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Estimating precise hedge ratio is the key fo efficient hedging using futures
contracts. In this paper Markov switching model is used fo estimate hedge ratio and
optimal number of contracts for every regime. Besides the differences between constant
and time-varying methods, especially OLS, GARCH-M, Stafe-Space models are
discussed. Because Markov swifching model is neither constant, nor time-varying, its
advantages over other methods are shown. After that, a simple example of hedging
situation is discussed, and optimal hedge ratio is estimated.
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One of the widely used derivatives for hedging is futures contract or its
over-the-counter twin forward contract. Efficient hedging requires a choice of
optimal hedge ratio and optimal number of contracts. The delivery month of the
underlying asset of futures is also crucial and can be very decisive during
hedging process. The choice among futures contracts for hedging a position of



an asset on which contracts are not traded, cannot be bypassed. For an airline
company the position of jet fuel can be hedged only by taking positions on oil
futures contracts, because futures on jet fuel do not exist. Choosing the right
futures contract, underlying asset of which is highly correlated with the asset
position, is the key to hedging efficiency (called cross-hedging).

In this paper, we will concentrate on hedge ratio, which is the critical
constituent of hedging process. Hedge ratio, which is the ratio between the
value of position in futures and the value of total exposure, is calculated using
simple regression between spot price difference and futures price difference
and as a proxy beta is taken'. Differences are taken between start and end
times of hedge. It is usually more accurate to break time into many small
intervals, so that there be enough observations for regression analysis. If we
use simple regression, we will stand with only one static beta or hedge ratio.
Many works have been done to prove that this is inefficient. But we will try to
change this static simple beta to something, which is in essence time-varying
beta, and it will make the task much more included, but will increase the
accuracy of hedging process. However, let us not call it time-varying, because
this method yields something that has only a few number of betas. By time-
varying let us mean something that is changing at each point in time. For
optimal hedging every hedger must have its own objective function, which must
be optimized. For working out optimal hedge ratio it is usual to take the variance
of hedged position or value of hedged portfolio. We’'ve used measure of hedge
efficiency offered by Bailleie and Myiers. The major part of this article will be
concentrated on Markov switching models. This model uses Markov chains
theory and regimes switching for doing regression analysis. It is assumed that
there isn not just one static regime, but many regimes in futures and spot
markets. Markov switching model will be used to calculate time-varying hedge
ratio, which will give a different number of derivative contracts needed to hedge
during that special regime or period. This will give more accurate and resilient
results, which has many auspicious advantages over single beta methods.
Static model gives only one coefficient, which is not efficient, because
relationship between spot price and futures price is not constant. Time-varying
methods give us continuously changing hedge ratios, number of which can
exceed thousands. It may be efficient but applying it in reality is impossible,
because nobody can change position in futures contracts at each point in time.
And here Markov switching models comes, which gives us neither thousand nor
one, but a few hedge ratios, which is more appropriate, because one does not
have to spend a lot of money on commissions. Discovering other methods such
as GARCH, OLS, State-space models is beyond the scope of this paper, but
some patterns will be given, and they will be applied to make comparison with
Markov switching model in terms of hedging efficiency.

There is a vast majority of studies concerning hedge ratios and hedging
effectiveness. Most of them try to show that OLS is not appropriate, and other

' Another definition is also widely applicable: hedge ratio is the ratio between the value of spot
instrument and hedging instrument that make the value of hedged portfolio unchangeable.
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methods such as ECM, VAR, ARCH, and GARCH need to be applied. Ghosh
has applied ECM for S&P 500 and Dow Jones futures (1993)2. With Clayton he
has included other indexes too. This model is blamed to bypassing ARCH
effects. Kroner, Sultan (1993), Park, Switzer (1995), Baillie and Myers (1991)
have done some researches using ARCH, GARCH models along with VAR
models.

Markov switching model was applied by Amir H. Alizadeh, Nikos K.
Nomikos, Panos K. Pouliasis for energy commodities (2007). They have used
Markov switching model with vector error correction model. They linked
disequilibrium with uncertainty and regimes. They showed that this model helps
to reduce risk of position.

For optimal hedging it is crucial to estimate hedge ratio and choose the
most optimal in terms of objective function optimization. In order to find optimal
hedge ratio we need to choose quantities of spot and futures instruments in a
way that will make the change of value of portfolio zero:

AV, = AP+ qs —APr+qf =0

Here V, is the value of portfolio. P, q; and Py, q; are price and quantity of
spot and futures instruments respectively, and A is the difference. Setting it to
zero, we will get two expressions for hedge ratio, which are identical. We can
find optimal hedge ratio by minimizing variance of Al,. If we use the first order

condition of optimization and set it equal to zero, we'll get the optimal ratio>;
qf APs % O
==, h = p * —
qs APf of
os and oy are standard deviations of spot and futures instruments
respectively, and p is the correlation between them. This is the hedge ratio that
we are looking for. It is just a simple regression coefficient in the regression of
AP, on AP;. So, after finding optimal hedge ratio next step is to find optimal
number of contracts needed to hedge. There is a very short formula for that.
Formulas are shown below:

AP, = hAP; + ¢, N* =h**§—;‘

N* is the optimal number of contracts, S, is the size of position being
hedged, S; is the size of one futures contract (quantity of asset in one contract).
As we see, the higher the hedge ratio the higher the number of contracts
needed.

When we use simple regression and estimate hedge ratio by OLS, R? is
considered as a measure of effectiveness. It shows the percentage of variance,
which is eliminated by hedging. For other methods we will use a method
suggested by Baillie and Myers. They offered that in order to measure
effectiveness of hedge we must construct unhedged portfolio based on spot
prices and then hedge portfolio based on spot and futures prices. Formula for
measuring hedging effectiveness is shown below:

2 Ghosh A., Hedging with stock index futures: Estimation and forecasting with error correction
model. Journal of Futures Markets, 13(7), 1993, p. 743-752.
% John C. Hull. Options, futures and other derivatives. Toronto, Canada. 2012, p. 56-76.
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We have figured out that finding hedge ratio is nothing more than choosing
accurate method for analyzing relationships between spot and futures prices. In
terms of static or one beta hedge ratio it is not so cumbersome to estimate
optimal hedge ratio. What we need is to estimate regression of the difference of
spot price of hedged asset on the difference of futures contract price. Usually
difference is taken between initial and end value of hedging period. However,
this will not give us enough data. That is why it is more precise to break hedge
time interval into small non-overlapping periods and compute difference for

each time interval.

In this research we will try to use Markov switching model* which in
essence is neither static nor continuous time-varying. This model takes some
structural equations instead of just one. This structure gives us different
regression patterns. Model lets these structures be changed randomly with
using transition matrix, which is the key component of switching model. These
structural changes are controlled by latent variable, which follows Markov
process.® Let us introduce switching model in a simple case. Assume that v, is a
state variable that follows Markov process and assumes values zero or one. We
can construct Markov switching model with two different dynamic models with
switching mechanism. This model is suitable only of stationary series. Of course
this model is also applicable, when v, follows Bernouli distribution. Random
switching model is difficult to apply to time series, because state variables are
independent. The nitty gritty is to construct model carefully. The simple model
is:

o + hoAPre + 6, v, =0
APst = {ao + B+ M AP e, v =1

Here we have just two regimes and switching to these regimes is
determined by 444 matrix, which is called transition matrix®. In order to clarify
whether Markov switching model is appropriate or not, some hypotheses need
to be tested. We need to test whether state variables are independent and
switching intercepts are constant.

In order to be confident in model appropriateness we need to reject the first
hypothesis. State variable are independent, if previous state has no effect on
the current state or regime, that is pyy = p1g @and py; = pi11- The model can
also be presented in this way:

APy = ay + Bove + (1 — v)hoAPr, + v hy AP + &,

This model can be generalized to include many states or regimes. In that
case transition matrix will involve many components. Upon finding transition
probabilities, we can compute the average hedge ratio.

* Hsiang-Tai Lee. Regime Switching Correlation Hedging. Taiwan. P. 2-28.
® It means that probability of variable to take some value in the next time conditional on previous
values is equal to probability conditional only on previous time value. That s
P(Xpy1 = ilXe1 = o) Xeem = M) = P(Xey1 = ilxe1 = ).
6p = (Poo po1) - (P(Vt=0|vt—1=0) P(Vt=1|vt—1=0))
Pio P11 p(w=0|v;—1=1) p(V=1|v;—1=1)
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We know that Y poi =1, ..., Y=o Pni = 1. After that we can find average
hedge ratio by taking average hedge ratio weighted by transition probabilties.
Supposing that hedge ratios for different regimes are hy hy, ... h, average hedge
ratio can be computed as follows:’

n n
havg = Z Z pjihi

i=0 j=0

In this model, we have two regimes, which means we shall have two
structures and, consequently, two hedge ratios. We must buy a number of
futures contracts and after the regime switches, we must close our positions
and buy futures contracts of other number. And this switching is determined by
transition matrix which will give us signals when to change our position. In this
case, we need to change our position for only two times. So two regime Markov
model gives us cheap and convenient way to hedge our position. Dependent on
regime, we must calculate optimal number of futures contracts.

Optimal number of contracts

e 4
Regime 1 hi Ni = hy* §
e .54
Regime 2 R N; = h; * 5
«_ e oa
Regime n Ry Ny = hp * 5

Of course, other methods that use structural breaks also exist. For
example, we can use CHOW test to figure out whether we need two or more
regression equations and, hence, hedge ratios. However, Markov switching
model is more effective, because it uses Markov chains to work out the
probabilities with which regression equations change, that is regimes are
switching with some probabilities derived from data®. These probabilities will
allow us to make prediction about future relationship between futures and spot
prices making hedging procedure much more efficient. By applying this model,
we shall get two types of probabilities: the above — mentioned transition
probabilities and regime probabilities, which denote the probabilities that we are
in some particular regime.

We are going to use Markov switching model for hedging procedure to find
appropriate hedge ratios with letting switching between regimes with some
probabilities. We will use other methods to compare all hedge ratios and their
effectiveness with those derived by Markov switching model.

7 One way to estimate this model is Quasi-maximum likelihood estimate. Common ML model gives
efficient and consistent results, but procedure is difficult. QMLE estimates it with forming and
maximizing function that is not equal to common log-likelihood function, but is related to it.

8 Amir H. Alizadeh, Nikos K. Nomikos, Panos K. Pouliasis. A Markov regime switching approach for
hedging energy commodities. London, UK. 2007. P. 2-10.



Let us assume that we have a company which is involved in transportation
activities. The main resource for that company is gasoline, so the price of
gasoline is a crucial part of financial management of our company. Let us
assume also that in September, 2018 our company needs to buy 1,000,000
gallons of gasoline. So, hedging here is critical. Remember that futures or
forwards on gasoline do not exist, but gasoline is created from oil, so there is an
opportunity to hedge using oil futures because there is a high correlation
between gasoline prices and oil pricesg.

As we have seen, regression requires monthly difference of spot prices
and futures price. We have monthly data, so we have decided to subtract from
each month number the previous date number but in a way that numbers do not
overlap, that is we chose small time intervals that are non-overlapping. Ideally,
we should take AS and AF as a difference during hedge time but as mentioned
above this will lead to small observations. That is why we took small intervals.
From available data we got the correlation coefficient of 0.64, and standard
deviations of AS and AF respectively 0.18 and 7.2.

So firstly let us compute hedge ratio by simple formula:

h* % _ 064228 _ 0016
= * — = U. * = 0. ,
P 7.2

which in essence is a very low number. Very low standard deviation of gasoline
prices is the main reason for this, which gives us an opportunity to hedge with a
few futures contracts. So, let us now compute the optimal number of futures
contract needed. Assume that our company needs to buy 15,000,000 gallons of
gasoline. Each futures contract, which is traded in CME or NYMEX is on 42,000

gallons per contract. Hence optimal number of contracts:
15000000

e e Sa _ .
N*=h *§—0.016*W—5.7~6

We can find the same hedge ratio by simple regression. First, we need to

ensure that AS and AF are stationarym. We've found:
AS = 0.0156AF

Here we have hedge ratio of 0.0156 (t = 6.4) which is near to 0.016: the
same results. R-Squared is 0.38. It is measure of hedge effectiveness here and
shows that 38% of variance of hedged position has been eliminated.

Now, let us use Markov switching model to estimate our hedge ratio. As we
have seen, our time series are stationary, so, we can easily apply this method
to our data. We take two as the number of regimes. The number of
observations is 63.

Convergence has been achieved after four iteration. Two equations look
like as follows:

® We have used gasoline price monthly data from US energy information administration website for
January, 2008 to July, 2018. For the vary time interval we have got data of West Texas
intermediate oil futures prices from yahoo.com. We have taken futures contracts, which expire in
September, 2018, so that contract expiration date and gasoline purchase match.

% We used Augmented Dickey Fuler test to work out this problem. For gasoline t-statistics are -2.9
and -3.5 for 5% and 1% levels respectively. That implies that change in gasoline prices is
stationary. The same we got for oil futures. So, we have stationary series and can do a simple
regression.
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Transifion matrix
Regime 1: AS = 0.04 — 0.0059AF 1 0.62 0.38
Regime 2: AS = —0.035 + 0.0217AF 2 0.22 0.78

For the first regime hedge ratio is negative11 which means that we must
short futures contracts instead of taking long position on them. In our example,
this is not significant, but it is a matter of empirical data. The second regime
hedge ratio is significant. Therefore, we have two hedge ratios. We have also
got constant transition probabilities.

As we see, probability going from regime 1 to 2 is 38%, this means that
there is a low probability that regime will change and a higher probability that
regime will persist. In addition, we have a lower probability to get back to initial
regime, because the probability going form regime 2 to 1 is low, just 21% and
remaining on the same regime is 78%. To make sure that Markov switching
model is appropriate we need to verify whether p;; =py; and pi;; = pas-
From transition matrix we see that the equalities do not hold, thus, we reject the
first hypothesis that state variables are independent. Therefore, this model is
appropriate here.

Now, let us look at Figure 1. As we see, we have smoothed probabilities
that is every time we have some probabilities about whether we are in regime 1
or regime 2. It will give us an opportunity to think about changing our position in
futures markets. Here, we have a difficult situation because probabilities are a
little bit distorted.

Regime 1

A

i ! I, I “; M i)

/|

Filiered Probabilifes

Regime 2

Regime probabilities 2

However, we can do some tricks. We can take some threshold, for example
50%. For two regimes, we assume that if probabilities for observations are
greater than 50%, we are in the first regime or state, otherwise, we are in the
second regime. We want to approximate regime probabilities to see whether we
are in state one or state two to make sure we can take reasonable positions in
futures markets. So, now look at the next figure.

" Negative number seems not normal, but this is a problem of data.
"2 On the x axis we have months which are presented via discrete numbers.
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Two regimes’ probabilities

Here we can see that we have been in regime two for seven times (past
data) and we have been in regime two for six times. The change between these
states is decided by Markov chains, and for that we have transition matrix. If we
assume that future will look like past, we could imply that we must change our
position in futures market 7 times with some probabilities. We have already
found hedge ratios for two regimes (-0.0059 for regime 1 and 0.0217 for regime
2). Therefore, in the first month we must short futures, because hedge ratio is
negative. After that we go to regime two, where we must take long position in
futures market, but we need to close previous position. After some months
pass, we close our position and take short position and so on. The optimal
numbers of contracts are: N*;, = 2,N*, = 8.

Therefore, we short two futures contracts after that with probability of 37%
we close that position and buy eight futures contracts and so on.

This is the strategy that we imply using Markov switching models and
applying it to our data. What it gives us is cost saving method to hedge. All
procedure is based on probability, which is the drawback of this model, but
advantageous over other methods'®, because we have two hedge ratios, and
we can know for sure the optimal number of futures contracts that we must
keep. However, the number of position changing is not known with 100%. We
have just transition probabilities that will let us somehow decide whether it is
time to change our position or not.

We are going to use some models to find out hedge ratios for our Gasoline

example.
GARCH-M

We have used the same data applying GARCH-M. Let us recall that this
model includes variance as a regressor, which allows heteroscedasticity in data.
Results of this model (GARCH (1, 1)) are:

AP,; = 0.016AP;; — 1.507

Here our hedge ratio is 0.016 with z-statistic of 6.152, GARCH component

is -1.5, which is non-significant. GARCH equation, which we don't need is:
02 = 0.0005 — 0.123¢2 , + 1.1502,

Hedge effectiveness is 40.2%, which means that 40.2% of variance of
hedged position was eliminated with taking hedge ratio equal to 0.016. Optimal
number of futures contracts is:

"® Abdulnasser Hatemi-J. Estimating Optimal Hedge Ratio with Unknown Structural Breaks. UAE. P.
2-7.
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. . Sa 15000000
N*=h *g— [0.016] *—42000 =

State Space mode/

Here we let regression coefficient vary over time that is we are dealing with
time-varying hedge ratio. This model lets us estimate unobservable variable
with observable variable. Let us recall:

APy = ay + heAPs + &, £,~N (0, agzt)
he = he—y + v, v,~N(0,02), a; = ay_y + v, v,~N(0,02)

Here we let hedge ratio and constant be a random walk with v, error term,
that is they are time-varying. s, = (a,, h,)" is the state vector. R (language) has
a function that allows to filter our data based on our model. After applying that
we have got time varying hedge ratio, which looks like this:

Hedage ratio aner fitering data

Time-varying hedge ratio

As we see hedge ratio during past time had the values close to ratios
derived by other models. Here, hedge ratio takes values in interval 0 to 0.13.
We have a different hedge ratio at each point in time. If we assume as before
that future resemble past, then we can use this time pattern to hedge our
position. Optimal number of futures contracts for our example (15,000,000
gallons of gasoline) is in interval 0 to 45.

Now when we have all hedge ratios derived from different methods, we can
estimate effectiveness with method offered by Baillie and Myers.

As we saw for this formula we need hedge ratio. For some models (Markov
SM, SSM) there are more than one hedge ratio. For convenience we have
taken average of these hedge ratios to calculate the effectiveness. We noted
that in some cases we can take R? as a hedge effectiveness measure, which
shows the percentage of variance of portfolio, which is eliminated by hedging.
However, for comparison we will calculate effectiveness via method suggested
by Baillie and Myers. Of course, this formula does not give us the most precise
results, but it somehow gives us intuition about model’s effectiveness. So let us
see the results of models in terms of effectiveness:

hedge effectiveness

Effectiveness 61% 61% 48% 96.7%

Although the highest effectiveness is given by Markov switching model, we
cannot take this measure as the most precise way and apply Markov switching
model. This was given for just empirical diagnostics.



Here Markov switching model is considered as the most parsimonious and
effective model in terms of few number of hedge ratios and cost saving. We
showed that this model is the most appropriate for hedging procedure, because
it gives resilience and makes the hedging close to reality. The only thing that
needs to be done is constructing an optimization model, which will try to
minimize costs of hedging and maximize hedging effectiveness, but all this is
beyond the scope of this research.

As we have seen, OLS model is not appropriate method for computing
hedge ratio, because it gives only one hedge ratio for hedging time interval, but
it makes hedging much cheaper, because it requires taking position for only one
time. When State space models are applied, they give time-variant hedge ratio,
that is each point in time we get one hedge ratio. This is not easily achievable,
because it requires much commission fees for changing positions. Instead,
Markov switching model gives us a few hedge ratios, which is more possible to
apply, and it is much more parsimonious model. Its effectiveness was shown to
be the highest among other models, but it cannot be an efficient stone to stand
up on it.
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Shanuu NUYP3UL
<KL YGhuinpnGwlwl pwayh phlwbuwlywl hwdwlwngh

Yuipquidnpdwl Juipsmpywil wipfuwinwihg,
GN< intuinbuwaghwnnygwl b yuwrwywnpdwl pwlneg inbunp dwehuwnpwlun

unuu unueeGL3uL

EN< intuinbuwghunnipiwl vy dwpbdwnplwlwli
dnnbwiynpdwl wdphnih Juwnpps,

wnbfulhlywlwl ghuinnyginiGGERH nnluwnnn, wpnpbunn

<Gowynpdwl  wprynGwyGinnuginip.  Uwipyndgjwl - hn-
hnfudwl dnwnbgnidp.— <Gowynniwlb gnpéwlygh &2anphwn qlw-
hwuwunnudp $jnisbipu wwpdwbwagnptpny hGowynpdwb wpnynibw-
JGwnnigwb hpdpl t: Wu hnndwéntd Uwnpyngywb thndhnfudw
dnnGlo oquhwgnpéynid t ntpwpwbsnip rGdhdh hGowdnpdwl
gnpéwygh L wwjdwbwagptph owwnhdw) pyh hwzawnyh hw-
dwnpn: Pwgh npwhg, pbownpyynd G0 hwuwnwwnnit b wbpln-
hwwn thnithnfuynn dGpnnbbph tnnwpptpnipinibGtpp, hwunyw-
wtu" OSI-h, GARCH-M-h, State-Space-h: Lwlh np Uwpyny-
Jwb thnthnfudwb dnnbip n’s hwuwnwunnib £, L n's £ wopnhwunn
thnthnfudnn, gnyg 60 vnpgnud Gpw wewybinugyntGbbpp gniu
tGpnnbGph GYwwdwdp: Un wdklhg hbwnn pGpdnud | hGow-
Jynpdwlh wwpq ophtwy L hwydwpyynd £ hGowdnpiwh
owwnhdw] gnpéwyhgp:

hGownndwl gnndwlhg, hbowdnndwl wpnyn:-
GuwidGunnipinc G, UwinynyjwG thnihnfudwG dnnby, wplnhwwn thnghnfu-
ynn hbowynndwl gnpowlhg, hwuwnwuinntG hbowdnndwl gnpowlhg,
Binusbpu wuydwGwaenbn
JEL: G32, G39

TUIrPAH OABTAH

CompydHuk omdena peaynupogaHusi puHaHCO80OU cucCmMeMbl
LlenmparnbHo20 baHka ApMeHuU

Maeaucmp ¢bakyribmema 3KOHOMUKU U yripasneHus EIMY

APAM APAKEJAH

Baesedyrowuti kaghedpoli Mamemamu4yecko2o MoJesIupo8aHUsl 8
9KOHOMUKE OOKIMOP MEXHUYECKUX HayK,

rpogheccop hakynbmema 3KOHOMUKU U yripasrneHusi EI'Y

AphekmuesHocmb xedxxupoeaHusi: MOGX00 MNepeKsito-
yeHusi Mapkoega.— BbluncrneHme ToyHoro koadbduumeHTta xen-
XUpPOBaHUSA SABMSETCS KYoM K 3(dEKTUBHOMY XedXnpoBa-
HUIO C UCMNONb30BaHMEM (OblOYEPCHbLIX KOHTPaKToB. B aTon
cTaTbe WCnonb3yeTcsi MoAenb nepeknioveHnss Mapkoea ans
BblYMCNEHUN KOIPUUMEHTaA XEeKMPOBAHUSA U ONTMMASbHOIo
KONM4eCcTBa KOHTPAKTOB AMNS Kakgoro pexuma. Nomumo aTtoro
0obcyXaaTca pasnuuns Mexagy NOCTOSHHBIMU U U3MEHSIHOLLM-
MUCs BO BpeMeHU meTogamu, ocobeHHo OLS, GARCH-M, mo-
aenu State-Space. lNockonbky mofenb nepeknoyeHus Map-




KOBa He SIBMAETCS HU MOCTOSHHOWM, HWU U3MEHSIIOLLENCS BO Bpe-
MEHW, NokasaHbl ee NpeuMyLlecTsa nepeg ApyrmMmmM MetTogamu.
Mocne aToro obcyxgaeTcsl NPOCTOR NPUMEP CUTyaLUN XeOXKu-
POBaHMS U BbIYUCIIAETCS ONTUMArbHbIA KOSMULNEHT XeOXu-
poBaHuS.

KoaghhuyueHm xedxxupoeaHusi, 3¢hghek-
mueHocmb xedxuposaHusi, MoOerb rnepeknYeHuss Mapkoea, us-
MeHsruwulcsa 80 epeMeHU KoaghguyueHm xedxupoeaHus, MOCMOSH-
HbIU K03ghhuyueHm xedxuposaHusi, (hbHHePCHbIE KOHMPaKMEbI.

JEL: G32, G39
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