, Lithuania from 09 to 15 September, 2018.

Publications. The main results of the thesis have been published in 3 scientific
articles and one preprint. The list of the articles is given at the end of the Synopsis.

The structure and the volume of the thesis. The thesis consists of introduction,
3 chapters and a list of references. The number of references is 35. The volume of the thesis
is 76 pages.

The main results of the thesis

Chapter 1. The aim of the first chapter is to introduce all the necessary concepts
concerning local fields, formal groups and G-modules as well as to develop basic tools
necessary for further understanding of the text. Whenever the proof of a statement is
omitted, the exact reference to the relevant place in the literature is given.

Chapter 2. §1. The reduced group of principal units as Galois module
Let p be a rational prime number, k£ be a finite extension of Q, of degree n containing a
primitive p-th root of unity ¢, and let K/k be a cyclic extension of degree L = p™ for some
positive integer m. Let us fix a generator o of the Galois group G = Gal(K/k). We denote
by I' and 7 the norm group of the extension K/k and ki/k respectively, where k; is the
unique subfield of K of degree p over k. Observe that the group K* /K™ can be regarded as
a multiplicatively written Fp-vector space. In the article [4] the following theorem is proved



Theorem. (Faddeev, 1959) In the group K™ there is an almost normal basis modulo

K*P of the form

L—1 L—1 L—-1
{A17AT5"'5A(1,- 7A27Aga"'aAg 7"'7An7A:-L7"'7AgL 7A05b}

with the following cases

Case 1 (¢ ¢ T') : b € k*\ v is any element and Ao € K™ is any element satisfying
2ldo) ¢ pK*P,

Case 2 ((, € T') : b € k" \ v is any element and Ao € K" is an element, satisfying
U(T‘?) = B{}, where Bo € K™ satisfies Nk /,(Bo) = (p.

Let R = FF,[G] denote the group ring over G. Note that from the results of the theorem

follows the isomorphism of R-modules K*/K*P = R"™ @& R/(0 — 1) in the first case and
K*/K™® 2 R"® R/(c —1)® R/(c — 1) in the second case. The idea of the proof is as
follows.
The linear operator v = ¢ — 1 € R satisfies the conditions v* = o7 — 1 = 0,07 £ 0, so
that it is nilpotent of degree L. Hence the whole space K*/K*P decomposes into a direct
sum of cyclic v-invariant subspaces. Moreover, each of these subspaces is an R-module,
isomorphic to R/(c — 1)’“, where k is the dimension of the corresponding subspace. What
remains is to calculate the number of cyclic subspaces of each dimension k.

Observe that in exactly the same way v can be regarded as a linear operator on the
space V = E/EP, where E = 1 + pg is the group of principal units in K*. In complete
analogy with the previous case we study the structure of V as an R-module assuming,
in addition, that K/k is a cyclic extension of degree L = p. According to the research
everything proven in the first paragraph can be incorporated within the following table in
the form of a theorem. Here u denotes a principal unit in k.

Theorem 2.1
l ‘ The extension K/k ‘ R-module V
1.| ¢ ¢ k, unramified R"
2.| (p ¢ k, totally ramified R ToR/(c - 1)) T@R/(c - 1)
3. K=k(®u),(p €k\T R"®R/(c—1)
4.| K=k({7),(p €k\T R 'eR/(c— 1P T R/(c—1)
5.| ¢p €T, unramified R"® R/(0c—1)
6.| K =k(®u),(p €T, totally ramified | R"® R/(c — 1)
7.| K =k(¥/n),(, €T, totally ramified | R" "®R/(6—1)P '®R/(c—1)®R/(c—1)

It can be proved that in all cases any F,-basis of V' modulo ker((c — 1)P™!) can serve as
an R-basis of the corresponding free part. Moreover, it is not hard to show that in cases 3
and 6 the additional generator o can be chosen as any element from the set U \ T'o, while
in case 5 one may choose oo = ug, (see Section 2.2.1).

8§2. Honda formal group as Galois module Let p be a rational prime,
K/Qp,L/K,M/L be a tower of finite extensions of local fields, M/L be a Galois extension
with Galois group G and F' be a one dimensional formal group law over the ring Ox. The



operation z + y = F(z,y) sets a new structure of abelian group on the maximal ideal pa
F

of the ring Oy which we will denote by F(ps). Taking into account the natural action
of the group G on F(pas), one may consider it as an Endo, (F)[G]-module, in which the
multiplication by scalars from Ende, (F') is performed by the rule f *z = f(z).

If F is a Lubin-Tate formal group law, then there is an injection Ok — Endo, (F'), which
enables us to regard F(par) as an Ok [G]-module. The structure of this module in case of
multiplicative formal group F = G, and K = Q, is studied in sufficient detail in [2, 3, 5].
The starting point of the current study is the following theorem of Borevich in [5].

Theorem (Borevich, 1965) If the extension L/K is unramified and the fields L and
K have the same irregularity degree s > 1, then for the Z,|G|-module E there exist a system
of generating elements 01, ...,0,_1, &, w with the unique defining relation ¢ = w’ !, where
n=[K:Qypl

It may seem that the group of principal units Ejs has nothing to do with formal
groups, but in fact it is easy to show that for the multiplicative formal group F' = G,
there is an isomorphism F(par) & Enr, x — 1 + 2 of Zp[G]-modules.

The next stop in the course of investigations was the joint work of S.V.Vostokov and
I.I.Nekrasov [8], where they generalized the aforementioned theorem to the case of Lubin-
Tate formal groups. The key point in their work was the proof of the triviality of the
cohomology groups H*(G(M/L), F(pam)),i = 0,—1 for unramified extensions M/L. More
precisely, they managed to prove the following

Theorem (Vostokov-Nekrasov, 2014) Suppose M /L is an unramified p-extension and
F is a Lubin-Tate formal group for the prime element m € K. Assume moreover that
the fields M and L have the same irregularity degree, namely they contain a generator of
ker[r°]r and do not contain a generator of ker[n* ™|z for some s > 1. Then for the Ox[G]-
module F(par) there exists a system of generating elements 61, ..., 0n,—1, &, w with the unique
defining relation [7°|p(§) = w7 —w where n = [L : K| and o is a generating element of

the Galois group G = Gal(M/L).

In its turn, our work is devoted to the generalization of the last result to the case of
Honda formal groups (See [13]). Namely, let Ko/Q, be a finite extension such that K /Ky
is unramified, 7 € Ky be a uniformizer, F' be a Honda formal group over O relative to
the extension K/Kj of special type u € Ok [[T]] and height h. Suppose K* is a fixed
algebraic closure of the field K, p a1z is the valuation ideal, i.e. the set of all points in K>
with positive valuation. Define Wi = ker[n"]r C F(pgais) to be the n"-torsion submodule

and let Wrp = |J Wg.

n=1
It is known that there is a ring embedding Ox, — Ende, (F), which allows as to regard
F(par) as an Ok, [G]-module. In this section, using generators and defining relations we
describe the structure of this module provided that certain conditions are satisfied. More,
precisely we prove the following

Theorem 2.2 If the extension M/L is unramified and Wr N F(pr) = WeNF(par) =
Wz, for some s > 1, then h < n and for the Ok, [G]-module F(pnr) there exist a system
of generating elements 6;,&;,wi, 1 < j <n —h,1 <1i < h with the only defining relations



[ﬂ's]p(fb) wa —w,-,l S 7 S h
F

Chapter 3. §1. Distinguished sequences

It is known that for any non-constant polynomial P with integer coefficients there
exist infinitely many primes, dividing at least one term of the sequence (P(n))s=; [11, Part
8, Ex. 108]. In this connection the following definition is given.

Definition 3.1 A sequence (ng)iey of positive integers is called distinguished, if there
are infinitely many primes dividing at least one term of the sequence.

To formulate our results we need one more

Definition 3.2 Suppose S = {p1,p2, ..., pn} is a finite set consisting of prime numbers.
We define S = {p1"1p2*2 - ... - pp*n k1, ko, .., kn € Zy} and arrange the set S in increasing
order to get the sequence (ni(S))re;.

The aim of this section is to prove the following theorems.

Theorem 3.1 lim M = l

Theorem 3.2 Suppose (nk)r=, and (mr)i=, are sequences of positive integers. Then

the sequence (nk)jeyis distinguished, provided the following conditions hold.

1. lim np = o0
k—o0

2. ged(ng, nk41) < my for all positive integers k and 1

We also deal with sequences of the form a, = 22" 4 d, where d € Z. Recall that a
Fermat number is a positive integer of the form F,, = 22" 41 for some nonnegative integer
n. It is well known that ged(Fk, F1) = 1, whenever k # [. In this way a natural question
arises: Whether this result is true for sequences a,, = 22" + d for odd integers d? In this
respect we prove a theorem, which gives a negative answer to this question.

Theorem 3.3 If d is any integer different from 1, then for any M > 0 there exist
distinct positive integers m and n such that ged(2® +d, 2% +d) > M.

§2. Some analytic estimates for the divisor 7-function The function 7(n) is
defined as the number of positive divisors of the given positive integer n. Let D(x) =
> <. T(n) be the summatory function of 7. Dirichlet proved the asymptotic equality

D(z) =zlnz + (2vy — D)z + O(z'/?),

where v is the Euler’s constant. Dirichlet’s divisor problem consists of determining the
smallest 6 for which the error term is O(n?"<) for any & > 0. G.Voronoi has showed that
6 < 1/3, while Hardy and Gauss proved that the error term is not O(z'/*), and therefore
0 > 1/4. 1t is conjectured that 6 = 1/4.



For p > 0 consider the sequence

To(p) = (r(n))™" max {r(n+t)}, n=1,2,..

1gtg[n1/u]

Assume that (ny);2; is a sequence of positive integers such that n, = pr’*, where

pr is prime and j, € N for all positive integers k. The aim of this section is to prove the
following theorem.

Theorem 3.4 a) If i > 0, then T, (1) — 00, as ji — oo; b) If 1 < pu < 071, then

T, (1) — 00, as ni — oo.
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UUuenNenry
Shgpwb LunGh Swlnpjwui
Quujut dnnpmputph uhdyGpphYy pupudnipyma
Wpkiwpnunmpymbnmd uypugyty Go htyplyw wpnynibpbtipp.
. NFumdbwuhpdly £V = E/E?P tudph Juongdudpp npubu F,[Gal(K/k)]-unnmy nljuwy

nupptiph p wupg Yupgh ghlythy K/k ponuytniddtiph hwdwp, npptin E-o K nupgh
gifluwnp dhwynpbtiph fumdpd E:

. Ok, [Gal(M/L)]-dnnny F(pas)-h hwdwp qupiyly G dthshbp U npnohs wnlsnipymbbbp
inquy nuaptph M/L  ¢@mnudnpud  p-pbnguymddbph b K/ Ko s@mnuynpiud
pouyidwd tuypdwdp ppdwd Sninuh F/Ox dbwlwb fudpbph ntiygpnud:

. Wgqwgmgyty E np pbwiwid pdbphg Juqigud A = (an)pz; hwenpnulubnipimip
wppbpwlywod b, tph pujuwpupynud t htaplyw ywydwbbtphg npuk dbyp

e lim inf 71n(ln(an))

=0Uu A-O wénn Lk
n— 00 n(n)

e lim a, = oo L gnmpmb mbh (bn)pz; hwonpnuliwinpymb, wjbwybu np

n—oo

ged(ak, apti) < by pnnp & U ! hintipuliiph hundwp:

. Ququgmgyty £, np tpb d-0 1-hg qrupptp judwywljuwd wdpnng phy b, wyw gullugud
M > 0 pyh hwdwp gnympynil mbbh hpwphg pupptip m W n hinbpubtp, wyhyhupp np
ged(22" +d,2%" +d) > M:

. Wyugmgyty k, np tpb pbulul pytphg juqiquwd A = (nk)j2; hwenpnujubnipul
Juidwjujub winwd mbh n, = pzl’ﬂ liupp, nppptin pr wupg phy E, wyw Gadwphy tb
htiplyw) wonnmibbtpp

e Gpht 1 > 0, wyw T}, (1) — oo, bpp my — oo:
o bpti 1 < p <07t wyu Ty, (1) — 00, tipp ng — oo
nptin
To(w) = (r(n))™" max {r(n+t)}, n=1,2,..,
1<t<[nl/#]
0 =inf{\ > 0|D(z) = zlnz + (2y — Dz + O(z™)}
b D(z) =32, o, 7(n)-n 7-Pmbyghwjh gniiwpuyhl $mbyghwh k:

11



3akaroveHmne
Axongn Turpan JleBonosuu

CuMnjIeKTuIecKoe NpoCTPaHCTBO (hOpPMaIbHBIX MOIYJI€i
B auccepramuy 1oty teHbI CJIeAyIONNe Pe3yIbTaThl:

. Nsyuena crpykrypa Fp[Gal(K/k)]-Monyns V = E/EP B ciay4ae IUK/INYECKUX Dac-
mupennit K /k npocToii cTemenn p MOKAIBHBIX MOJIel, Tae £ rpynma rIaBHBIX €/THHALL

mosia K.

. Haiienbl moOpoKJalomue SJEMEHTHl U ONPEIE/ISIONNe  COOTHOUICHWS  JIJIst
Ok, [Gal(M/L)]-monynss F(par) B ciiyuae Hepa3BeTBIEHHOro p-pacuiupenust M /L
JIOKAJIBbHBIX TIOJIel u (bopManbubix Tpymn Xouasl F/OQk, 3aJaHHBIX OTHOCHUTEILHO

Hepas3BeTBJIeHHOTO pacumpenus K /K.

. JIoKa3aHO, YTO IOC/IEOBATEHOCTh HATYPAJIBHBIX UuCes A = (an)mey OMMeueHa,

KOJIb CKOPO BBITIOJTHAECTCA OTHO W3 HUKEC/IEIYIOITUX yCIIOBI/Iﬁ

In(In(ax))

e lim inf = 0 u A Bo3pacraer.
n— 00 n(n)

e lim a, = 0O W CYWECTBYET IOCIENOBATENLHOCTD (b, )aey, TakKas dTO
n— oo

ged(ak, akyr) < by mst Beex k u l.

. Hoxkazano, uro ecsm d otamaroe oT 1 mesioe quco, To mig aobdoro M > 0 cymecTByioT

Pa3JIMYHbIE UHJEKCHL 1M U N, JJIs KOTOPBIX gcd(22m +d,2%" + d) > M.

. Jloka3aHo, 9TO €C/In [OCIeA0BATEIBHOCTD HATYPaIbHbIX ducen A = (ng)iZ; Takosa,
9ITO KarK[Blil ee WIeH MMeeT BUJ Ny = p; *, TAe Pi LPOCTOE HUHCIIO0, TO CIIPABEIIUBbL
CTIeTyIoIue yTBePK ICHU
e Eciu p > 0, To Ty, (1) — oo, mpu mj, — 0.
-1
e Ecim 1 < < 07, 10 T, (1) — 00, mpu ny — oo.

rae

To(p) = (7(n))~" 1<£[€i§/“}{T(n +6)}, n=1,2,..,

0 = inf{\ > 0|D(z) = zlnz + (2y — 1)z + O(z")}

u D(x) =3 ., 7(n) cymmaropras GyHKIms QYHKIH KOJHIECTBA JeIUTETIeH 7.
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