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Preface

The current thesis presents some new results in direct and inverse spectral problems
for Sturm-Liouville and Dirac differential operators. It consists of two Chapters, and each
Chapter has three Sections.

The Chapter [I}is devoted to Inverse Sturm-Liouville Problems (ISLP) on a finite interval.

In spectral theory of differential operators has been profoundly studied the Sturm-

Liouville problem (SLP):

lty = —y" + q(x)y = py, z e (0,7), (0.0.1)
y(0) cosa + y'(0) sinaw = 0, a e (0,7, (0.0.2)
y(m) cos B+ y'(w)sin § = 0, B € 0,m), (0.0.3)

which we denote by L(q, «, 5), where p € C is the spectral parameter and ¢ is a real-valued
function. At the same time, by L(q, v, 5) we also denote the self-adjoint operator, generated
by problem (0.0.1)—(0.0.3) in Hilbert space L? [0, 7] (see, e.g. [Nai69, Mar77, [LST0]).
The first studies of such problems were performed by D. Bernoulli, J. dAlembert, L.
Euler in connection with the solution of the problem describing the vibration of a string.
In a series of articles, dating from 1836-37, Sturm [Stu36al, [Stu36b] and Liouville [Lio36]
created a whole new subject in mathematical analysis. The theory, later known as Sturm-

Liouville theory, deals with linear second-order differential equation

(k(x)y') + (r(z)u —q(x)y =0, =€ (a,b)

with the imposed boundary conditions



Here k,r and ¢ are given functions (usually k£ and r are positive), h and H are given con-
stants and p is a parameter. The boundary-value problem only allows non-trivial solutions
(eigenfunctions) for certain values (eigenvalues) of p. The questions studied by Sturm and

Liouville (the direct problem) can roughly be divided into three groups:
e the existence and properties of the eigenvalues,
e behaviour of the eigenfunctions,
e expansion of arbitrary function in an infinite series of eigenfunctions.

Of these, Sturm investigated first two and Liouville the third group. Before 1820 the only
question taken up in the theory of differential equations had been: given a differential equa-
tion find its solution as an analytic expression. For the general equation Sturm could not
find such an expression, and the expression found by Liouville, by successive approximation,
was unsuited for the investigation of the properties mentioned above, instead, to obtain the
information about properties of the solutions from the equation itself. This shows evidence
of a new conception of the theory of differential equations characterized by a new kind of
question: given a differential equation, investigate some properties of the solution.

Most notable among the properties to be investigated in the early 19-th century was
existence. The existence theorem, formulated and proved by Cauchy in 1835-40, was the
first to indicate the broader concept of differential equations.

The Sturm-Liouville theory gave the first theorems on eigenvalue problems and as such
it occupies a central place in the prehistory of functional analysis. It was, and has remained
till this days, of importance in the technical treatment of many concrete problems in pure
and applied mathematics and was as such of more than just conceptual importance.

It is known, that the spectrum of the operator L(q,c, ) is discrete and consists of
countable real, simple eigenvalues (see, e.g. [Mar77, Yur07? ]), which we denote by u, =
tn(q, 0, 8), n=0,1,2,..., emphasizing the dependence of p, on ¢, « and . Let ¢(x,u) =

o(x, p, o, q) and (x, p) = ¥(x, u, 5, q) are the solutions of the equation (0.0.1)), which satisfy



the initial conditions

QO(O,,LL,OC,(]) = SiHOé, gpl(oaluaauq) = —COos &,

Y(m, o, B,q) =sinB, (w1, B,q) = —cos B,

respectively. The functions ¢ (z, j1,,) and (z, i, ), n > 0, are the eigenfunctions, correspond-

ing to the eigenvalue y,,. The squares of the L2-norm of these eigenfunctions:

an = ap(q,a, B) := / ©*(, piy)de, n=0,1,2,...,
0

b, = bn(q, o, ) ::/ V*(z, pn)dz, n=20,1,2,...,
0

are called norming constants. Since all the eigenvalues are simple, there exist constants

Kn = kn(q,a,0) #0,n=0,1,2,..., such that

go(x,,un) = Rn ¢(J77Mn)'

The sequences {1, }52, {an}y , {bn}2, and {k,}>°, are called spectral data (besides
these, there are other quantities, which are also called spectral data).

In general, the inverse spectral problem is to reconstruct the operator by some spectral
data. Such problems often appear in mathematics, mechanics, physics, electronics, geo-
physics, meteorology and other branches of natural sciences. Interest in this subject has
been increasing permanently because of the appearance of new important applications, and
nowadays the inverse problem theory develops intensively all over the world.

In the cases sina # 0 or/and sin 8 # 0, often as norming constants is being considered

a ~ b
the quantities @, = —5— and b, = ——.
sin“ « sin” 8

On of the precise state of the inverse problems is as follows.

What kind the sequences {\2}>° ; and {a, }5°, should be, to be the spectral data

of an operator L(q, «, 5)?

Similar question (but without the condition of fixed @ and § and for different class of

potential ¢ instead of our g € L§[0, 71]) was considered first by Gelfand and Levitan in work
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[GL51] and after in many papers (we refer only some of them: [GL64, [Zhi67, I'T83]) and this
problem called the inverse Sturm-Liouville problem by ”spectral function’ﬂ (see also, e.g.
[Lev&4, [FY01]).

In Section we describe the necessary and sufficient conditions for two sequences
{un}o2y = {2322, and {a, }>2, (the case sina # 0) to be correspondingly the set of eigen-
values and the set of norming constants of a Sturm-Liouville problem with real summable
potential ¢ and in advance fixed separated boundary conditions. More precisely, we proof

the following:

Theorem (|1.2.1)). For a real increasing sequence {\2}°°, and a positive sequence {a, }°,
to be spectral data for boundary-value problem L(q,a, B) with a q € L[0, 7] and fized o, B €
(0,7) it is necessary and sufficient that the following relations hold:

1) the sequence {\,}>2, has asymptotic form
)\n =n++ g + lm
n

1

where w = const, I, = o (—), when n — oo, and the function [(-), defined by formula
n

l(z) =>" lysinnz, is absolutely continuous on arbitrary segment [a,b] C (0,27),

2) the sequence {a,}2, has asymptotic form

T
an:§+3n7

1
where s, = 0(5)’ when n — oo, and the function s(-), defined by formula s(z) =

Y o spcosnx, is absolutely continuous on arbitrary segment [a,b] C (0,27),

3)
I 1 K12
—— -+ (———):cota,
ag ™ anp ™

n=1

Let ¢(z, 1) is a solution of the equation with initial conditions y(0) = sinc«, ¥'(0) = — cosa, on
the half axis [0,00). Let f(z) be a smooth, compactly supported function. Put F(u fo o(z, p)de.
There exists at least one non-decreasing function p(u I R € = [,° F*(u)dp(p). The func-
tion p(u) is called a spectral function. This theorem is due to Weyl [Weyl0]. The spectrum of the op-
erator on half axis is called the set of growth points of the function p. In our case, the spectrum of

L(q, , B)isthesetofalleigenvalues.



4)

[e.e]

o —l—i-Z( dnn4 ——)——cotﬁ
(rTI2, ) 7 o\ (w0 — o) T g te)®

The ISLP with o and 3 from (0,7) and ¢ € L]0, 7| was investigated in [IMT84], and
for the case « = 7, B € (0,7) in [DT84], in original statement of a question, and the
solution of these problems the authors reduced to analysis of ISLP with Dirichlet boundary
conditions (y(0) = 0, y(w) = 0, which corresponds to a = 7, = 0), which was in detail
investigated in book [PT87]. After, the authors of paper [KC09] were studied the solution of
ISLP L(gq,,3) (ie. a =m, 3 € (0,7)) with ¢ € L[0, 7] in terms of eigenvalues and another
type of "norming constants” {v,}>, (see (1.3) in [KC09]).

An intensive development of the spectral theory for various classes of differential and
integral operators took place in the 20-th century.

Historically, the first work in the theory of inverse spectral problems for Sturm-Liouville
operators is due to Ambarzumyan [Amb29]. Consider SLP generated by differential equation

(0.0.1)) with Neumann boundary conditions

ie. L(q,m/2,m/2). It is easy to calculate, that if ¢(z) = 0, then the eigenvalues of the
problem L(0,7/2,7/2) are pu, = n* n > 0. He proved the inverse assertion, i.e. if the
eigenvalues of the problem L(q,m/2,7/2) are n?, then the potential ¢ = 0.

Swedish mathematician Borg [Bor46] was the first who paid attention to the importance
of Ambarzumyan’s result. Borg showed that in general for the boundary-value problem
L(q, «, §) additional information is required in order to reconstruct the operator uniquely.
Therefore, the Ambarzumyan’s result was an exception from the rule and for a given spec-
trum, there exist infinitely many triples (g, c, ), such that the corresponding problems
L(q, «r, B) have the same spectrum. In the same work he showed that two spectra is suffi-

cient for the unique determination of the operator.

8



The next step in the development of the classical inverse Sturm-Liouville problem was
taken by N. Levinson [Lev49]. Levinson, in 1949, proved, that in the class of evenﬂ Sturm-
Liouville operators the spectrum {u,}°, uniquely determines the potential ¢(z) and the
parameter o.

In 1950 V. Marchenko [Mar50], using transformation (transmutation) operators, proved

that if two Sturm-Liouville problems on the half-line,

="+ q(x)y = py, y'(0) — hyy(0) =0,

—y" + @(x)y =py, Y (0) = hay(0) =0

have the same spectral function, then ¢;(z) = ¢2(x) and hy = ha.

The results of G. Borg, N. Levinson and V. Marchenko are important and they show the
way to further investigation. There are many other statements of uniqueness theorems for
inverse Sturm-Liouville problems, see, e.g. [HL78, MR&7, [GS97, [GS00, FY01, Yur(7, Har09,
WX09, WX12, Yurl3, WW16] and the references therein.

Section [I.3]is devoted to the uniqueness theorems for ISLP. We bring various formulations
of famous uniqueness theorems, then we give some new statements of uniqueness theorems.
A uniqueness theorem with the lowest eigenvalue for Sturm-Liouville problems with arbitrary

self-adjoint boundary conditions is proved.

Theorem (1.3.5). Let q, qo € Ly (0, 7). If
to(q) — po(qo) = essinfq or  pio(q) — po(qo) = esssup g,

then q(x) = qo(x) + po(q) — po(qo) a-e. on (0, ).
As a corollary of this Theorem, we find bounds for the lowest eigenvalue p(q, @, 3).

Theorem (1.3.6). Let o € (0,7] and 8 € [0,7) and g € L(0,7). The lowest eigenvalue

to(q, «, B) has the property

essinf g(z) + po(0, o, B) < po(q, o, B) < esssup q(x) + po(0, @, B).

2Sturm-Liouvile operator L(q, o, 3) is called even, if ¢(z) = ¢(7 — z) and o + B = 7.

9



Then, we give a new proof of the famous generalization of Ambarzumyan’s theorem with

one spectrum (see [IMT84] [KC09]).

Theorem (1.3.7). Let ¢’ € L&(0, ).
If

,un(Qa &, T — Oé) = ,un(oa Q, T — O{),

for allm >0, then q(z) = 0.

Then a uniqueness theorem similar to Marchenko’s theorem conditioned by inequality.

Theorem (1.3.8). Let ¢ € L(0,7). If

,Un(Q7 Qp, 5) = Mn(%; Qp, BO)?

&n(CL Qp, B) 2 a'n(q07 Qq, 60))

for allm >0, then f = By and q(z) = qo(x).

Furthermore, other uniqueness theorems conditioned by inequalities are proved (for &, b,

and (7, pn), (0, 1)), .8
Theorem (1.3.10)). Let ¢ € L4(0, 7). If

,un(Q; 060,5) = ,Un(QO,Oéo?ﬁO),

"‘“%(Qa Qp, ﬁ)‘ Z ‘Fén(CJo, Qo, BO)’a

for allm >0, then B = By and q(z) = qo(x).

The Chapter [2] is devoted to the direct and inverse spectral theory for Canonical Dirac
System. The Dirac equation is a relativistic wave equation derived by British physicist
Paul Dirac in 1928. It describes all spin-1/2 massive particles such as electrons and quarks
for which parity is a symmetry (see [Tha92]). It is consistent with both the principles of

quantum mechanics and the theory of special relativity, and was the first theory to account

10



fully for special relativity in the context of quantum mechanics. It is the system of par-
tial differential equations, where unknown is 4-component vector-function. In the case of
spherical-symmetric potential it reduces to ordinary differential system (see below ((0.0.4))).

Let E' is two dimensional identical matrix, and

01 = ) O9 =

are well-known Pauli matrices, which have properties o7 = E, o} = 0} (self-adjointness) and
o,0; = —0;0; (anti-commutativity), when k # j, for k,j = 1,2, 3.
Let p and ¢ are real-valued functions. By L(p,q,«,5) = L(2,a, ) we denote the

boundary-value problem for canonical Dirac system (see [Tit61, (GL66, [LS70, IGD75, Mar7T7]):

ly = {Bdix + Q(x)}y =Xy, ze€(0,m), y= . : (0.0.4)
Y2
y1(0)cosa+ y2(0)sina =0, «€ < - g, g], (0.0.5)
y1(m)cos B+ yo(m)sinf =0, [ € ( — g, g}, (0.0.6)
where
0 1
B=lo- ) = ol o) = |
-10 q(z) —p(z)

Matrix-function €(-) is usually called potential function, and A is a complex (spectral) pa-
rameter, A € C. By the same L(p, q, «, ) we also denote a self-adjoint operator, generated
by differential expression ¢ in Hilbert space of two component vector-functions L?([0, 7]; C?)

on the domain
n 9
D={y- i € AC(0, 7, (ty)e € L2[0, 7],k = 1,2
Y2

y1(0) cosa + y2(0) sina = 0, y1 () cos 5 + yo(m) sin f = 0}
where AC|0, 7] is the set of absolutely continuous functions on [0, 7] (see, e.g. [Nai69, [LS8]).

Marchenko (see [Mar72, p.30]) suggested more general definition. He called By'+Q(z)y = Ay

11



Dirac system, if B> = —F and BQ(z) + Q(z)B = 0, i.e. in this definition there is no
restriction on the dimensions of matrices B and €(z), moreover, they can be any operators
in corresponding Hilbert space. If we take % - 01 as matrix B (and this is appeared in works
of Tichmarsh, Krein, Levitan), then any 2 x 2 dimensional matrix-function, which is anti-
commutative with B, has a form o9 - p(x) + 03 - ¢(z). Thus, we call canonical Dirac system
the system ((0.0.4]).

Two Dirac (or Sturm-Liouville) operators are said to be isospectral, if they have the
same spectrum. The problem of description of all isospectral Sturm-Liouville operators was
suggested and solved (for ¢ € L3 [0, 7]) by E. Trubowitz and coauthors in the series of works
[IT83, IMT8&4, DT84, [PT87]. The problem of the form (0.0.1)—(0.0.3) was reduced (using
the Darboux transformation) to the problem of the form (0.0.1)) with the Dirichlet boundary
conditions (y (0) = 0, y(m) = 0) (see [IT83, IMT84]). The inverse Dirichlet problem was
completely solved in [PT87]. The case when a = 7, § € (0, 7) was studied in [DT84] [KC09].
In [KC09] the authors gave a more explicit characterization of spectral data in the style of
[PT87, TT83] and described isospectral problems for fixed /5 in another way. In work |JLI7]
Jodeit and Levitan proposed another approach to the description of all isospectral problems.
They used the method based on the Gelfand-Levitan integral equation and transformation
operators.

For Dirac operators the description of all isospectral operators is given by Harutyunyan
in [Har94]. That description has a ”recurrent” form, i.e. at first only one norming constant is
being changed, while the others stay unchanged, and obtained a new operator which has the
same spectrum and the same norming constants except one. Then changing successively each
norming constants, all isospectral operators were inferred, which have the given spectum.
Note, that each operator is being obtained from the previous operator. This approach
Harutyunyan calles "recurrent” description.

In Section 2.1 we give the description of all self-adjoint regular Dirac operators, on [0, 7],

with the same spectrum, in explicit form, i.e. only in terms of normalized eigenfunctions

12



of the initial operator L(£2, a,0) and a given sequence from [?. With this aim we set T' =

{t;}rez € 1? and by S(z,T) denote square matrix

S(a) = (5, + (0 1) / i (s)hy()ds)

0 ijEr
where §;; is a Kronecker symbol, h,(z) = (hy, (), hn,(x))* are normalized eigenfunctions
and * is the sign of transponation. By S,Sk) (z,T) we denote a matrix, which is obtained
from the matrix S(z,T'), when we replace k —th column of S(z,T') by {—(e" —1)hs, () } ez

column, p = 1,2. Now we can formulate our result as follow.

Theorem (2.1.4). Let T = {ty}rez € 1> and p,q € L3[0,7]. Then the isospectral operator

L(p(T),q(T),a,0), corresponding to T, is generated by potential, which is defined by formula

p(l’,T) Q(xaT)

q(x, T) —p(l‘, T)

Qz,T) =Qx) +G(z,2,T)B — BG(x,z,T) =

where

(k)
1 det Sl ([L’,T)
G(z,z, T :—Z e
( ) det S(I,T) ot det Sék)(l’ T) k( )

In addition, for p(x,T) and q(x,T) we get an explicit representations:

1 2
T) = _—§ E ®) (g T
p(ma ) p(.T) detS(x,T) = detSp (17, )hk(pr)Cv)?
1 2
T) = —_— —1)P"tdet S®) (2, T)h .
o0, T) =)+ ooy 2 21 et S0 T o)

In Section we consider singular Dirac operators on whole and half axes. By L(p, q) we
denote a self-adjoint operator (see [Nai69]) on whole axis, generated by differential expression
¢ (see (0.0.4))) in Hilbert space of two-component vector-functions L?((—oc, 00); C?) on the

domain

Y
D={y={ " | im € L*-50,00) N AC(~00,00);
Y2

(ty)s € L3(—00,00),k = 1,2},

13



where AC(—o00,00) = AC(R) is the set of functions, which are absolutely continuous on
cach finite segment [a,b] C (—00,00), —00 < a < b < co. We assume that this operator
has purely discrete spectrum, which consists of simple, real eigenvalues, which we denote by

An(p, q) and enumerate in increasing order.
T
2

by differential expression ¢ (see (0.0.4])) in Hilbert space of two component vector-functions

For a € (—g, ], by L(p, q,«) we denote a self-adjoint operator on half axis, generated

L?((0,00); C?) on the domain

n
D, = {yz sy € L2(0,00) N AC(0, 00);
Y2

(by)r € L*(0,00),k =1,2; 41(0) cosa + 15(0) sin = O},

where AC'(0,00) is the set of functions, which are absolutely continuous on each finite seg-
ment [a,b] C (0,00),0 < a < b < co. Here we also assume that this operator has purely
discrete spectrum, which consists of simple, real eigenvalues, which we denote by A, (p, ¢, @)
and enumerate in increasing order.

We prove that canonical Dirac expression with linear potential

generates operators on whole and half axises, for which we can find the eigenvalues and
eigenfunctions in explicit form. Precisely, if we take the system of Chebyshev-Hermite or-

thonormal functions

2
e~ 7 H,(x)
n\T) = —, n=O,1,2,...,
#n() V/ 2mnl\/m
where
dre"*
Hy(z) = (—1)"e"
(@)= (e T
Then for Dirac operator L(0, x) the vector-functions
—Pn-1(2) 0 Pn-1(2)
U—n(x) = ) Uo(x) = ) Un(x) = )
n () o(x) n()

14



for n =1,2,..., are eigenfunctions corresponding to eigenvalues A_, = —v/2n, Ao = 0, \,, =
v2n. Then we construct perturbations of these operators with in advance partially given
spectrum. Then answer the questions, what will happen with the potential Qy(x) if we
change spectral data, i.e., if we add or subtract eigenvalues and change the values of norming
constants. For instance, if we extract one eigenvalue, e.g. \g(0, z,0) we will get the following

theorem.

Theorem (2.2.1)). Let p()\) is a spectral function of the operator L(0,x,0). Then the function
p(N), defined by relation
p(N), A < Ao,
p(\) —ag?, A > A,
where ag = \/7/2, i.e.

45(N) = dp(3) — —3(A — o)A

Qo

1s also spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L gener-
. d -
ated by the differential expression | = Bd_ + Q(x) and the boundary condition (2.2.14)), for
x
which p(\) is spectral function. Wherein, the potential function Q(z) is represented by the

following formula

2

6—33

0 T — —

Q) = w0 Jy e
e v
_ _ 0
v ap — [, e=**ds
and for the eigenfunctions the following formulae hold
Vn,l(ﬂf)
Vo(z) = , n € Z\{0}.

22

2
e T e TV, a(s)ds
ap — [ e=**ds

Definition Let g is defined on (a,b), where —oco < a < b < oo. The derivative of

Vn72($) +

function f with respect to function g is called a function 88—{), which satisfies the equation
g(x
d b of
el - d
gl ten)| i ag(x)v(ic) z,

15



for all v € L (a,b).
Section [2.3]is devoted to Dirac operators, which have discrete spectrum. The concept of

eigenvalues’ gradient is given (for both L(p, ¢, o, 5) and L(p, q, «))

grad, — (8)\n O\, 0N, 0N\, ) ‘

Oa” 08" Op(x)’ Oq(x)

and formulae for this gradients are obtained in terms of normalized eigenfunctions.

Theorem (2.3.1). Let A\, and h,(z) are eigenvalues and normalized eigenfunctions of the

problem L(p,q, «, 3), correspondingly. Then the following relations are valid:

Pale 028 o),
PP (P,
%&m = [y (@)]? = |y ()
%@3@@ = 2N, () - By ().

Similar formulae for operator L(p, ¢, «).

The concept of eigenvalues’ derivative with respect to a canonical matrix-potential is

introduced:
o\, o\,
OX | Op(z)  Og(x)

dq(z)  Ip(x)

and shown how it is used to describe the isospectral operators or when finite number of

spectral data is changed.

16



CHAPTER 1

Sturm-Liouville operator on a finite interval

1.1 Introduction and preliminary results

Let L(q,a, B) denotes the Sturm-Liouville boundary-value problem (SLP)

ty = —y" + q(x)y = py, z e (0,7), (1.1.1)
y(0)cosa + y'(0) sinaw = 0, a e (0,7, (1.1.2)
y(m)cos B+ y'(m)sin f = 0, pe0,m), (1.1.3)

where 1 € C is a spectral parameter and ¢ is a real-valued, summable function, ¢ € L§ (0, ).
At the same time, L(q, a, §) denotes the self-adjoint operator, generated by problem (|1.1.1)—

(1.1.3)) in Hilbert space L? [0, 7] (see, e.g. [Nai69, Mar77, [LS8]]). We are interested in finding

non-trivial solutions of the boundary value problem (|1.1.1))-(1.1.3)).

Definition 1.1.1. The values of the parameter p for which the problem L(q,«, 5) has non-
trivial solutions are called eigenvalues, and the corresponding non-trivial solutions are called

eigenfunctions.

It is known, that under the above conditions the spectrum of operator L(g, «, ) is discrete
and consists of real, simple eigenvalues (see, e.g. [Mar77, Yur07, Har14]), which we denote
by pn = pn(q, a, ), n > 0, emphasizing the dependence of p, on ¢, & and . We assume

that eigenvalues are enumerated in the increasing order, i.e.,

MO(Q,Oé,ﬁ) <M1(an75) < </J'n(q?a=ﬁ) <
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Let (x, 1) = o(z, p, o, q) and Y(x, n) = P(z, i, 5,q) are the solutions of the equation

(1.1.1), which satisfy the initial conditions

©(0, p, 0, q) = sina, ¢©'(0, p, v, q) = — cos (1.1.4)

Y(m,p, B,q) =sinB,  (m,p,B,q) = —cos B, (L.1.5)

respectively. The eigenvalues ,, = pn(q, «, 5), n =0,1,2,..., of L(q,«, 3) are the zeros of

characteristic functions

() = ®(p, a0, B) := (7, p, @) cos B+ ¢/ (m, 1, @) sin B,
or
W(u) = ¥, a,B) = (0, B) cosa+ (0, 1, B) sina.

In virtue of well-known Liouville formula (see, e.g., [CL55) [Pon65]), the wronskian W (z) =
Wip, ] = p(x) (x)—¢' () () of the solutions ¢(x, 1) and (z, p) is constant with respect
to x. It follows that W (0) = W (r) and, consequently ®(u, o, 8) = =V (u, o, B).

It is easy to see that functions ¢(x, u,) := p(x, pn, o, q) and VY (z, u,) = Y(x, pn, B, q),

n =0,1,2,..., are the eigenfunctions, corresponding to the eigenvalue u,. The squares of

the L2-norm of these eigenfunctions:
an = an(q, o, B) ::/ ©*(x, p1,)de, n=0,1,2,...,
0
bn:bn(Q7a7ﬁ) ::/ w2<w7/'1/n)d$7 n:071727"'7
0

are called norming constants.

When sina # 0 and sin 8 # 0, i.e. «, 5 € (0,7), then the boundary conditions ([1.1.2)—

(1.1.3) can be written in the following form

y(0) cot v + '(0) = 0, (1.1.6)

y(m)cot B+ y'(m) = 0. (1.1.7)
In this case u(z,pu) = u(x,u,a,q) and v(x,u) = v(x, u, f,q) denote the solutions of the
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equation ([1.1.1]), which satisfy the initial conditions
w(0, pu, o, q) = 1, u' (0, 1, v, ) = — cot a, (1.1.8)
U(Tralua67q) = ]-7 UI(W7/~L7/87Q) = _COtBa (119)

respectively. The eigenvalues u,, = pn(q, «,5), n =0,1,2,..., of L(q,«, 3) are the zeros of

characteristic function

A(p) = u(m, p, ) cot B+ u'(m, p, ) = —[v(0, p, B) cot aw + v’ (0, p, B)].

It is proved that the spectrum uniquely determines the characteristic function A(u) by the

formula (see, e.g., [EY01, Nur(7, Har10al, TT83, [JL.97])

n2

A(p) = (o — ) [T =5 (1.1.10)

Norming constants, i.e. the squares of the L?-norm of eigenfunctions u(z, p1,,) and v(z, j,,),

are
an = an(q, a, B) ::/ u?(z, pn )dz, n=20,1,2,..., (1.1.11)
0
by, = by(q, a, f) := / V2 (z, p)dz, n=0,1,2,..., (1.1.12)
0
respectively. Since all the eigenvalues are simple, there exist constants k,, = k,(q, a, 8) # 0,
n=20,1,2,..., such that
W, fin) = Kn (T, f1y). (1.1.13)
The sequences {1,152, {an}5% , {bn}o, and {k,}>2, are called spectral data (besides

these, there are other quantities, which are also called spectral data). The inverse Sturm-

Liouville problem (ISLP) is to reconstruct the quantities ¢, «, [ by some spectral data.

Lemma 1.1.1. When o, 5 € (0,7), the following relations hold

Gp = K2 by, (1.1.14)
u(m, pin) = v 10, ) = ki, (1.1.15)
= —Fn A(ptn), (1.1.16)
for alln >0, where A(u,) = %A(u).
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Proof. The relations ((1.1.14]) and (1.1.15) easily comes out from relation ((1.1.13]), initial
conditions (|1.1.8)—(1.1.9) and the definition of norming constants (1.1.11))—(1.1.12)).

It remains to prove the relation (|1.1.16)). Since

—u"(z, 1) + q(@)u(z, p) = pu(z, p),

—U”(Q?, :U’n) + q(x)v(x, Nn) = ,unU(.CC, :U’n>7

then, multiplying the first equation by v(z, u,) and the second equation by u(x,u), and

subtracting the second one from the first, we obtain

ol )0, ) — e, )] = (e, o, )

Integrate from 0 to m, we get

_u,(ﬂ-a M)’U(?T, :un) + u(ﬂ-v ,u)v'(w, H’n) - UI(O, M)U(Ov :un) + U(O, H’)U,(O’ :un) =

= (1t — i) i u(z, p)v(x, py,)de.

hence

_ul(ﬂ-v lu) - u(ﬂ-a M) cot 5 + U(Oa Mn) cot o + Ul<0a Mn) =

= —A(p) + Apa) = (1 — pn) /07r u(@, pv(z, ) dz.

When p — p,, we get

~A() = / " 42, )0, ).

Using (1.1.11)) and (1.1.13]) we arrive at (1.1.16)). O

Lemma 1.1.2. FEigenfunctions related to different eigenvalues are orthogonal in L*(0,7).

Lemma 1.1.3.

i) The system of eigenfunctions {u(x, \,)}52, of the boundary value problem L(q,c, )

is complete in L?(0, 7).

ii) Let f(x) be an absolutely continuous function on [0,7]. Then

1

flz) = ianu(x, An)y Q= 7rf(t)u(t, An)dt, (1.1.17)
n=0 an Jo

and the series converges uniformly on [0, 7).
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i) For f € L*(0,7), the series (1.1.17) converges in L*(0,7), and the Parseval’s equality

holds
JRUCRED S
0 n=0
The proof of Lemmas |1.1.2 can be found, e.g., in [LS88, [FY01].

Definition 1.1.2. Two operators L(q,c, 5) and L(qo, o, Bo) are called isospectral, if they

have the same spectrum, i.e. pi,(q, o, 8) = tn(qo, a0, Bo), n > 0.

Let L = L(q, o, B) and Lo = L(qo, v, Bo) be two operators. In what follows, if a certain
symbol v denotes an object related to L, then v, (or 4°, depending on situation) will denote
a similar object related to Ly, and 4 = v — .

The problem of description of all problems of the form (|1.1.1)—(1.1.3)) that have the same

spectrum was suggested and solved (for ¢ € L2 [0,7]) by E. Trubowitz and coauthors in the

series of works [IT83, IMT84, (DT84 [PT87]. The problem of the form (1.1.1f), (1.1.6)—(1.1.7)

was reduced (using the Darboux transformation) to the problem of the form with
the Dirichlet boundary conditions (y (0) = 0, y (7) = 0) (see [IT83, IMT84]). The inverse
Dirichlet problem was completely solved in [PT87]. The case when a = 7, 8 € (0,7) was
studied in [DT84, [KC09]. In [KC09] the authors gave a more explicit characterization of
spectral data in the style of [PT87, TT83] and parameterized isospectral problems for fixed
£ in another way.

In work [JLI7] Jodeit and Levitan proposed another approach to the description of
all isospectral problems, using the Gelfand-Levitan integral equation and transformation
operators. The authors solved the problem when ¢ € L4[0, 7] and a, 8 € (0, 7) (with some
remarks for the other cases at the end of the paper).

Let and operator Ly = L(qo, v, B) is given, with eigenvalues pl = i, (qo, o, Bo) and
eigenfunctions ug(z, 10). They constructed the kernel F(z,y) of the integral equation as

follows. Let ¢,, n > 0, be arbitrary real numbers, converging to zero, as n — oo, so rapidly,
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that the function

Fa,y) =Y catto(x, 1 Juo(y, i15) (1.1.18)

n=0

is continuous and all the second order partial derivatives are also continuous. The integral

equation

K(x,y)+F(x,y)+/ K(z,t)F(t,y)dt = 0, 0<y<z<m, (1.1.19)
0

is called Gelfand-Levitan integral equation[T]
They proved, that if 1+ ¢,a® > 0, for all n > 0, then the integral equation (1.1.19) has

a unique solution K (z,y) and the function

) = o)+ [ Ko ot
0
is a solution of the differential equation (|1 , with potential function

q(z) = qo(x) + Q%K(:U,:c), (1.1.20)

and u(x, 1) satisfies the initial conditions
u(0,p) =1,  '(0,n) = —cota,

where

o0
cota:cotozo—i-ch. (1.1.21)
n=0

It means, that the function u(z, u) satisfies the initial conditions (1.1.8)) for all u € C.
Now § € (0, 7) should be found, such that p,(q, «, 8) = p.(qo, o, o), for all n > 0, i.e.

u(x, p) should satisfy, at the point z = , the initial conditions (|1.1.9))
u(m, i) cot B+ u'(m, ) = 0.
Such $ (in [J1.97]) is found from the following relation

Cotﬁ—cotﬁonLZC?Li—:f?). (1.1.22)

! Here F(z,y) is a kernel of integral equation (1.1.19), where z is a parameter, F(z,y) is known function

and K(x,y) is unknown function, as functions of y.
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Thus Jodeit and Levitan showed, that each admissible sequence {c,}7°, generate an

isospectral operator L(q, «, ), where ¢, « and (3 are given by the formulae ((1.1.20]), (1.1.21))

and ([1.1.22)) respectively. In this way they obtained all the potentials ¢, with ¢’ € L*(0, ),

having a given spectrum {u%}2.
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1.2 ISLP with fixed boundary conditions

In this section we consider the boundary-value problem (1.1.1)), (1.1.6)—(1.1.7) with ¢ €

Li[0,7] and with «, 8 € (0,7). It is connected with the circumstance, that in this case

the principle term of asymptotics of A, = /i, (see below (1.2.1af), (1.2.1b))) is n and the

principle term of asymptotics of norming constants a, (see below (1.2.2a)), (1.2.2b)) is g

The other three cases: 1) a =m,5 € (0,7), 2) a € (0,7),5 =0, 3) a =7, =0, need a
separate investigation and we do not concern it here.

The famous theorem of Marchenko (see [Marb0, Marb2]) asserts that two sequences
{1} and {@, )22, ((or {1}, and {b,}° ) uniquely determine the problem L(q, o, §).

In this section we state the question:

What kind the sequences {u, }5°, and {a, }>2, should be, to be the spectral data

for a problem L(q,a, 3) with a ¢ € L]0, 7] and in advance fixed o, 8 € (0,7)?

Such a question (but without the condition of fixed « and § and for a different class
of potential ¢ instead of our ¢ € Lg[0,7]) was considered first by Gelfand and Levitan in
work [GL51] and after in many papers (we refer only some of them: [GL64, [Zhi67, TT83]).
This problem called inverse Sturm-Liouville problem by ”spectral function” (see also [Lev&4,
EYO01]).

Our answer to above question is in the following assertion.

Theorem 1.2.1. For a real increasing sequence {\2}°°, and a positive sequence {a, }°, to
be spectral data for boundary-value problem L(q,, ) with a q € Lg[0,7] and fized o, B €
(0,7) it is necessary and sufficient that the following relations hold:

1) the sequence {\,}>2, has asymptotic form

A, =n+ 241, (1.2.1a)
n
where w = const,
1
l,=o0 (—) ,  when n — o0, (1.2.1b)
n



and the function I(-), defined by formula

[(z) = Z I, sinnz, (1.2.1c)
n=1
is absolutely continuous on arbitrary segment [a,b] C (0,27), i.e.
l € AC(0,2m); (1.2.1d)

2) the sequence {a,}>, has asymptotic form

T

ay, = B + Sp, (1.2.2a)
where

1
Sp=0 (—) ,  when n — o0, (1.2.2b)

n

and the function s(-), defined by formula
s(z) = Z Sp COSNT, (1.2.2¢)

n=1

is absolutely continuous on arbitrary segment [a,b] C (0,27), i.e.

s € AC(0,2m); (1.2.2d)

3)
1 % n i (i _ E) _ cota, (1.2.3)

i 2\, =
4)
do 1T & i, 2)
___|_Z< —— ] = —cotp. (1.2.4)
(m Il 2ez0)™ ™ 2 \ (7 lpo — gt |J ) 7

In what follows, under condition ([1.2.1)) we understand the conditions (|1.2.1a})—(1.2.1d))

and under condition (|1.2.2)) the conditions (|1.2.2al)—(1.2.2d)).

To prove Theorem [1.2.1|we use the following assertion, which has an independent interest.

Theorem 1.2.2. Let ¢ € Ly[0,7] and o, 3 € (0,7). Then for norming constants a, =

an(q,, B) and by = lN)n(q, a, ) the following relations are valid

o0

1 1 1 2

— _ = — —Z) =cot 1.2.5
et (5 o) = eote (1:2:5)
1 1 /1 2
~____|_§:<N_—_>:—cot . 1.2.6
bo & n=1 bn T B ( )



We should say, that the asymptotics (1.2.1)) and (1.2.2]) have their roots in the paper

of Zhikov [Zhi67]. Also we must note that conditions ((1.2.4) and (1.2.6)) are equivalent. It

is a corollary of the fact, that norming constants by = Bn(q,a,ﬁ), n =20,1,2,..., can be
represented by spectrum {u, }°°, and norming constants {a, }5°, by the next way:
From (|1.1.10) we know that the specification of the spectrum {u, (g, a, £)}52, uniquely

determines the characteristic function A(u) and, consequently, its derivative A(u). In par-

ticular, if a, 8 € (0, 7) the following formulae hold (see, e.g. [Harl0Oal):

A Tk — [
A(po) = -7 [ w07 (1.2.7)
k=1
- ™ ST Mk — [
Alp) == lmo— ] [T =557 (1.2.8)
k=1,k#n

for all n =1,2,.... On the other hand, from relation (1.1.16) of Lemma we have

i = —FnA(1tn). (1.2.9)

Taking into account the relations (T.1.14) and (T.2.7)-(1.2.9) we find formulae for 1/bg
and 1/b, with n =1,2,... (in terms of {1, }2°, and {a,}>>,):

- (1.2.10)
d ( k=1 T)

S
ol"

=~ 4
o = ol (T =7 )

=

So, we can change the second assertion in Theorem by the assertion

~ 00
ao 1

anpn 2\
(W Zozl Mkk;‘zﬂoy T ' n=1 ((W[HJO — fin) HZozl,k;ﬁn “k;;“")z B %> S
which coincides with (1.2.4)).
The ISLP with « and 8 from (0, 7) and ¢ € L3[0, 7| was investigated in [[IMT84], and for

the case « = m, f € (0,7) in [DT84], in original statement of a question, and the solution
of these problems were reduced to analysis of ISLP with Dirichlet boundary conditions
(y(0) =0, y(m) = 0, which corresponds to « = w, § = 0), which was in detail investigated

in book [PT87]. We can say, that the problems, solved in [IMT84 [DT84], ware not the
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inverse problems by ”spectral function”, but these problems are deeply connected with it, and
[IMT84, [DT84] play an important role in development of inverse problems. After, the authors
of paper [KC09] were studied the solution of ISLP for L(q, 7, 3) (i.e. a =7, € (0,7)) with
q € L3[0, 7] in terms of eigenvalues and "norming constants’P] {v, }22 (see (1.3) in [KC09]),
which they introduced for this caseﬁ They proved that the condition is necessary for
norming constants Z;n(q, 7, 3) . They also proved that the conditions ) and - are
necesssary for norming constants of problem L(q, «, 3), if sina # 0 and sin 5 # 0. Really
they formulated these relations in terms of "norming constants” {v,}5%,, but it is easy
to verify that these formulations are equivalent. Theorem [1.2.2] was proved, for the case
q € L0, 7], with different methods, in [KC09] and [AHT5]. It is also must be noted, that
the relations and come from the paper of Jodeit and Levitan [JLI7].

Note that the asymptotic behavior of {u,}>°, and {a,}2, are standard conditions for
the solvability of the inverse problem (see, e.g., [GL51, [(GL64, [Zhi67, [FY01]). The conditions

(1.2.3) and (1.2.4]), which we add to the conditions ([1.2.1)) and (|1.2.2)), guarantee that o and

B, which we construct during the solution of the inverse problem, are the same that we fixed

in advance. At the same time Theorem says that the conditions and (1.2.4),

which equivalent to and (| , are necessary.

1.2.1 The kernel of Gelfand-Levitan integral equation

Consider the function a(zx), defined as

a(r) = i (COS}M - Cof'm) : (1.2.12)

— an ad
where a) = 7, a° =5 forn=1,2,.
2, = log | tm) | g1,
Un og 'U/(O,,Un) , 1 y Ly 4y

3We should say, that this "norming constants” had been introduced before in paper [HN04], and corre-

sponding uniqueness theorem (see theorem 2.3 in [KC09]) had been proved in [HN04] (see theorem 3).
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Lemma 1.2.1. Let the sequences {\,}>2, and {a,}>>, have the properties (1.2.1) and

(1.2.2) correspondingly. Then a € AC(0,2m).
Proof. We set

n

1
pn:An—nszrzn:O(—). (1.2.13)
n
The general term of the sum ([1.2.12)) can be rewritten as follows

COS )\nl’ cosnx COS )\nilf cosnx cosnx cosnx

@ a a o a @
1 1 1
= — (cos A\,x —cosnz) + | — — =5 | cosnz. (1.2.14)
an, an a2

So we can rewrite the series ((1.2.12)) in the following form

= 1 —~/1 1
a(x) = E = (cos A,z — cosnz) + g <— - EL_O) CoS . (1.2.15)
n=0 " n=0 n n

a

The difference (cos A,z — cosnz) can be represented as follows

CoS A& — cosnx = cos(n + p,)T — cosnx =
= COSNT COS P, T — SIN NI SIN P, T — COSNT =
= —cosnz(l — cos p,x) — sin nx sin p,x =

= —2sin2 2% cosna — prxsinnz — (sin p,x — ppx)sinne  (1.2.16)

1 1
and for the difference <~— — ﬁ) we have
a, ab
1 1 1 1 2 n 2
T—W:ﬂ_ -5 = Sﬂ :——'Sn+qn, (1217)
an  ap 5tsn 3 T 1+ 3sp T

1
where ¢, = o <—> From the latter relation (1.2.17)) it follows, that for sufficiently large n

n2
1 1 1 2 1
a, ab n T n

And then, according to the relations (1.2.13)) and ((1.2.18)), we obtain

1 . 2 1 w .
—(—ppz) sinnx = [—— +o (—)} [— + ln] rsinnr =
n ™ n n

we have

2 i 2
= LT —l,xsinne + rprsinne, (1.2.19)
7r n T
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1
where r,, = 0< 2)
n

Since p, = O (—) and siny —y = O (n?) for y close to zero, then
n

n3
sin? 22 = 0 (ﬁﬁ)Z —o(L (1.2.21)
2 2 n? ) -

Thus, taking into account the relations (1.2.16)—(1.2.21)) we can rewrite the function

(1.2.15)) as follows

smmx—%xzoq%@ﬂ:0<i), (1.2.20)

where
20T = sin nr
aj(x) = — - Zl Zl smnx——ancosnx
n=
=1 T
Z — sm P — pnx) sinnz — 2 Z — sin? P cos nNxr+
Qp, Qy, 2
n=1 =0
[o¢] o0
—|—an cosne + :L'Zrnsinn:c.
n=0 n=1
sin nx T—x
Since the first sum Z =5 for x € (0,27), then, in particular, it belongs

to AC(0,27), and the second sum Z l, sinnz also belongs to AC(0,27) according to the

n=1

condition (|1.2.1d)) of Theorem [1.2.1} In its turn the sum Z sp cosnx belongs to AC(0, 2)
n=1

according to the condition (1.2.2d)) of Theorem [1.2.1] The other four sums of as(z) converge

absolutely and uniformly on [0,27] and are continuous differentiable functions, and hence
belong to AC(0, 27).

These complete the proof. O

Lemma 1.2.2. Let sequences {\,}>2, and {a,}>2, have the properties (1.2.1)) and (1.2.2)),

(1.2.3) correspondingly. Then the function F', defined in triangle 0 < t < x < 7 by formula

Flat) = f: (cos)\n:)fcos Ant B cosn:fcosnt> | (1.2.22)

0
0 Qp a,
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1s absolutely continuous function with respect to each variable and function

d
(&) = - Fa,2),
is summable on (0,7), i.e. f € L*(0,7).
Proof. 1t is easy to see that
1
F(z,t) = 5 la(z+t) +a(z—1t)]. (1.2.23)

Since, a € AC(0,27), then we can infer that the function F'(x,t) with respect to both of the

variables has the same smoothness as a(z). For the function F(z,z) we have

F(z,z) = = [a(2z) + a(0)] . (1.2.24)

DO | —

According to (|1.2.3) and ([1.2.12))
0 = _— = t
a(0) nEZO (&n d%) cot v,

for a € (0, 7). Hence a(0) has a sense and, therefore, F'(x,x) too. Besides this

d 1d
%F(x,x) = §%a(2x), (1.2.25)

and since a € AC(0,27), then the function a(2z) belongs to AC(0,7), and its derivative

d
belongs to L (0, ), i.e. the function d—F(ac, r) belongs to L} (0, 7). O
T

1.2.2 Proof of Theorem [1.2.2

The solution u has the well known representation (see [FY01l, [GL64, IGL51, Mar50])
uw(z, \, o, q) = cos \x + / G(z,t) cos \tdt,
0
where about the kernel G(x,t) we know (in particular) that

G(z,x) = —cota + %/ q(s)ds. (1.2.26)
0
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It is also known that G(z,t) satisfies to the Gelfand-Levitan integral equation

Gl t) + Fla,t) + / Glz,$)F(s,t)ds = 0, 0<t<uz,
0

where (see [FY01])

2. [cos \,xcos \,t  cosnx cosnt
Pl = 3 (gl - et
n=0 n n

where aj =7 and @l = J for n = 1,2,.... From (1.2.26)(1.2.28) it follows that

Thus, ((1.2.5) is proved.

Let us now consider the functions (compare with [JLI7])

p(x,u)IU(W_I7IM’/L7057Q):u(ﬂ—_xulun) n=01.2
o u(m, fin, @, q) u(m, fn) R

Since u(z, u, o, q) satisfies the equation (1.1.1]), and

ul(ﬂ- —Z, ,un)
U(ﬂ', :un)

u//(ﬂ- —Z, ,U/n)

1/
y P (xnun) =
u<7ralun)

p/(xnun) - =
we can see that p(z, u,) satisfy the equation
=" (@, pn) + q(m = 2)p(2, p1) = pinp(, i)

and the initial conditions

p(0, ) =1, p'(0, ) = —% = —(—cot ) = —cot(m — ).
Also we have
~u(0,p4,)  sina sin(m —a)
p(ﬂ'alun) - U(W,ﬂn) - U(W,Mn> - 'UJ(T(',,LLn) ’
, . u(0,pn)  —cosa  —cos(m —«a)
POms) = e )~ ) o)

It follows, that p(z, u,) satisfy to the boundary condition

p(7, piy) cos(m — ) + p'(m, p) sin(r — ) =0, n=0,1,2,....
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Let us denote ¢*(x) := q(m — x). Since pu,(¢*, 7 — B, 7 — ) = un(q, o, 5) (it is easy to prove
and is well known [IT83]), it follows, that p(z, u,), n = 0,1,2,..., are the eigenfunctions
of problem L(q¢*,7 — B,m — «), which have the initial conditions ; ie. p(x,p,) =
w(z, o, ™ — B,q%), n=0,1,2,....

Thus, as in ([1.2.29)), norming constants a’ = ||p(-, 1, )||* must satisfy

11 /1 2
(CL_S — ;) + ; (ﬁ — ;) = cot(m — ) = — cot S. (1.2.32)

For the norming constants a, using relations (1.1.14)), (1.1.15) and (1.2.30]), we get

s T 2
. 2 us(m =, in)
a, = p°(x, by )dr = / ————dx
/o e = J )

1 0 1 ™
- _m/ uz(s,,un)ds = m/ﬁ u2(s,un)ds
_ &"(%O"ﬁ) _ a <Q70576)

= by,

() KE(g 0, f)
Therefore, we can rewrite (1.2.32)) in the following form

(i_%> oy (i_% — cot(m — ) = — cot §.

n=1

This completes the proof.

1.2.3 Proof of the main result

Necessity. If {\2}>°  are the eigenvalues and {a, }22, are the norming constants of the
problem L(q, v, 8), then for u, = A2 the asymptotics was proved in [Harl6], and for
a, the asymptotics was proved in [HP16]. The necessity of connections and
follows from Theorem m

Sufficiency. In [GL64] there is a proof of such assertion:

Theorem 1.2.3 ([GL64]). For real numbers { 2}, and {a,}°>, to be the spectral data for

a certain boundary-value problem L(q, a, 8) with ¢ € LL[0, 7], (o, B € (0,7)), it is necessary

and sufficient that relations (1.2.1a)—(1.2.1b)) and (1.2.2a)—(1.2.2b)) hold, and the function

F(-,-) has partial derivatives, which are summable with respect to each variable.
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oo
n=0’

Thus, if we have a real sequence {u,}5°, = {\? which has the asymptotic rep-

resentation (1.2.1a)—(1.2.1b)) and a positive sequence {a,}>>,, which has the asymptotic

representation ((1.2.2a)—(1.2.2b)), then, according to the Theorem there exist a func-

tion ¢ € LL[0,n] and some constants &, 3 € (0,7) such that A2

n’

n = 0,1,2,..., are the
eigenvalues and a,, n = 0,1,2,..., are norming constants of a Sturm-Liouville problem
L(g,@, ).

The function ¢(z) and constants &, B are obtained on the way of solving the inverse
problem by Gelfand-Levitan method. The algorithm of that method is as follows:

First we define the function F(z,t) by formula

Flz.t) = io: (cos)\nxcos At cosnxcosnt) . (12.33)

; 70
o an, ad

Note that this function is defined by {\,}2%, and {a, }>°, uniquely. Then we solve Gelfand-

Levitan integral equation [Mar50, (GL51, [GL64, [FY01]

G(z,t) + F(x,t) +/ G(z,s)F(s,t)ds =0, 0<t<uz, (1.2.34)
0

where G(x, -) is unknown function. Find function G(z,t), with the help of which we construct
a function

u(z, \?) = cos Az + / G(z,t) cos Atdt, (1.2.35)
0

which is defined for all A € C. It is proved (see [GL64]) that

— " (z, \?) + (2%G(x,x)>u(:v, A3 = N2u(x, \?), (1.2.36)

almost everywhere on (0, 7), and

u(0,\?) =1,

u'(0,)%) = G(0,0).

If we denote

G(0,0) = —cot &, (1.2.37)
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then the solution ((1.2.35]) of equation (|1.2.36]) will satisfy the boundary condition
u(0, \?*) cot & + u/(0, \*) = 0

for all A € C. Since from ((1.2.34) follows that G(0,0) = —F(0,0) and from (1.2.33) follows

— /(1 1
that F(0,0) = g <~— — $)7 hence we get
ap, @
n=0 n

—~ /1 1 _
> <Z - &—0) = cot . (1.2.38)
n=0 n

From the relation (1.2.38) and our condition ([1.2.3)) on the sequence {a,}2, we find that
a=q.

It is also proved (see, e.g., [GL64]) that the expression

u'(m, /\i) u'(m, )\72%)

u(m, A\2) a U (T, A2))

is a constant (i.e. does not depend on n), which we denote by — cot 3. Thus the func-
tions u(x,A\2),n = 0,1,2,..., are the eigenfunctions of a problem L(q,d,,@), where ¢(z) =
2—G(z,x), & is in advance given « and we should have B equals 8. We know from the

dx
Theorem , that for problem L(q, «, 5) it holds

1 1 /1 2 -
~———+ (T——):—Cotﬁ

bo T n=1 bn T

Thus, if we obtain condition (1.2.6), then we guarantee that 5 = . But (1.2.6) deals with

the norming constants l;n, which are not independent. We have shown, that we can represent

by, by a, and {p ¥, by formulae (.2.10), (T.2.11)). Therefore, instead of (1.2.6)), we obtain

the condition in the form ({1.2.4)).

This completes the proof.
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1.3 Uniqueness theorems for ISLP

Historically, the first work in the theory of inverse spectral problems for Sturm-Liouville
operators belongs to Ambarzumyan. It is well-known that the eigenvalues of the operator

L(0,7/2,7/2) are n?, n > 0. Ambarzumyan proved the inverse assertion.

Theorem 1.3.1 (Ambarzumyan [Amb29]). If

pn(q, /2, 7/2) = 1 (0, 7/2,m/2) = 0,
for alln > 0, then q(x) = 0.

In 1946 Borg [Bor46] showed that in general for one given spectrum, there exist infinitely
many triples (¢, o, ), such that the corresponding problems L(q, a, ) have the same spec-
trum. In the same work he showed that two spectra uniquely determine the operator.

Let L = L(q,a, B) and Ly = L(qo, o, 5o) be two operators. In 1950 Marchenko proved
a uniqueness theorem with spectral function for Sturm-Liouville operators on the half-line,
using the transformation operator and Parsevals equality. That theorem works also for
Sturm-Liouville operators on the finite interval and the theorem of Marchenko, in terms of

eigenvalues and norming constants, can be formulated as follows]

Theorem 1.3.2 (Marchenko [Mar50, [Mar52]). If

,un(Q7 «, 6) = ,un(q07 Qo, 60)7

an(Q7a’6> = an(QOa aOvﬂO)v
for allm >0, then q(z) = qo(z) and o = oy, B = Po.

There are many other statements of uniqueness theorems for inverse Sturm-Liouville
problems. Let ®(z,u) be the solution of equation (1.1.1)) under the boundary conditions
®(0)—hd'(0) =1 and &(7w) + HP'(w) = 0. Set M () := ®(0, ). The functions ®(x, u) and

M () are called the Weyl solution and the Weyl function for the Sturm-Liuoville boundary

4 The theorem of Marchenko is more general, see e.g. [Mar50, Mar52] Lev62, [FY01].
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value problem, respectively. The Weyl function was introduced first (for the case of the half-
line) by H. Weyl. The specification of the Weyl function uniquely determines the potential
function and boundary parameters. In 1978, Hochstadt and Lieberman [HLT7§| proved that
if the potential function ¢ is given on the interval (0, 7/2), then one spectrum is sufficient to
determine ¢ on the interval (0, 7). After, Gesztesy and Simon (see [GS97,IGS00]) gave several
generalizations of the Hochstadt-Lieberman theorem where the potential ¢ is known on a
larger interval [0, a] with a € [7/2, 7] and the set of common eigenvalues is sufficiently large.
Then, Guangsheng Wei and coauthors in several papers (see, e.g. [WX09, WX12, WW16])
obtained uniqueness results which imply that the potential ¢ can be completely determined
even if only partial information is given on ¢ together with partial information on the spectral
data, consisting of either one full spectrum and a subset of norming constants or a subset of
pairs of eigenvalues and the corresponding norming constants. By McLaughlin and Rundell
[IMRS7] it is shown that a particular eigenvalue for an infinite set of different boundary

conditions is sufficient to determine the potential function.

1.3.1 Generalizations of Ambarzumyan’s theorem

There are many generalizations of Ambarzumyan’s theorem in various directions, we
mention several of them (see, e.g. [Kuz62, [CASS, [CLWO1, [FY01, YHY10, YW1, Yurl3]

and references therein).

1.3.1.1 With the lowest eigenvalue

In [FY01], Freiling and Yurko showed that it is not necessary to specify the whole spec-

trum and it is enough to have information only on the first eigenvalue.

Theorem 1.3.3 (Freiling-Yurko [EY01]). If

pla.w/2.7/2) =+ [ qta)de

then q(x) = po(q, 7/2,7/2) a.e. on (0,7).
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Further, in [Yurl3], Yurko proved the following generalization.

Theorem 1.3.4 (Yurko [Yurl3]). Let

(QASOO, @0)

10(q) = 110(qo) + (20.20)

where po(z) is an eigenfunction of Lo related to 1o(qo).

Then q(x) = qo(x) + po(q) — 1o(qo) a.e. on (0,7).

Our theorem with the lowest eigenvalue is as follows.

Theorem 1.3.5. Let q, qo € Ly(0,7). If
1o(q) — po(qo) =essinf ¢ or  po(q) — po(go) = esssupg,
then q(x) = qo(z) + po(q) — 1o(qo) a.e. on (0, ).
Proof. Denote (y,z) = [; y( 2(x)dz, and @y == o(z, 116(q)), ©3 = ©(, po(go)). One has

(Lo, 0]) = 1o(q) (0, ¥)),

(oo, ©) = (0, o)) = 110(q0) (0, ©}),

and consequently,

((q + po(q0) — po(q)) o, wo) = 0.

By Sturm’s oscillation theorem (see, e.g., [FY01, [AHP13]), the product ey has no zeros

on interval (0,7), hence § + 1o(qo) — 1o(q) = 0 a.e. on (0, 7).

Remark 1.3.1. Theorems|1.3.4] and|1.5.5 are true for Sturm-Liouville problems with arbi-

trary self-adjoint boundary conditions.

From Theorem for po(q, o, ) we get the following bounds.

Theorem 1.3.6. Let a € (0,7] and B € [0,7) and q € LL(0,7). The lowest eigenvalue

to(q, «, B) has the property

€ss lan(x) + /’LO(O) 0475) < MO(q7 a, 6) < ess sup Q(Z') + :U’O(Oa Qa, ﬁ)
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1.3.1.2 With one spectrum

Here, we give a new proof of the famous generalization of Ambarzumyan’s theorem.

Theorem 1.3.7. Let ¢ € L3(0, ).

If pn(q, a0, m — @) = (0,0, m — ), for allm >0, then q(z) = 0.

We think that Theorem is a natural generalization, because just one spectrum is
used to reconstruct the potential ¢, without any additional conditions, as it is in the classical

result.

Proof. Consider an operator L(q, o, m—«) and an even operatoxﬂ L(0,cr, m— ). N. Levinson

proved [Lev49] (see also [Har(9]), that an operator L is even if and only if

o(m, ) = (—1)", n > 0. (1.3.1)

The condition of the theorem means, that the operator L(q,«,m — «) is isospectral with

L(0,a,m — o). Since the method of Jodeit and Levitan has described all the isospectral

operators for potential function ¢, with ¢’ € L?(0, ), then the formulae (1.1.20)—(1.1.22) are

held for operators L(q, o, m — a) and L(0,, 7 — a). Therefore, taking into account, that

@p(x) =0, ap=a, Pfp=p0=m—«and (1.3.1)), then the relations ((1.1.20)—(1.1.22)), which

connect these two operators, will become

q(x) = Z%K(x,x), (1.3.2)
> =0 (1.3.3)
n=0

00 cn
— =0. 1.34
HZ:O 1+ cyal 0 (1.3.4)

= 3a
—r 2 =0. 1.3.5
Z 1+ cpal ( )

5A problem L(q,a, 3) is said to be even, if ¢(x) = ¢(m — x) and a + 8 = 7.
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Since 1 + ¢,a’ > 0 and @ > 0, for all n > 0, then from the equation (1.3.5) we obtain,

that ¢, = 0, n > 0. Thus, from the equations (1.1.18]), (1.1.19)) and ([1.3.2) it follows that

q(z) = 0. O

Remark 1.3.2. We will get the classical Ambarzumyan’s theorem, if we take o = /2.

1.3.2 On theorem of Marchenko

One of the main results of the present section is the following theorem, which, in some

sense, is a generalization of Marchenko’s uniqueness theorem.

Theorem 1.3.8. Let ¢ € L3(0, 7). If

1 (4, @0, B) = (o, 0, Bo), (1.3.6)

an(q, 2, B) = an(qo, 0, Bo), (1.3.7)
for allm >0, then f = By and q(z) = qo(x).

This kind of uniqueness theorem has not been considered before. The main difference

between Theorems|1.3.2fand |1.3.8|is that the equality in Theorem|1.3.2/on norming constants

we replace with inequality in (1.3.7). Note, we assume ¢ € L%(0,7) instead of general
q € L(0,7), since our proof is based on the results of Jodeit and Levitan (see [JLI7] and

Section [1.1)). And the parameter a of boundary condition is in advance fixed o = «.

Proof. Consider operators Ly = L(qo, v, 5o) and L = L(q, ag, 5), with the set of norming
constants a’ = a,(qo, g, Bo) and @, = a,(q, g, ), n > 0, respectively. It is known (see, e.g.

[JLIT]), that in this case the kernel F(x,y) of the integral equation (1.1.11)) is

F(z,y)=>_ (i - a%) o, 1) 0y, iy)- (1.3.8)

n=0 An
Since by the condition of Theorem the operators L and Ly are isospectral, then the

formulae (1.1.20)-(1.1.22) are held. If we compare the kernels (1.1.18) and (1.3.8)), we’ll
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1 1
refer, that ¢, = — — —5. So the formulae (1.1.21)) and (1.1.22)) will become

an ay

—~ /1 1

cot av = cot oy + E (~— - W) , (1.3.9)
an, @
n=0 n

(ap)?

Thus, we have all the operators L(q, «, 3) isospectral with L(qo, ao, 5o)-

i 2 0
cot 3 = cot By + Y _(ay, ) Pl ) (1.3.10)
n=0

We supposed, that a = ap, then by formula (1.3.9) we have

i <$ - %) =0. (1.3.11)

n=0
Since a,, > a?, for all n > 0, thus from the equation (1.3.11)) it refers that a, = a, for all
n > 0. Thus, from Marchenko uniqueness Theorem we obtain q(z) = qo(z) and 8 = fy.

This completes the proof.

Remark 1.3.3. Some analogues of Theorem [1.3.§ will be stated in Section[1.53.3,

Remark 1.3.4. From the relation (1.3.10) it follows, that we can assume B = By, instead

of « = ap. Even so, we will obtain q(x) = qo(z) and a = .

1.3.3 Uniqueness theorems conditioned by inequalities

Consider two isospectral operators L(q, «, ) and L(qo, o, Bo), with a, ag, 8, 5o € (0, 7)

and ¢’ € L(0, 7). Formulae, analogues to (1.1.21)) and (1.1.22)), can be obtained for &,

= 1 1 1
cot v = cot oy + g . < - ) : (1.3.12)
o 12(u)] n

o [R5] = |Fin]
cot 8 = cot By + -
nzzo D ()|

In 2009, Harutyunyan proved a uniqueness theorem with the set of eigenvalues and the

set of {K,}5°, (see (1.1.13))):

(1.3.13)
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Theorem 1.3.9 (Harutyunyan [Har09]). If

,un(qa «, B) - ,un<q07 Oy, ﬁO)a

"Qn(qa «, ﬁ) = /fn(q07 Qyp, BD)?

for allm >0, then q(z) = qo(x) a.e on (0,7) and o = v, 5 = So.

From Theorem and formulae (1.1.12)), (1.3.12)), (1.3.13)), new statement, similar to

Theorem [1.3.8] can be proven for k,:

Theorem 1.3.10. Let ¢’ € L(0,7). If

Mn(Q7050;5) = /J/n(QOya(];ﬁO)?

"‘in(qaa()?ﬁ)‘ 2 ‘/fn(q07040750>’7
for allm >0, then f = By and q(z) = qo(x).

Theorem 1.3.11. Let ¢’ € L(0,7). If

tin (@, v, o) = tin(qo, 0, Bo),

(7, ()| < [0, 1 (0))]
for allm >0, then a = ag and q(z) = qo(x).

Since the uniqueness theorem of Marchenko is also true for norming constants b,,, taking

into consideration the relations (1.1.13), (L.1.15) and (1.3.14)), analogues to Theorem [1.3.§]

can be proven for (0, u,,) and b,

Theorem 1.3.12. Let ¢’ € L3(0,7). If

Mn(Q, Ql, 5) = ,un(q07 Qo, BO))

bn(Qa Qq, B) S bn<q07 g, BO)a

for allm >0, then B = By and q(z) = qo(z).
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There is a relationship between norming constants and characteristic functions:

by = (0, 11,) ¥ (1), n=0,1,2,.... (1.3.14)

Theorem 1.3.13. Let ¢ € L(0,7). If

Mn(q, 040,5) = Mn(QmOéo,ﬁO),

for allm >0, then = By and q(z) = qo(x).

Remark 1.3.5. In Theorems |1.5.1() instead of one boundary parameter we can fix

the other. Even so, the results are valid.
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CHAPTER 2

Canonical Dirac system

2.1 Isospectral Dirac operators

2.1.1 Introduction

Let E is two dimensional identical matrix, and

are well-known Pauli matrices, which have properties o = E, o} = 0}, (self-adjointness) and
o,0; = —0;0}, (anti-commutativity), when k # j, for k,j = 1,2, 3.
Let p and ¢ are real-valued, summable on [0, 7] functions, i.e. p,q € LL[0,7]. By

L(p,q,c, 8) = L(2, a, §) we denote the boundary-value problem for canonical Dirac system
(see [Tit61l [GL66, [LST0, Mar77, [GD75]):

d (231
ly = {B@ + Q(x)}y =Xy, z€(0,7), y

= , (2.1.1)
Y2
y1(0)cosa +y2(0)sina =0, a € <—gg] (2.1.2)
y1(m)cos B+ ya(m)sinf =0, Be (—g,g} (2.1.3)
where
0 1 T x
B = 101 = : Q(z) = o9p(x) + o3¢(x) = ple) - ql)
—-10 q(z) —p(x)
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Matrix-function €(-) is usually called potential function, and A is a complex (spectral) pa-
rameter, A € C.

By the same L(p, ¢, a, ) we also denote a self-adjoint operator, generated by differential
expression £ in Hilbert space of two component vector-functions L?([0, 7]; C?) (see, e.g. [LS8S,

Nai69]), on the domain

Y
D={y=- .y € AC[0, 7], (Ly)x € L*[0, 7], k = 1,2;
Y2

y1(0) cosa + y2(0) sinav = 0, y;1(7) cos B+ ya(m) sin 5 = O}

where ACY0, 7] is the set of absolutely continuous functions on [0, 7]. The scalar product in

L*([a,b]; C?) we denote by (f,9) = [}{f, )z = [} [f1(2)gi(x) + fo(x)ga(w)]du.

Definition 2.1.1. The values of the parameter \, for which the system (2.1.1) has non
trivial solutions from D C L*((—o0,00); C?) are called eigenvalues and the corresponding

solutions are called eigenfunctions of the operator L(p,q).

It is well known (see [GD75, [HAQG, [AHMO5]) that under these conditions the spectrum
of the operator L(p, q, «, ) is purely discrete and consists of simple, real eigenvalues, which
we denote by A, = A\u(p,q,, ) = M\(Q,a, B), n € Z, to emphasize the dependence of A,
on quantities p, ¢ and «, 8. It is also well known (see, e.g. [GD75, [HAOG, [AHMO05]) that the
eigenvalues form a sequence, unbounded below as well as above. So we will enumerate it as
Me < Apa1, k € Zy, N\, > 0, when £ > 0 and A\ < 0, when k£ < 0, and the nearest to zero
eigenvalue we will denote by Ag. If there are two eigenvalues nearest to zero, then by A\g we will
denote the negative one. With this enumeration it is proved (see |[GDT75, [HA06, [AHMO05]),

that the eigenvalues have the asymptotics:

A(Q,0,8) =n+ pa + 7, rhn=o0(1), n— too. (2.1.4)
m

In what follows, writing Q € A will mean p,q € A. If Q € L]0, 7, then we know, (see, e.g.,

[HAQG]), that instead of r, = o(1) we have Z r? < oo.

n=—0oo
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Let y(xz,\) = ¢(x,\, o, Q) and y(z, \) = ¢¥(x, A\, 5,Q2) are the solutions of the Cauchy

problems
sin o
—cos
sin 3
ly=2Xxy,  y(mA) = ,
—cos f3

respectively. Since the differential expression ¢ is self-adjoint, the components ¢ (z, A),
wo(z, A) and ¥y (z, A), e(x, A) of the vector-functions ¢(z, ) and ¥ (z, A) can be chosen
real-valued for real \. It is easy to see, that ¢,(x,Q) = o(z, A\, @, Q) and ¥, (z,Q) =
U(x, Ay, B, Q) are the eigenfunctions, corresponding to the eigenvalue A,,. By a,, = a,(Q, a, )
and b, = b,(Q, @, 8) we denote the squares of the L?*-norm of the eigenfunctions ¢, (z, )
and ¥, (z,Q):

an = llonl® = / on(e, Q)Pde, n e,
0

by = n? = / (. Q) Pdz, n € 7.

The numbers a,, and b, are called norming constants. By h,(z,) we denote normalized

eigenfunctions (i.e. ||h,(z)]| = 1) of operator L(Q, a, B):

() = B (1, ) = 228D (2.1.6)
a, (92, a)
and it can be taken also as
() = (e, ) = 22D
bn (€2, B)

1 ~ 1
It is easy to see, that |h,(0)]*> = — and |h,(7)]? = o It is known (see [GDT5], [HADG]) that
a

n n

in the case of Q € L2[0, 7] the norming constants have the following asymptotic form:

an(Q) =7+ cny,  bp(Q) =7+ Cp, Z 2 Z & < oo, (2.1.7)

n=—0oo n=—oo
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2.1.2 Preliminary results

It is known, that in the case of Sturm-Liouville problem, with the help of the spectral
function the potential ¢ and boundary parameters « and 3 can be uniquely determined (see,
e.g., [Mar52, [GL64]). In case of Dirac operator it is not true (see |[GL66]). If w(z) is an
absolutely continuous function, then by substituting z(z,\) = A(z)p(x, A\, @), where the

unitary matrix

Alr) = cosw(z) sinw(z)

—sinw(z) cosw(z)

the system (2.1.1)) transforms to the system
¢ {B LY )} A
z=4B— T)rz =Nz
dx ’

where Q(z) = A~ (z)BA'(x) + A~ (x)Q(x)A(z), but the spectral function stays the same,
i.e. the eigenvalues and norming constants stay the same. In order Q(z) to be canonical,
i.e. Q(z) to have a form oop(z) + o3d(z), it is required that w(z) = const = wy. Now the

constant matrix

coSwy  Sinwy
A(ZL’) == )
—sinwy coswy
transforms problem L(€, v, 8) to problem L(A™'QA, a—wp, B—wyp), and they have the same
spectral function. Here we can see, that if we fix one of the boundary parameters, we get
wop = 0. So, to reconstruct the problem L(£2, i, 5) uniquely with spectral function, we should
fix one of the boundary parameters.

Therefore, in this section we consider Dirac operator L(£2, a, 8) with one fixed boundary

condition, e.g. 5 = 0, hence here we consider the problem L(2, «,0).

Definition 2.1.2. Two Dirac operators L(Q, o, 0) and L(Q, &,0) are said to be isospectral,

if An(Q, @, 0) = \o(Q, &, 0), for every n € Z.

Lemma 2.1.1. Let Q,Q € L4[0, 7] and the operators L(, o, 0) and L(Q, &,0) are isospec-

tral. Then & = «.
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Proof. The proof follows from the asymptotics (2.1.4)):

SRSl

L= lim (0 — M(Q @, 0)) = Lim (n — A\ (Q,&,0)) =

T n—o00 n—00

]

So, instead of isospectral operators L(£2, o, 0) and L(Q, &, 0), we can talk about ”isospec-

tral potentials” 2 and €.
Theorem 2.1.1. (Uniqueness theorem). The map

(Q,a) € L2[0, 7] x <—g g] e (2, 0), an(Q, a,0);n € Z}

18 one-to-one.

Remark 2.1.1. [t is natural to call this a Marchenko Theorem, since it is an analogue of
the famous theorem of V.A. Marchenko [Mar50, [Mar52], in the case for Sturm-Liouville
problem. The proof of this theorem for the case p,q € ACI0,7] is in the paper [Wat99).

The detailed proof for the case p,q € L&[0, 7| is in [Harl0] (see also [GL66, [GD75, [Har9j,
Hor01, [FY01, WW13)).

Let us fix some Q € L[0,7] and consider the set of all canonical potentials Q =

iod
, with the same spectrum as :

-D

LN

Our main goal is to give the description of the set M?({2) as explicit as it possible.

From the uniqueness theorem it is easily follows:
Corollary 2.1.1. The map
Qe M?(Q) {an(Q),n €7}
18 one-to-one.
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Since Q € M?(Q), then a,,(Q2) have similar to (2.1.7) asymptotics. Since a,(Q) and a,,(Q)
A an(£2)

are positive numbers, there exist real numbers t,, = t,,(£2), such that —~ = el From the
Qp

latter equality and from (2.1.7)) follows that

e =1+d,, Zdi<oo.

n=—0oo

o0
It is easy to see, that the sequence {t,;n € Z} is also from [?, i.e. Z t2 < co. Since all
n=—oo

a, () are fixed, then from the corollary and the equality a,(Q) = a,(Q)e ' we will

get:
Corollary 2.1.2. The map

Qe M(Q) & {t,(Q),neZ}el?
15 one-to-one.

Thus, each isospectral potential is uniquely determined by a sequence {t,;n € Z}. Note,
that the problem of description of isospectral Sturm-Liouville operators was solved in [IT83),
IMT84, DT84, [PT87, [KC09, .JL.97].

For Dirac operators the description of M?(QQ) is given in [Har94]. That description has a
"recurrent” form, i.e. at the first in [Har94] is given the description of a family of isospectral
potentials Q(xz,t),t € R, for which only one norming constant a,,(§2(-,t)) is different from
A () (namely, a,,(2(+, 1)) = an(Q)e™"), while the others are equal, i.e. a,,(2(-, 1)) = an(Q),

when n # m.

Theorem 2.1.2. [Har9j|]. Lett € R, o € <—g, g} and

et — 1

Qz,t) = Q) + —Qm(% Q)

{Bhp(z, Q)R (x,Q2) — hy(x, Q)R (x,Q)B},

where 0, (x,t,Q) =14 (e' = 1) [ |ha(s,Q)|?ds. Then, for arbitrary t € R, A\, (Q,1) = X,(Q)

foralln € Z, a,(Q,t) = a,(Q) for alln € Z\{m} and a,,(Q,t) = a,,(Q)e~*. The normalized

*

Here * is a sign of transponation, e.g. h, = ™ = (Rmys hmy)

h77l2
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eigenfunctions of the problem L(€(-,t),«) are given by the formulae:

o/2 o
R SR BT (et —1) O:B Rk (s, Q)h,(s,Q)ds )
hn(z,Q) — oo (2. 2.90) ho(z,Q),if n # m;

Theorem [2.1.2] shows that it is possible to change exactly one norming constant, keeping

the others. As examples of isospectral potentials © and  we can present

00
Qx)=0=
00
and
- m(et — 1) —sin2max  cos2mx
Qx) = Qo) = ———— ,
(z) () T+ (et — Dz

cos2mx  sin2mx

where t € R is an arbitrary real number and m € Z is an arbitrary integer.

Changing successively each a,,(2) by a,,(£2)e~™, we can obtain any isospectral potential,
corresponding to the sequence {t,,;m € Z} € [*. Tt follows from the uniqueness Theorem
that the sequence, in which we change the norming constants, is not important.

In [Har94] were used the following designations:

To={. .0, 0}
To=1{..,0,....0,t5,0,...,0,...},
Ti={...,0,...,0,0,t0,t,0,...,0,...},
Ty={..,0,. 0.t 1 b0, t1,0,...,0,...},
T2n:{-"7Oa07t—n7"'at—17t07t1a"'7tn—17tn707"'}7

T2n+l = { . aoat—nat—n—i-la cee 7t—17t07t17 s 7tnatn+1707 e '}7

Let Q(z,T_1) = Q(z) and

Qx, T,) = U, Tror) + A2, Th), m=0,1,2,...,
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where

el — 1
AQ(z,T,) = Bho (2, -, Ton 1)) (-) — (VB () B,
(0. T0) = G e gy B 2 T () = 15 1
. m+1 . - m . . .
where m = , if m is odd and m = 5 if m is even. The arguments in others hy(+)

and A% (-) are the same as in the first. And after that in [Har94] was proved:

Theorem 2.1.3. [Har9]J. Let T = {t,,n € Z} € [* and Q € L[0,x]. Then

Qx,T) = Qx) + f’: Az, T,,) € M*(9). (2.1.8)

m=0
We see, that each potential matrix AQ(x,T,,) defined by normalized eigenfunctions
h(x,Q(z, T,—1)) of the previous operator L(Q(-,T,,_1),«). This approach we call "re-

current” description.

2.1.3 Isospectral operators

We want to give a description of the set M?(Q) only in terms of eigenfunctions h,,(z, Q)
of the initial operator L(f2, o, 0) and sequence T' € [2. With this aim, let us denote by N(T},)

the set of the positions of the numbers in 7T,,,, which are not necessary zero, i.e.

N(TO) = {0}?

N(TI) - {07 1}7

N(T2) = {_1707 1}7

N(Ty,) ={-n,—(n—1),...,0,...,n—1,n},

N(Topi1) ={-n,—(n—1),...,0,...,n,n+ 1},

in particular N(T") = Z. By S(z,T,,) we denote (m + 1) x (m + 1) square matrix

S, T) = (8 + (% 1) / ’ hi () ()ds

0 1,JEN(Tm)
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where d;; is a Kronecker symbol. By S (x,T,,) we denote a matrix, which is obtained
from the matrix S(z,7,,) when we replace the k — th column of S(z,T,,) by H,(x,T,,) =

—(e* — D) hy, (2) Yeen(r,) column, p = 1,2. Now we can formulate our result as follow:
» (Trm)

Theorem 2.1.4. Let T = {t; }rez € I? and Q € LE[0,7]. Then the isospectral potential from

M?*(Q), corresponding to T, is given by formula
Qz,T) =Q(x) + G(z,2,T)B — BG(z,x,T) =

where
Gz, 2, T) SR det 517, ) hi(x)
x? ’1'7 = 1o k x ?
det S(z,T) T\ det Sék) (2,T)
and det S(z,T) = lim det S(x,T,,) (the same for det Sk(x,T),p=1,2).

m— 00

In addition, for p(x,T) and q(x,T) we get an explicit representations:

2
1
= — E E (F)
p(ZL“, T) p(fﬁ) det S(l’,T) o det Sp (va)hk(Sfp)(x%
1 2
_ —E E :_ p—1 (k)
q(I,T) q(.’I?) + det S((L’,T) o p:1( 1) det Sp (muT)hkp<x)

Proof. The spectral function of an operator L(€, a, 0) is defined as

1
> . A>0,
()\) 0<An<A ”(Q)
PN = 1
- > A <0,

A<An <0 an($2)
1
i.e. p(A)is left-continuous, step function with jumps in points A = A, equals — and p(0) = 0.

n

Let Q,Q € L2[0,7] and they are isospectral. It is known (see [GL66, [LSSS, [AHMO5,

Har(8]), that there exists a function G(z,y) such that:

oz, N, a,Q) = oz, )\, o, Q) +/ G(z, s)p(s, \, a, Q)dt.
0
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It is also known (see, e.g. |[GL66L [LS88, [AHMO5]), that the function G(z,y) satisfies to the

Gel'fand-Levitan integral equation:

G(z,y)+ F(z,y) +/ G(z,8)F(s,y)ds =0, 0<y<uz, (2.1.9)
0

where

Fla,y) = / " oo N @ Q) (9, A a, Q) — p(V)],

—00

If the potential Q) from M?(£2) is such that only finite norming constants of the operator

L(Q, a,0) are different from the norming constants of the operator L(Q, o, 0), i.e. a,(Q) =

a,(Q)e ', n € N(T,,) and the others are equal, then we have

te
dpN) —dp(N) = Y (aik - a%)d()\ =Y (6 kak 1)5()\ ~ ),
kEN(Tm) kEN(Tm)

where § is Dirac d-function. In this case the kernel F(x,y) can be written in a form of a
finite sum (using notation (2.1.6)):
F(z,y) = Fle,y,Tw) = > (" = Dhg(x, Q)h;(y,Q), (2.1.10)
kEN (Tin)
and consequently, the integral equation becomes to an integral equation with degen-
erated kernel, i.e. it becomes to a system of linear equations and we look for the solution in

the following form:

kEN (Tm)
where gi(z) = is unknown vector-function. Putting the expressions ([2.1.10))
Gk (I)

and (2.1.11)) into the integral equation ([2.1.9)) we will obtain a system of algebraic equations

for determining the functions gx(x):

g(@)+ > sul@)gi(x) = —(e"* — Dhy(z), ke N(Tp,), (2.1.12)
1EN(Tm)

where

si(z) = (e — 1) /033 h:(s)hg(s)ds.
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9k
It would be better if we consider the equations (2.1.12]) for the vectors g, = ' by

Gk
coordinates g, and gi, to be a system of scalar linear equations:

g, (@) + Y su(@)gi, () = (" = Dhy (), ke N(Tn), p=12 (2.1.13)

iEN(Tim)

The systems ([2.1.13]) might be written in matrix form
S(xmi)gp(x7Tm) = Hp(xaTm)a p= 1a27

where the column vectors g,(x, T,) = {9k, (v, Tin) }ken(r,), P = 1,2, and the solution can be

found in the form (Cramer’s rule):

det S (z, ;)
det S(z,T,,)

Gr, (2, T) = ke N(T,), p=1,2.

Thus we have obtained for gx(z) the following representation:

(2, T) | det S (x, T,,) (2.1.14)
Lodm) = 2y )
Ik det S(z, T,) det Sé’“) (x,Tm)

and then by putting (2.1.14]) into (2.1.11)) we find the function G(z,y,T,,). If the potential
Q is from Lg, then such is also the kernel G(z, z, T,) (see [Har94]), and the relation between

them gives as follow:
Uz, T,,) = Qz) + Gz, 2,T,,)B — BG(z,x,T,,). (2.1.15)
On the other hand we have

Qz, T,,) = Qz) + Xm: AQ(z, Ty,). (2.1.16)

k=0
So, using the Theorem ([2.1.3)) and the equality (2.1.16|) we can pass to the limit in (2.1.15)),

when m — oo:

Qz,T) =Qx) +G(z,2,T)B — BG(z,2,T). (2.1.17)

The potentials € in (2.1.8) and (2.1.17) have the same spectral data {\,(T), a,(T") }nez, and

therefore they are the same and Q(-,T) defined by (2.1.17) is also from M?(Q).
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Using (2.1.11)) and (2.1.14)) we calculate the expression G(z, z,T,,) B — BG(z, z,T,,) and

pass to the limit, obtaining for the p(x,T) and ¢(z,T) the representations:

p(x.T) = plx) - detS 7 S det S (e, T (o).

keN(T) p=1

4(2,T) = 4(@) + T s Z Z )Pt det S (2, Ty, ().

kGN

Theorem is proved.

O

For example, when we change just one norming constant (e.g. for Tp) we get two inde-

pendent linear equations:

(1 + s00(2))go, (z) = — (e — 1)ho, (z),

(1+ s00(2))g0, (x) = = (€' = Dho, (z).

For function g we find

(€ — Dho, (x)
1 + Soo(l') ’

9o, ("L‘) ==

(e — 1)ho,(x)
]_ —I— Soo(l')
and for the potentials p(z, Ty) and ¢(z, Ty) we get the following representation

9o (‘r) ==

pla o) = pl) 4 15— (2, (e o).
el —1

q(z, To) = q(x) + (g, (x) = hg, (x)).

1 + Soo([L’)
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2.2 Dirac operators with linear potential and its per-

turbations

In this section we consider Dirac operator with linear potential function on whole and
half axes, and find the eigenvalues and eigenfunctions in explicit form. After we perturb

spectral function and construct operators which are generated by that spectral function.

2.2.1 Operator on whole axis

Let p and ¢ are real-valued, local integrable on (—o00, co) functions (p, ¢ € Lg ,.(—00, 00)).
By L(p, q) we denote a self-adjoint operator (see [Nai69]), generated by differential expression

¢ (see (2.1.1))) in Hilbert space of two-component vector-functions L?((—oco, c0); C?) on the

domain
Y1 9
D = {y: (yp € L7 (—00,00) N AC(—00, 00);
Y2
(by), € L*(—00,00), k = 1,2}, (2.2.1)

where AC(—o00,00) = AC(R) is the set of functions, which are absolutely continuous on
each finite segment [a,b] C (—00,0), —00 < a < b < co. We assume, that the spectrum of
this operator is purely discrete (see, e.g. [Mar68, [AH16]), and consists of simple eigenvalues,
which we denote by \,(p,q), n € Z.

At first we consider an operator L(0,z) (with p(x) = 0 and ¢(z) = x), which corresponds

to the system

d
ly = {B— + Qo(x)}y = \y, (2.2.2)
dx
0 =
where Qy(x) = , on the domain (2.2.1)). This operator we call Dirac operator with
xz 0

linear potential.
As it follows from the results of [Mar68] and [LS70] the spectra of this operator is pure

discrete and consists of simple eigenvalues. The eigenvalues of the operator L(p,q) we will
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denote \,(p,q) with corresponding enumeration. One of the sufficient conditions for dis-

creteness of the spectra is (see [Mar68])

lim[1*(2) + ¢*(x) — VW (@) + (@) = o0. (2:23)

|z|—00

It is easy to see that in our case (p(z) = 0, ¢(x) = ) the condition ({2.2.3) holds.

Writing the system ([2.2.2]) componentwise, we get

—yy +xy1 = Ao, (2.2.4)

Yo + Y2 = Ay, (2.2.5)
we can obtain two second order differential equations for both y; and ys separately:

— + 2%y, = (V= Dy, (2.2.6)

—yy 4+ 22ys = (A + Dy (2.2.7)
It is well known (see, e.g. [LST0]) that the equation
—y" + 2%y = py

has solution from L?(—o0,00) only for g = 2n + 1, n = 0,1,2,..., and corresponding

solutions are Chebyshev-Hermite polynomials

_ .2
n $2dn6 x

H,(x) = (=1)"e -

(2.2.8)

Therefore, A can be an eigenvalue of L(0,z) only if \A* =1 = 2n+1, i.e. A =2(n+1). Thus,

if A=Ay, =++/2(n+ 1), then the solutions of the equation (2.2.6) are
yi(z) = Ho(z),  n=0,1,2....

At the same time A> + 1 = 2n + 3 = 2(n + 1) + 1 and consequently the solutions of the

equation (2.2.7)) are
ya(r) = Hopa (),  n=0,1,2....
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The Chebyshev-Hermite polynomials have the properties (see [LS70])
H', () =2nH, 1(z), H,(r)—2zH,(x)+2nH, (z)=0 n=12,....

The general formulae for H,(z) are

n(n —1)
1!

n(n—1)(n —2)(n —3)
2!

H,(x) = (2x)" — (22)" 2 + (2z)" 4+,

n! (n—1) n!
) for even n and (—1) =D/

n. Thus, we note that Ho,y1(0) =0, for £ =0,1,2,....

n
2

in which the last member is (—1) 2z, for odd

It is well known (see, e.g. [LS70]) that the squares of the L:norm of H,(z) with the

22

weight e~ is equal

/ H2(z)e " dx = 2"nl\/7
and

/ Hn(a:)Hm(:U)e’ﬁdx =0, n,m=0,1,2,..., n#m.

Therefore, if we take
on(x) = Che” 7 Hy(z), n=012,..., (2.2.9)

where

Cp= ————— (2.2.10)

V2T

then the system {g,(z)}>°, will became orthonormal system on whole real axis. It is called

the system of Chebyshev-Hermite orthonormal functions. Now let us show that vector-

functions
v |
on(T)
0
Uo(z) = : (2.2.11)
vo(z)
Un(z) = po-1(2) )
Son(x>



for n = 1,2,..., corresponding to eigenvalues A\_,, = —v/2n,\g = 0, \,, = v/2n, are eigen-

functions of the operator L(0,x). At first we will show that for n =1,2,...:

P () + 29n(7) = V2n00-1(2),

—¢h-1(2) + 201 (2) = V2npu(2).

(2.2.12)

Indeed, for ¢/, (z),n =1,2,..., we have
o () = —Chze” 7 Hy(x) + Cpe” = H) (x) = Cpe™ = (H) (z) — xH,(x)),

Putting these into the left side of the equation (2.2.5) and using the property H',(z) =

2nH, 1(x) we will get equalities

() + won () =

o2

Ce™ (H.(2) — 2H,(2)) + 2Cye Hy(2) —

Cne” zH (z) = Che  22nH, 1(x) =

Chp 22 2nC,
o 2nCy_1e” 2 H, 1(z) = Cfil On—1(x).
. . 2nC,
Taking into account ([2.2.10]), we see that the fraction = v/2n. Thus, we have
n—1

o (2) + zpn(x) = V2ne, 1 (2), n=12,....

In the similar way we obtain the following equations (here we use the property H,.(z) —

2cH,(z)+2nH, 1(x) =0)
—¢ (@) 4 20n_1(x) = V2npu(z), n=12,....

Thus, we have (U, (z) = v2nU,(x), n=1,2,...,i.e. Uy(z), n=1,2,..., are the eigenfunc-
tions of the operator L(0,z) with the eigenvalues A, (0,z) = v2n, n=1,2,....

U_,(z) will satisfy to the system

(@) + 20n(z) = (=v2n)(=pn1 (),
~(=¢h-1(@) + 2(=pn-1(2)) = (=V20)pu(@).

(2.2.13)
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In fact the systems (2.2.13)) and (2.2.12)) coincide, which means that for n =1,2,... U_,(x)

are also the solutions (eigenfunctions) for the system ([2.2.12)) ((2.2.13])) with the eigenvalues

An(0,2) =—=v2n, n=1,2,....

1 .2
Up(x) satisfies to the system ([2.2.2)), when A\o(0,z) = 0 (note that po(z) = —e = and
T
1 2
eo(r) = —<(—z)e" )
Tl
1 22 1 22
906(55) + xSOO( ) = —1(—x)e‘7 +r—e 7 =0,
T4 T
1 22
_0‘1’370:0—16_7
T4

So, such defined vector-functions U, (z), n € Z are eigenfunctions of the operator L(0, x)

with the eigenvalues A\, (0, z) = sign(n)+/2|n|, n € Z.

2.2.2 Operators on half axis

Let us consider also canonical Dirac system on half axis. Let p and ¢ are real-valued,
T

2], by L(p,q, ®)

we denote the self-adjoint operator, generated by differential expression ¢ (see (2.1.1))) in

local summable on (0, c0) functions, i.e. p,q € L%MOC(O, o0). For o € (—g,

Hilbert space of two component vector-functions L?((0,00); C?) on the domain
Y1 )
Da:{y: sy € L7(0,00) N AC(0, 00);
Y2

(6y) € L*(0,00),k = 1,2; 4,(0) cosa + 12(0) sina = 0}

where AC'(0,00) is the set of functions, which are absolutely continuous on each finite seg-
ment [a,b] C (0,00),0 < a < b < oo. We assume, that the spectrum of this operator is purely
discrete (see, e.g. [Mar68, [AH16]), and consists of simple eigenvalues, which we denote by
An(p,q, ), n € Z. Tt is easy to see that if in boundary condition y;(0) cos @+ y2(0) sina = 0

we take a = 0, then we have condition

y1(0) =0, (2.2.14)
and if we take a = g, we obtain boundary condition

yo(0) = 0. (2.2.15)
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Let y = p(z, A, o, Q) is the same as in the case of finite interval, i.e. ¢(x,\) is the so-
lution of Cauchy problem (2.1.5). Then ¢,(z) = ¢(x,),) are the eigenfunctions, a, =
I len(x,Q)?dx, n € Z, are the norming constants, and hy,(z) = h,(z,Q, \,) = @\;El_n) are
the normalized eigenfunctions.

It is easy to see from (2.2.8)-(2.2.11)) that the eigenfunctions of the operator L(0,z,0)
are vector-functions Uy (x), which correspond to the eigenvalues A\g(0,2,0) = Aox(0,2) =
23ign(k)\/m, k € Z. And the eigenfunctions of the operator L(0,z,7/2) are vector-
functions Usg11(z) corresponding to the eigenvalue A (0, z,7/2) = Aog41(0,2) = sign(2k +

1)y/22k + 1], k € Z.

By ¢ = ¢(x, A\, o, ) we denote the solution of the Cauchy problem (a € C)

sin «v
ty=2xy,  y(0)= :
—cosa
n (0,00), and we denote this problem by S(p, ¢, A, a). Such solution exists and unique and
its components 1; and 19 are entire functions in parameters A and « (see, e.g. [Har04]).

If a =0 and Q = Qq, then ¥(z, A, 0, Q) satisfies to the boundary condition and
in order to be an eigenfunction of the operator L(0, z, 0) it must be from L?(0, oo; C?). As we
have seen recently, it is possible only when A = A\ (0, x,0) = Aoy (0, 7) = 2sign(k)+/|k], k €
Z. Thus the eigenvalues and eigenfunctions of the operator L(0,z,0) are A\;(0,z,0) and
U(x, A (0,2,0),0,Q0) = ¥(x, \ax(0,2),0,8), for k € Z.

Let us now consider Cauchy problems S(0,z, A,(0,z,0),0), for n € Z. It is easy to see
that the functions

Vi(a) = - ol®) g (2.2.16)

90271(0) 7

are the solutions of the these Cauchy problems. At the same time V,,(x) are eigenfunctions

of the operator L(0,x,0) which correspond to the eigenvalues A, (0, z,0), for n € Z. Since

the solution of Cauchy problem is unique, it follows that

Va(z) = ¥(z, My (0, 2,0),0,), n € Z. (2.2.17)
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The squares of the L?-norms of these functions

a, = a,(0,2) = [V, ()II* = /0 Vaa (@) + [Vaa()[*dz

are called norming constants. Using ([2.2.9)-(2.2.11)) and (2.2.16)) we can easily calculate the

values of the norming constants:

71_1/2 1 4n(n!)2ﬂ.1/2
g = ——, Q_p = Ay = , n=12....

2 PENOE (2n)!

The norming constants and eigenvalues are called spectral data of the operator L(0,x,0).
Thus, we have two "model” operators on half axis with pure discrete spectra, for which

we know eigenvalues, eigenfunctions and norming constants. Now we want to construct

new operators (with in advance given spectra) on half axis, starting from these ”model”

operators.

2.2.3 On changing spectral function

The spectral function of an operator L(0, z,0) is defined as [GL66] [LS70]

—1
Zo<,\n§>\ a,’, A>0,

—1
_Z)\<)\n§0 Ay, A< 07

p(A) =

and p(0) =0, i.e. p(A) is left-continuous, step function with jumps in points A = A, equals

-1
n -

a
In what follows d(z) is Dirac d-function (see, e.g. [Sch61]), ¢;; is Kronecker symbol and
vij(z) = [; Vi*(s)V;(s)ds, where by the sign * we denote a transponation of vector functions,
ie. ¥*(x,A) = (Y1(x, ) ¥a(x, N)), (note that v;;(z) is a scalar function).
In this paragraph we will answer the question, what will happen with the potential Qq(z)
if we change spectral data, i.e., if we add or subtract eigenvalues and change the values of
norming constants. It was proved (see [Har86]), that if p(\) is a spectral function of some self-

adjoint operator L(p,q, @), then a function p(\), which differs from p(A) by only for finite

number of points and is still remaining left-continuous, increasing, step function, is also

61



spectral. It means that there exists a self-adjoint canonical Dirac operator L= L(p,q, ),

for which p()\) is spectral function.

2.2.3.1 Adding and subtracting eigenvalues

At first, we want to construct a new operator L = L(p,q,0), which has the same spectra
as L(0,z,0) except one eigenvalue. For instance, if we extract eigenvalue A\o(0,z,0) = 0 we

will get the following

Theorem 2.2.1. Let p()\) is a spectral function of the operator L(0,x,0). Then the function

p(N), defined by relation

p(A)7 A S /\07
p(\) —ag?, A > A,
where ag = \/7/2, i.e.

d5(N) = dp(A) — —5(A — Ag)dA (2.2.18)

Qo

1s also spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L gener-
. d -
ated by the differential expression | = Bd_ + Q(x) and the boundary condition (2.2.14), for
x
which p(N) is spectral function. Wherein, the potential function Q(z) is represented by the

following formula

2

0 xr — ew —g
O(x) = - ao = Jo e=ds (2.2.19)
_ . 0
. ag — fo e=5°ds
and for the eigenfunctions the following formulae hold
Vn,l(x)
Vi (z) = . neZ\{0}. (2.2.20)

s2

2
e Jy e T Vya(s)ds
ag — [, e=**ds

Proof. At first we denote 1 (z,\) = ¥(z, X, 0,Q) and ¥(z, ) = ¥ (z,\,0,Q). It is known

Vng (CL’) +

(see [GL66, Mar77, ILS70, Har08, [AHMO5] ), that there exists transformation operator I+ G:
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Yz, \) = I+ G)(x, A) =(z, \) + /: G(z, s)¢(s, N)ds, (2.2.21)

which transforms the solution ¢ (x, A\) of the Cauchy problem S(0,z, A, 0) to the solutions

(x, A) of the Cauchy problem S(p, g, A,0). It is also known (see, e.g. [GL66, [LS70]), that

the kernel G(x,y) satisfies to the Gel’fand-Levitan integral equation:

G(z,y) + F(z,y) +/ G(z,8)F(s,y)ds =0, 0<y<uz<oo, (2.2.22)
0

where matrix function F'(x,y) is defined by the formula

Fla) = [ (06w dp0) - V). 2:223)

It is also known that the potentials Q(z) and Qy(z) are connected by the relation

Qz) = Qo(z) + G(z,2)B — BG(x, x). (2.2.24)

M

From the (2.2.8)-(2.2.11) and definition (2.2.16) it follows, that Vj(z) = (0 e~ 7).
Putting the relation (2.2.18)) into (2.2.23)), and using (2.2.17)), for the kernel F'(z,y) = Fy(z,y)

we obtain:
Fo(z,y) = —ag ' (x, 2o)e* (Y, M) = —ag Vo) Vi (y) =
0 0
— ) (2.2.25)

o1 EP?)
0 —agle 2

After some calculations from the equation ([2.2.22)) and formula (2.2.25) for Gy(x,y) we

obtain
0 0

_(@24?)
2

1
ap — [y e=**ds

Go(z,y) = Vo(2)V'(y) =

e
X
ap — [, e==ds

Now taking into account (2.2.17)), putting Go(z,y) into the equations (2.2.21)) and (2.2.24))
we can easily obtain (2.2.19)) and ([2.2.20). Theorem is proved. O

0
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Now we want to subtract any finite number of eigenvalues. For this reason we denote by

Z, the arbitrary set of finite n number of integers, in increasing order, Z,, = {z1, 29, ..., 2,} C
4

7 (e.g., if Z4 = {217 29,23, 24} = {—1277 0, 32, 1259}, for Z Sz = S—127 + S + S32 + 31259).
i=1

Theorem 2.2.2. Let p()) is the spectral function of the operator L. Then the function p(\),

defined by relation

dp(\ Za’lé)\ Az, )dA

is also spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L gener-
5 d -
ated on half axis by the differential expression | = Bd_ + Q(x) and the boundary condition
x

[2.2.14)), for which p(N\) is spectral function. Wherein, the potential function Q(z) is

p(x,n)  q(z,n)

q(z,n) —p(z,n)

where p(x,n) and q(x,n) are defined by the following formulae:

) =~ s szmsp ) det Sz, ),

klpl

n

q(z,n) =z Z )PV, () det S(k (x,n),

* det S(z,n) £
where S(x,n) is n x n square matriz S(x,n) = {0, — az_jlvzizj (z)}i=1 and S ( n) are
matrices, which are obtained from the matriz S(x,n), when we replace k-th column of S(x,n)

by Hy(z,n) = {a;'V., p(z)}i) column, p = 1,2. And for the eigenfunctions V() (m €

Z\Z,,) we obtain the representations

Vina () + detS szkm )det SP(z, n)

Vino() + detS szkm ) det S (z, n)

Proof. In this case the kernel F'(x,y) can be written in the following form:
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n

F(w,y) = Fa(z,y) = Y —a'Vo (2)V2 (), (2.2.26)

and consequently, the integral equation ([2.2.22)) becomes to an integral equation with degen-
erate kernel, i.e. it becomes to a system of linear equations and we will look for the solution

in the following form:

Gol(2,y) =D g @)V (1), (2.2.27)
k=1
gzk,l(m) . . ) )
where g, (x) = is unknown vector-function. Putting the expressions ([2.2.26))
gzk,2<x>

and ([2.2.27)) into the integral equation (2.2.22]) we will obtain a system of algebraic equations

for determining the vector-functions g,, (z):

Gz () — Za;jvzizk (2)g:, () = a; Vo (), k=1,2,....n. (2.2.28)
i=1

It would be better if we consider the equations (2.2.28) for the vectors g., (z) by coordinates

Gz,.1(z) and g, 2(z) to be systems of scalar linear equations:

n

Gzpop(T) — Za;klvzizk ()9, p(z) = az_kl‘éw(x), k=1,2,...,n, p=12.

=1

The latter systems might be written in matrix form

S(x,n)gp(x,n) = Hp(ZL’,TL), p = 1727

where the column vectors g,(z,n) = {g,, ,(x,n)}}_;, p = 1,2. The solution of this system

can be found in the form (Cramer’s rule):

det S5 (x,n)

—, k=1,2,... =12
detS([L‘)n) Y ) Y 7n7 p )

gzlmp(x? d) =

Thus we have obtained for g,, (z) the following representation:
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1 det S§k) (z,n)

gz (T,m) = W{)

det Sék) (x,n)

Using these g,, (z,n), from we find the function G, (x,y). Now taking into account
, putting G, (z,y) into the equations and we obtain the representa-
tions for p(x,n), g(z,n) and V,,(z), m € Z\{Z,}.

Theorem [2.2.2] is proved. [

Now we want to add any finite number of new real eigenvalues py # A\, m € Z, to the

spectra, with positive norming constants ¢, k =1,2,...,n.

Theorem 2.2.3. Let p()\) is the spectral function of the operator L, then the function p(\),

defined by relation

n

dp(A) = dp(\) + Y ¢ (N — pg)dA
k=1

also 1s spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L gener-
s d -
ated on half axis by the differential expression | = Bd_ + Q(x) and the boundary condition
x

(2.2.14), for which p(N\) is spectral function. Wherein, the potential function Q(z) is

He) = plz,n)  q(z,n) |

Q(xv n) —p(:l?, 77,)

where p(x,n) and q(x,n) are defined by the following formulae:

p(z,n) = detS ZZWk 5 (@) det S¥) (z,n),

k:lpl

3
)

— 1 (k)
q(x,n) _I—i_detS @) Z P Wi p(w) det S;7 (2, n),

k=1 p=

[y

and where Wy(z) = (x, iy, 0,Q0), k = 1,2,...,n, and S(x,n) is n X n square matriz
S(x,n) = {6 + ¢; 'wi(2) Yoy (wij(x) = [ Wi (s)Wj(s)ds), and S (z,n) are matrices,
which are obtained from the matriz S(x,n), when we replace k-th column of S(xz,n) by
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Hy(z,n) = {—¢; " Wi, (2)Y2, column, p=1,2. For the eigenfunctions V,,(z) (for m € 7 we

obtain the representations

S S o N At (k)
Vi (z) + det S(z. 1) Z/o Wi(s)Vin(s)dsdet S;™ (z,n)

k=1
Vm(x) = ,
1 = [
* (k)
Vm,2($) + W ;/0 Wk( )Vm<8)d8 det SQ ({L’, 77,)
and for the eigenfunctions Wy(z) (for k =1,2,...,n) we obtain the representations
O]

WkJ( ) d tS Zwlk detS (l’ n)

Wia() + 5 S Zwlk ) det S (x,n)

The proof is similar to the proof of Theorem [2.2.2]

2.2.3.2 Scaling norming constants

The following theorem says that one can change the values of the finite number of norming

constants a, by any positive number b,, # a,.

Theorem 2.2.4. Let p()) is the spectral function of the operator L. Then the function p(\),

defined by relation

dp(A ) + Z (b} S\ — Az )dA

also is spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L gener-
5 d -
ated on half axis by the differential expression | = Bd_ + Q(x) and the boundary condition
x

(2.2.14), for which p(N) is spectral function. Wherein, the potential function Q(z) is

plx,n) q(z,n)

Q(ZV n) —p(x, n)

where p(z,n) and q(z,n) are defined by the following formulae:
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p(z,n) = detS szzk 3-p) () det S k)(w n),

klpl

3

]

_ - _1\p-1 (k)
q(z,n) x+det5(a7,n) (—1) Vzk,p(x)detSp (x,n),

k=1 1

S
Il

where S(x,n) is n xn square matriz S(x,n) = {0z, + (b, —a; " )v..., (2)}7,2, and St ( n)

Zi

are matrices, which are obtained from the matriz S(x,n), when we replace k-th column of

S(xz,n) by Hy(z,n) = {—(bz_j1 —a; )V, ()}, column, p = 1,2. And for the eigenfunctions

Zj

V() (m € Z) we obtain the representations
Vi () + S szkm )det S (2, n)

1 - (k)
Vin2(2) + — S > vem(@) det S5 (z, n)

The proof is similar to the proof of Theorem [2.2.2]
Thus, we have proved, that one can perturb the linear potential of canonical Dirac
operator by adding, subtracting finite number of the eigenvalues and/or changing finite

number of norming constants with having changed potential function in explicit form.

Remark 2.2.1. We take the operator L(0,x,0) as a "model” operator for perturbing spectral

function. Analogues theorems can be proven for the second model operator L(0,z,7/2).
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2.3 Gradient of eigenvalues and its applications

In this section we have a goal to describe the dependence of \,, on quantities p, ¢ and «, 3
more precisely. We introduce a concept of eigenvalues’ gradient, by the following formula

(compare with [IT83])

sradn, — (aAn O\, O\, 8)\n)

da’ 9B " Ip(x)’ dq(x)

Definition 2.3.1. Let g is defined on (a,b), where —oco < a < b < co. The derivative of a

function f with respect to a function g is called a function aa(f 5 which satisfies the equation
g(x
d b of
el - ) d
Tare)| = [ i@

for all v € L} (a,b).

We want to express the components of the eigenvalues’ gradient by normalized eigen-

functions of L(p, q, «, ) problem.

Theorem 2.3.1. Let A\, and h,(z) are eigenvalues and normalized eigenfunctions of the

problem L(p,q,a, B) correspondingly. Then the following relations hold

O (e, B,p,q)
O

OAn(av, B, p, q)

op

8>\n<aa/8ap> Q) _ 2 2

T(m) - |hn1(x)| |hn2(x)| )

O, B,p,q)
dq(x)

= —ha(0)7,

= |hn(m)|%,

= 2hyp, (ZL‘) * Ty (CL’)

Proof. Let h, is an eigenfunction of problem L(p,q,«, ), and h, is an eigenfunction of

problem L(p, g, + Ac, 5). Then
th,, = Bh! (z) + Q(x)h,(2) = N\ (@) hy(2), (2.3.1)
By (0) cos a + hy, (0) sina = 0,

B, () €08 B 4 Ay, () sin 5 = 0.
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thy, = BR. () 4+ Q(x)h,(x) = M(a 4+ Aa)hy(2), (2.3.2)

hpn, (0) cos(a + Aa) + hy,, (0) sin(a + Aa) = 0,
P, () €08 B + Ry () sin 5 = 0.
Multiplying by hy(x) scalarly from the right, and by h,(x) from the left,
and taking into account the self-adjointness of Q(x) ((hn, Qhy) = (Qho, Bn)), we obtain
(BHhn ) + (s ) = Anl@) (s ).
<hn, B%) n (th, izn) — Mo+ Aa) (hn ﬁn).
Subtracting from the second equation the first equation, we get
IR R N Y T N
0 P, —hl, 0 —hl, Pin,

= (e + Ac) — M\ ()] (hn, f}n). (2.3.3)

Taking into account, that in case of real potentials the components of the solutions can be

taken real, thus the left side of the latter equation can be written as
/0 [ (), (@) = B (@), (@) = By (@) (@) + B, (2 () =
- / 4 [y (@) s (2) = o () () e =
0 dx 1 2 2 1

= hm (71')71”2 (ﬂ-) - hm (W)ilm (ﬂ-) - hnl (O)an (0> + hnz (O)Bm (0)

Since
() = @n(x,a)7 ﬁn(a: _ on(x, o0 + Aa)’
an () Van(a+ Aa)
then
sin o . sin(a + Ao
ha(0) = 1 ) = 1 ( )
() | _cosa an(a+Aa) | _ cos(a + Aa)

Thus the equation (2.3.3]) can be rewritten as follows

1
- Van(@)a, (o + Aa)

sin Aa = [\, (a+ Aa) — A\, (a)] (hn, iLn>
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From the latter, when Aa — 0, we obtain

O\ 1
= —— = —|h,(0)]?
2 (0)
Similarly we obtain
13D 1
“=—=|h 2,
85 bn | n(ﬂ-)|
. . a)\n 2 2 . .
To obtain the equality R = |hp, (2)|? = |hn, (z)]?, we write (2.3.1)) in the form
p(x
Bhy,(x) + (02p(x) + 03q(2)) ha (%) = An(p) () (2.34)

and for ([2.3.2) in the form
Bhj,(z) + (o2 [p(z) + ev(@)] + 03q(2)) hu(z) = Aa(p + €0) (), (2.3.5)

where h,, is normalized eigenfunction of the L(p + ev,q, a, ) problem. Multiply (2.3.4) by
hn(x) scalarly from the right, and (2.3.5) by h,(z) from the left. Taking into account, that
h, and h,, satisfy to the same boundary conditions, subtract equality (2.3.4) from (2.3.5)),

we obtain

(hn, o9 [p(x) + ev(z)] ﬁn> - (ng(x)hn, hn> = [Mu(p+ev) — \(p)] (hn, Bn)

From the latter it follows

M@+@—amxmﬁ0:/*@mwm

€

S
N~—
|
>
S
&
=
3
[V
—~
=
N—
=
=
IS
&

Tending € — 0, using the fact, that h,, — h,, when ¢ — 0 and the definition [2.3.1] we obtain

o\,
= |hn,y ()7 = [Pony () 2.

Op(z) )
Similarly we can obtain the equality ——~ = 2h,, () - hy,(2).
dq(x)
Theorem is proved. 0

Let us consider also canonical Dirac system on half axis. In this case the gradient is

defined as

grad\, = (8)\n P O ) )

do " Op(x) " dg(x)

and in Definition [2.3.1f we take a = 0, b = 0.
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Theorem 2.3.2. Let A\, and h,(z) are eigenvalues and normalized eigenfunctions of the

problem L(p,q,«) correspondingly. Then the following relations hold

o\ (a, p,q)

B L — O,
OMn(cpiq) 22— )2
Ol p,q) b (x

Proof. In case of real potentials the components of the solutions can be taken real. Since the
eigenfunctions h,, and h,, are from L2(0,00), we can infer that the scalar products (hy, hy,)
are from L'(0,00) and, hence, are tending to 0 on some {z; z — 0o, k — 0o, } sequence.
Taking into account the above mentioned we prove the third formula (the first two formulae
can be proved in the similar way as in Theorem .

Write the equation in the following form
Bhy,(x) + (02p(x) + 03q(x)) hn (%) = An(p)hn() (2.3.6)
and in the form
Bl (2) + (0ap(z) + o3 [a(2) + ev(2)]) hu(x) = Aa(p + ev) ha(2), (2.3.7)

where h,, is normalized eigenfunction of the L(p,q + ev,a, B) problem. Multiplying ({2.3.6)
scalarly by h,(x) from the right, and (2.3.7) by hy(z) from the left. Taking into account,

that h, and h, satisfy to the same boundary condition, subtracting equality (2.3.6) from

(2.3.7)), we obtain

<hn, o3 [q(z) + ev(z)] hn) _ (03Q(w)hn, hn> — (g + €0) = An(q)] <hn, ﬁn).

From the latter equation we have

(2.3.8)

And from the equation (2.3.8)) it follows

An(q + €v) — \(q) (h'rw iLn> — /Oo <hnjzn2 + hmzm)v(az)daz.
0

€
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Tending € — 0, using the fact, that h, — h,, when ¢ — 0 and the definition , we obtain
oA,
dq(z)

Theorem [2.3.2] is proved. O]

= 2R, (2) iy ().

2.3.1 On isospectral operators on a finite interval

It is well-known, that the inverse problem of reconstruction of operator L(p,q, «, 3) by
spectral function (in our case by eigenvalues {\, },cz and norming constants {a, },ez) can
not be solved uniquely, if we permit parameters o and  to be arbitrary (see [GL66]).
But if we fix one of them, then the inverse problem can be solved uniquely (see [GLG6,
AHMO5, [Har94, Wat99]). Therefore, usually is considered the problem L(p,q,«,0) (see
[GD75L [AHMOS, [Har94, [AHIT]).

It is also well-known, that for regular Dirac operators (the operators on finite interval with
summable coefficients), we can not add or diminish the eigenvalues (because of obligatory
asymptotics ), staying in the class of summable coefficients, but we can change the
norming constants and describe the isospectral Dirac operators (see [Har94, [AHIT]).

The applications of eigenvalues’ gradient of describing operators, which isospectral with
fixed operator L(p, q, «,0) is given in section . On the other hand, if we consider Dirac
operator on half axis (0,00) (which has pure discrete spectra), we can add or diminish
arbitrary finite number of eigenvalues or change norming constants, since in this case there
are no obligatory asymptotics (see, e.g. [AHI6]). The applications of eigenvalues’ gradient
in this case is given in section [2.3.2

Consider the boundary-value problem L(p, ¢, a, 0) on [0, 7]. From the eigenvalues’ asymp-

totics (2.1.4) it follows:
(2, 0,0) =n — 4y Tny, Tn=o0(1), n— too. (2.3.9)
T

It is known (see [GDT75, [HAO6]) that in the case of Q € L[0, 7] the norming constants
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have an asymptotic form:

Our main goal is to give the description of the set M?(Q) in terms of eigenvalues’ gradi-
ents.

If we denote

o\, o\, , )
| Opl) Bg) | _ | Mm@ k@) 2 @)k, (@)
00 (z) O\ O )

dq(x)  Opla) 2y (@) () (I, (2) = Iy, ()

we will have

SO [ a@h) KL k@) | 2510

PO\ W, 0) I, (@) =2y ()

And it is easy to see, that the term [Bhg(z, Q(-, Tn-1))h%, (1) — ha()hE (1) B] of AQ(x,T,)

o\, :
is equal to B————. Therefore Theorems [2.1.2| and [2.1.3| can be rewritten as
oz, T,,)
T
Theorem 2.3.3. Lett € R, a € ( 5 5] . Then

(et —1) O\,
O (2,8, Q) 0Q(-, T1))

Qz,t) = Qz) +

where O, (x,6,Q) = 1+ (' = 1) [ |hn(s,Q)[*ds. So, for arbitrary t € R, A\, (2,t) = X,(Q)

for alln € Z, a,(Q,t) = an(Q) for alln € Z\{m} and a,(2,t) = a,,(Q)e".

Theorem 2.3.4. Let T = {t,,n € Z} € I* and Q € L}[0,7]. Then

Q(z T):Q([L‘)—{—f: etmn — 1 O,
T = O (@, b, U2, Tnr)) O, Trpmr))

2.3.2 On changing spectral data on half axis

Let us consider canonical Dirac operator L(p, g, «) on [0,00), which has a pure discrete

spectra. In work [Har86], Harutyunyan proved, that in this case one can add or subtract a
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finite number of eigenvalues, or scale the values of norming constants (i.e. a, to change by
e'ay,, for arbitrary ¢ € R). In that work explicit formulae for potential functions of changed
operator are given.

According to the paper [Har86|], when we want to add a new eigenvalue p, the formula

for potential function ©(z) will be:

1
L+ Iy Th(E, )Pt

Qi (z) = Qz) + {Bh(x, u)h*(z, pu) — h(z, p)h* (x, u) B}. (2.3.11)

When we want to subtract an eigenvalue, e.g. Ay, the formula for potential function

Qo (x) will be:

D (x) = Q(2) {Bh(z, X\o)h*(x, Xo) — h(x, Ao)h*(z, \0)B}. (2.3.12)

1
1= [T |R(t, o) 2t
When we want to scale the value of a norming constant, e.g. ag, which corresponds to
eigenvalue \g, the formula for potential function Q3(z) will be:

et —1

1+ (e7t —1) [ |h(t, Ao)|?dt

Q3(z) = Qz) + {Bh(x, \o)h* (x,Ng) — h(x, \o)h* (2, \g) B}.

(2.3.13)

Using formula (2.3.10) we can rewrite the formulae (2.3.11)—(2.3.13)) in terms of eigen-

values’ gradient:

1 ol
Q =0 .
1 0o
Q =Q(x) — .
et —1 8/\0

Qa() = Qz) + 5 + (et = 1) [T]h(t, Ao) 2t 99 ()

In [Har86] there is also given a formula for changing finite number of eigenvalues or
norming constants. If we want to add n number of eigenvalues p;, to subtract m number
of eigenvalues \; and to scale [ number of norming constants ax, then the formula for such

potential Q(z) depending of initial potential Q(z) will be:

~ Tk
Qz) = Qz) + 7 '
]; L+ Jy |h(E Qi ve) 2t (2.3.14)

‘{Bh(% Qp_1, Vk)h*(% Qp_1, Vk) - h(% Qp_1, Vk)h*@, Qp_1, Vk)B}-
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where

1, 1<k<n,
o = ~1, n+1<k<n+m,

et —1, n+m+1<k<n+m+l,

Mk, 1§k§n7
vV =

Ak, n+1<k<n+m-+lI,
and potential function Qy(z) = Q(z) and Qi(x), for £ = 0,1,...,n + m + [, are given by

formula:

Tk
Opla) = '
£(#) = Qs () + Lt 3k fo Rt Qi vi)2dt

'{Bh(% Qp_1, Vk)h* (UC, Qp_1, Vk) - h(% Qp_1, Vk>h*(557 Qp_1, Vk>B}-

Using formula (2.3.10) we can rewrite the (2.3.14) in terms of eigenvalues’ gradient:

n+m-l
Vi ayk

Q )+
(z) E: L+ [y 1Rt Qe )Pt 0 (2)
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Conclusion

The main results of the current thesis are:

1. The necessary and sufficient conditions for two sequences {\2}>° , and {a,}2, to be

correspondingly the set of eigenvalues and the set of norming constants of a Sturm-
Liouville problem with a real summable potential ¢ and in advance fixed separated

boundary conditions are found.

2. Connections of the set of norming constants and boundary parameters a and (3 are

found.

3. A uniqueness theorem with the lowest eigenvalue 114(q, o, ) for inverse Sturm-Liouville

problem is proved.
4. The bounds for the lowest eigenvalue p(q, v, ) Sturm-Liouville problem are found.

5. It is shown, that there is a set of boundary conditions for which a generalization of

Ambarzumyan’s theorem is valid.

6. New kind of uniqueness theorems, in some sense a generalization of Marchenko’s theo-
rem, conditioned by inequalities for inverse Sturm-Liouville problem are provided and

proved. And other uniqueness theorems with inequalities are proved.

7. The description of all isospectral Dirac operators (on a finite interval), in explicit form

and only in terms of the normalized eigenfunctions of the initial operator, is given.

8. The eigenvalues and eigenfunctions for Dirac operators with linear potential on whole

and half axes are found in explicit form.

9. Perturbations of Dirac operators with linear potential (when one add or subtract finite

number of eigenvalues and scale the values of norming constants) are constructed.

7



10. The concept of eigenvalues’ gradient is given and formulae for this gradient are obtained

on a finite interval and on an half axis.

11. The concept of eigenvalues’ derivative with respect to canonical matrix-potential is
introduced and shown how it is used for describing the isospectral Dirac operators or

when finite number of spectral data is changed.
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