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We introduce the Banach spaces h∞(ϕ), h0(ϕ) and h1(η) of functions har-
monic in the unit ball in Rn, depending on weight function ϕ and weighting
measure η . The paper studies the following question: for which ϕ and η

we have h1(η)∗ ∼ h∞(η) and h0(ϕ)
∗ ∼ h1(η). We prove that the necessary

and sufficient condition for this is that certain linear operator, which projects
L∞(dη dσ) onto the subspace ϕh∞(ϕ), is bounded.
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Introduction. A positive continuous decreasing function ϕ on [0,1) is called
a weight function, if

lim
r→1

ϕ(r) = 0.

Positive finite Borel measure η on [0,1) is called a weighting measure, if it is not
supported in any subinterval [0,ρ), 0 < ρ < 1. Let h∞(ϕ) be the Banach space
of complex-valued functions u harmonic in the unit disc with the norm ‖u‖ϕ =
= sup{|u(z)|ϕ(|z|) : |z| < 1} and let h0(ϕ) be its closed subspace of functions u
with |u(z)|= o

(
1/ϕ(|z|

)
, as |z| → 1.

It has been shown by Rubel and Shields [1], that h∞(ϕ) is isometrically iso-
morphic to the second dual of h0(ϕ). The duality problem of finding a weighting
measure η such that

h1(η) =
{

v ∈ L1(dη(r)dσ) : v is harmonic in |z|< 1
}

represents the intermediate space, the dual of h0(ϕ) and the predual of h∞(ϕ), i.e.
h1(η) ∼ h0(ϕ)

∗ and h1(η)∗ ∼ h∞(η) was posed and solved in [2]. The mentioned
articles [1] and [2] tread only the case n = 2. It is well-known that in this case
every harmonic function h has an expansion to a series in terms of z and z in the
unit disk |z| < 1, since every real-valued harmonic function is the real part of some
holomorphic function. This allows to apply the methods of complex analysis.
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In the present work we consider the duality problem in the case of harmonic
functions in the unit ball of Rn, n > 2. In the multidimensional case we can not to
speak about connection between harmonic and holomorphic functions, and instead
of expansion in z and z we deal with expansions in spherical harmonics.

Below the following notation is used: B = {x ∈ Rn : |x| < 1} is the open
unit ball in Rn; S = {x∈Rn : |x|= 1} is the unit sphere in Rn; h(B) is the vector
space of complex-valued functions harmonic in B with the usual pointwise addition
and scalar multiplication; σ stands for the Lebesgue measure of the area element
on S normed by the condition σ(S) = 1.

Spaces of Harmonic Functions. Let ϕ(r) be a weight function and η be an
weighting measure. We extend ϕ to the whole B by ϕ(x) = ϕ(|x|). For u ∈ h(B) we
define

‖u‖ϕ = sup
{
|u(x)|ϕ(x) : x ∈ B

}
= sup

{
M∞(u,r)ϕ(r) : r < 1

}
,

‖u‖η =
∫
S

1∫
0

|u(rζ )|dη(r)dσ(ζ ) =

1∫
0

M1(u,r)dη(r),

where M∞(u,r) = sup{|u(x)| : |x|= r}, M1(u,r) =
∫
S

|u(rζ )| dσ(ζ ). We define the

following spaces of harmonic functions:
h∞(ϕ) =

{
u ∈ h(B) : ‖u‖ϕ < ∞

}
,

h0(ϕ) =
{

u ∈ h(B) : limr→1 M∞(u,r)ϕ(r) = 0
}
,

h1(η) =
{

u ∈ h(B) : ‖u‖η < ∞
}
.

Obviously, h0(ϕ)⊂ h∞(ϕ), so, we can use the norm ‖u‖ϕ on h0(ϕ).
In the following two propositions we establish some basic facts about these

spaces.
Proposition 1. Let h denote any of the spaces h∞(ϕ), h0(ϕ) or h1(η). Then:
(i) if b is a bounded subset of h, then the functions in b are uniformly bounded

on each compact subset of B;
(ii) if the sequence un converges in h, then it converges uniformly on each

compact subset of B;
(iii) for any point in B, the value at that point is a bounded linear

functional on h;
(iv) h is a Banach space;
(v) h0(ϕ) is a closed subspace of h∞(ϕ).
Proof. In [3] (Proposition 2) in terms of our notations, the following inequality

is received for u ∈ h1(η):

|u(x)| ≤ 2n

(1−|x|)(n−1)

 1∫
(1+|x|)/2

|dη(t)|


−1

‖u‖η , x ∈ B.

This gives us (i) and (iii) for u ∈ h1(η). For h∞(ϕ) and h0(ϕ) these statements
are obvious. It is easy to see also that (ii) follows from (i).
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Now we prove (iv). The spaces h are obviously linear and normed, therefore, it
is enough to prove their completeness. First we prove the completeness of h1(η). Let
the sequence u j be fundamental in h1(η), and let K be a compact subset of B. From
(ii) we deduce that there is a constant C =C(K) such that maxx∈K |u(x)| ≤C‖u‖η for
all u ∈ h1(η). Therefore, |u j(x)−uk(x)|6C‖u j−uk‖η for any x ∈ K and j, k. As u j

is fundamental in h1(η), then the sequence u j converges uniformly to some harmonic
in B function u on compact subsets of B. Again, by the fundamentality of u j, we have∫

S

1∫
0

|u j(rζ )|dη(r)dσ(ζ ) = ‖u j‖η ≤ ‖u j−uk‖η +‖uk‖η ≤C.

By Fatou’s lemma, ‖u‖η =
∫
S

1∫
0

|u(rζ )|dη(r)dσ(ζ )≤C, i.e. u ∈ h1(η).

The case of h∞(ϕ) is easier. Let u j ∈ h∞(ϕ). The function ϕ(x) is away from
zero on a compact subset K, hence,

|u j(x)−uk(x)| ≤Cϕ(x)|u j(x)−uk(x)|=C‖u j−uk‖ϕ , x ∈ K.

As the sequence u j is fundamental in h∞(ϕ), u j converges uniformly to some
function u on compact subsets of B, which is harmonic in B. Obviously, u j converges
to u also in h∞(ϕ).

Part (v) follows from (iv). �
Proposition 2. Let uρ(x) = u(ρx), 0≤ ρ ≤ 1.
(i) If u ∈ h1(η) or u ∈ h0(ϕ), then uρ → u in norm as ρ → 1;
(ii) if u ∈ h∞(ϕ), then ‖uρ‖ϕ ≤ ‖u‖ϕ and uρ → u pointwise in B;
(iii) the harmonic polynomials are dense in h1(η) and in h0(ϕ);
(iv) each u ∈ h∞(ϕ) is pointwise limit of some sequence of polynomials

bounded in norm.
Proof. (i). The statement is obvious for h∞(ϕ). Consider the case of h1(η).

For any δ ∈ (0,1) we have

|uρ −u|η =

δ∫
0

∫
S

|u(ρrζ )−u(rζ )|dσ(ζ )dη(r)≤ (1)

≤
δ∫

0

∫
S

|u(ρrζ )−u(rζ )|dσ(ζ )dη(r)+
1∫

δ

∫
S

(
|u(ρrζ )|+ |u(rζ )|

)
dσ(ζ )dη(r).

Due to subharmonicity of |u|, the mean value along the unit sphere

m(ρ) =
∫
S

|u(ρrζ )|pdσ(ζ )

is nondecreasing function of ρ: m(ρ)6 m(1). Hence, using (1), we obtain

‖uρ −u‖η ≤
δ∫

0

∫
S

|u(ρrζ )−u(rζ )|dσ(ζ )dη(r)+2
1∫

δ

∫
S

|u(rζ )|dσ(ζ )dη(r),



32 Proc. of the Yerevan State Univ., Phys. and Math. Sci., 2013, № 3, p. 29–36.

so, first by choosing the number δ , and then ρ close to 1, the right hand side of this
inequality can be made arbitrary small.

(ii) is immediate from the maximum principle and continuity.
As it is well known, any function harmonic in a neighbourhood of B can be

approximated uniformly on B by harmonic polynomials. Using this fact, we deduce
(iii) and (iv). �

We note also that in the [4] the appropriate properties of spaces of holomorphic
functions in the ball of Cn are given.

The Reproducing Kernel. First consider the case n = 2. If a function u
is harmonic in the unit disc, then it is a real part of holomorphic function f . As
u = ( f + f )/2, we obtain from the expansion in power series

u(reiθ ) =
∞

∑
k=−∞

akr|k|eikθ , (2)

where 0 ≤ r < 1. In the multidimensional case (i.e., if n > 2) there is no such
connection between harmonic and holomorphic functions, but there is an analog of
expansion (2), in which the role of exponentials eikθ play the spherical harmonics.
Now we recall some facts from the theory of harmonic functions (for example, [5])
concerning this expansion.

Let Hk(Rn) denote the space of all complex-valued homogeneous harmonic
polynomials on Rn of degree k.

A spherical harmonic of degree k is the restriction to S of an element ofHk(Rn).
The collection of all spherical harmonics of degree k will be denoted byHk(S).

Any spherical harmonic p ∈ Hk(S) has a unique extension to an element of
Hk(Rn), we will denote this extension by p as well.

Hk(S) is a finite-dimensional closed subspace of Hilbert space L2(S) with inner

product (u,v) =
∫
S

u(ζ )v(ζ )dσ(ζ ).

Fix a point ξ ∈ S and consider the map Λ : Hk(S)→C, defined by Λ(p) =
= p(ξ ). Λ is clearly a linear functional. By the self-duality of the finite-dimensional
Hilbert space Hk(S), there exist a unique Zk(·,ξ ) ∈Hk(S) such that

p(ξ ) =
∫
S

p(ζ )Zk(ζ ,ξ )dσ(ζ )

for all p ∈Hk(S). The function Zk is called the zonal harmonic of degree k with pole
ξ . It is real valued and satisfies Zk(ζ ,ξ ) = Zk(ξ ,ζ ).

Let ϕ be any weight function and η any weighting measure. We introduce the

measure dµ =ϕ dη and the measure dµ ′ defined by
1∫

0

f (r)dµ
′(r)=

1∫
0

f (r2)dµ(r),

f ∈C[0,1]. Clearly, both µ and µ ′ are finite positive Borel measures on [0,1) and are
not supported on any subinterval [0,ρ), 0 < ρ < 1.
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Let x,y ∈ Rn and x = rζ , y = ρξ be their polar form, where r = |x|, ρ = |y|,
ζ , ξ ∈ S. We introduce the function

Rµ(x,y) =
∞

∑
k=0

t−1
k rk

ρ
kZk(ζ ,ξ ) =

∞

∑
k=0

t−1
k Zk(x,y), (3)

where tk =
1∫

0

rk dµ
′(r) =

1∫
0

r2k dµ(r). In the second equality of (3), Zk(x,y) is the

extension of Zk(ζ ,ξ ) in each variable from S to an element of Hk(Rn), therefore,
rkρkZk(ζ ,ξ ) = Zk(x,y).

We shall use the duality relation between h∞(ϕ) and h1(η), which is given by
the bilinear form

〈u,v〉=
∫
S

1∫
0

u(rζ )v(rζ )ϕ(r)dη(r)dσ(ζ ), u ∈ h∞(ϕ), v ∈ h1(η). (4)

The following Proposition establishes that 〈u(·), Rµ(x, ·)〉 = u(x) for all
u ∈ h∞(ϕ)∪ h1(η). This means that the function Rµ(x,y) is the reproducing kernel
associated with the bilinear form (4).

Proposition 3.
a) For fixed x∈B the function Rµ(x,y) is harmonic in the ball {y : |y|< |x|−1}.
b) Rµ(x,y) is the reproducing kernel associated with the bilinear form (4), i.e.

for all u ∈ h∞(ϕ)∪h1(η) we have

〈u(·),Rµ(x, ·)〉= u(x). (5)

Proof. We have

t−1
k rk

ρ
k|Zk(ζ ,ξ )|6 t−1

k rk
ρ

kdk, (6)

where dk is the dimension of the space Hk(S). As it is known [5],

dk 6Ckn−2, (7)

where C is an absolute constant. As the measure µ ′ does not vanish in any neigh-
bourhood of 1, then

tk ≥
1∫

s

rkdµ
′(r)≥ sk

1∫
s

dµ
′(r), k = 0,1,2, . . . ,

implying that t−1
k = O(s−k), k→ ∞ for each 0 < s < 1. Hence, using (6) and (7), we

obtain that the series in the right hand side of (3) converges absolutely and uniformly
on the set {(x,y) ∈ R2n : |x||y|6 q, 0 < q < 1}, implying the statement a).

Taking into account the equality ϕ dη = dµ , (4) gives us that (5) is an integral
representation: for any function u ∈ h∞(ϕ) or u ∈ h1(η),

u(x) =
∫
S

1∫
0

u(rζ )Rµ(x,rζ )dµ(r)dσ(ζ ). (8)
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We have ‖u‖µ =
∫
S

1∫
0

|u(rζ )|dµ(r)dσ(ζ ) =
∫
S

1∫
0

|u(rζ )|ϕ(r)dη(r)dσ(ζ ), hence,

‖u‖µ ≤ ‖u‖ϕ

1∫
0

dη(r)≤C‖u‖ϕ , (9)

‖u‖µ ≤maxϕ(r)
∫
S

1∫
0

|u(rζ )|dη(r)dσ(ζ )≤C‖u‖η . (10)

From (9) and (10) we deduce, that if u∈ h∞(ϕ)∪h1(η), then u∈ h1(µ). For functions
from h1(µ) (in a slightly different notations) the formula (8) is proved in [4]
(Theorem 1), so, we get statement b). �

Proposition 4. Let L(Rµ(x, ·)) be the linear subspace spanned by the functions{
Rµ(x, ·), x ∈ B

}
. Then L(Rµ(x, ·)) is dense in h1(η) and in h0(ϕ).

Proof. We will prove only for the case of h1(η), since the proof is similar
for h0(ϕ). By the Hahn-Banach theorem it suffices to show, that if Φ ∈ h1(η)∗ and
Φ(Rµ(x, ·)) = 0 for all x ∈ B, then Φ vanishes on h1(η).

As Rµ(x,y) is harmonic in |y|< |x|−1, the series (3) converges in B uniformly
and consequently, also by the norm of h1(η). Therefore,

Φ
(
Rµ(x, ·)

)
=

∞

∑
k=0

t−1
k Φ

(
Zk(x, ·)

)
(11)

for any x ∈ B. Let
{

e(k)1 , . . . ,e(k)dk

}
be an orthonormal bases in Hk(S). Then

Zk(x,y) = ∑
dk
j=1 ē(k)j (x)e(k)j (y). We have

Φ
(
Zk(x, ·)

)
=

dk

∑
j=1

c(k)j ē(k)j (x), (12)

where c(k)j = Φ(e(k)j ). Thus, Φ
(
Zk(x, ·)

)
∈ Hk(Rn) and (11) is the decomposition

of function Φ
(
Rµ(x, ·)

)
by homogeneous polynomials. We need to show that the

equality Φ
(
Rµ(x, ·)

)
= 0 implies Φ

(
Zk(x, ·)

)
= 0, k = 0,1, . . . Fix ζ ∈ S and consider

the restriction of the function Φ
(
Rµ(x, ·)

)
on a line segment x = rζ , 0≤ r < 1.

We have Φ
(
Rµ(rζ , ·)

)
= ∑

∞
k=0 t−1

k Φ
(
Zk(rζ , ·)

)
= ∑

∞
k=0 t−1

k Φ
(
Zk(ζ , ·)

)
rk ≡ 0

for all 0≤ r < 1.
By uniqueness theorem for coefficients of one variable power series

Φ
(
Zk(ζ , ·)

)
= 0 (as t−1

k 6= 0), k = 0,1, . . . Hence, by (12), we get Φ
(
Zk(ζ , ·)

)
=

= ∑
dk
j=1 c(k)j ē(k)j (ζ ) = 0, ζ ∈ S, k = 0,1, . . . , and using the linear independence of

the system
{

ē(k)j

}dk

j=1
, we obtain that c(k)j = 0, j = 1, . . . ,dk, for all k = 0,1, . . . Thus,

Φ annihilates all harmonic polynomials, as any harmonic polynomial is a finite linear
combination of e(k)j . According to part (iii) of Proposition 2, Φ vanishes on h1(η). �

For a weighting measure η let L1(dη dσ) and L∞(dη dσ) denote, respectively,
the Banach spaces of complex-valued integrable and essentially bounded measurable
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functions with respect to the measure dη dσ on B. Denote the norms of these spaces
by ‖ · ‖η and ‖ · ‖∞ respectively. Let C0(B) be the Banach space of complex-valued
continuous functions on B that vanish on S with the supremum norm. It is well known
that the dual of C0(B) is M(B), the space of finite complex Borel measures on B
with the total variation norm. We identify L1(dη dσ) with the absolutely continuous
measures with respect to dη dσ .

The main result of the present paper is the following theorem.
T h e o r e m . Let ϕ be a weight function, η be a weighting measure and Rµ

be the corresponding reproducing kernel (3). Consider the integral linear operators

(T f )(x) =
∫
S

1∫
0

Rµ(x,rζ ) f (rζ )dη(r)dσ(ζ ), f ∈ L∞(dη dσ),

(Sν)(x) =
∫
B

Rµ(x,y)ϕ(y)dν(y), ν ∈M(B).

The following conditions are equivalent:
(i) ‖Rµ(x, ·)‖η ≤

c
ϕ(x)

, x ∈ B;

(ii) T is a bounded operator from L∞(dη dσ) into h∞(ϕ);
(iii) S is a bounded operator from M(B) into h1(η);
(iv) h1(η)∗ ∼ h∞(ϕ);
(v) h0(ϕ)

∗ ∼ h1(η).
Proof. The implication (i)⇒ (ii) is immediate from the definition of T . Indeed,

|(T f )(x)| ≤ ‖ f‖∞

∫
S

1∫
0

|Rµ(x,rζ )|dη(r)dσ(ζ ) = ‖ f‖∞‖Rµ(x, ·)‖η ≤ ‖ f‖∞

c
ϕ(x)

,

implying ‖T f‖ϕ ≤ c‖ f‖∞.
It follows from Fubini’s theorem, that (i) implies (iii). To prove this, note that

|Sν |η =
∫
B

∣∣∣∣∣∣
∫
B

Rµ(rζ ,y)ϕ(y)dν(y)

∣∣∣∣∣∣dη(r)dσ(ζ )≤

≤
∫
B

∫
B

|Rµ(rζ ,y)|dη(r)dσ(ζ )

ϕ(y)d|ν |(y)≤
∫
B

c
ϕ(y)

ϕ(y)d|ν |(y) = c |ν |.

We now show that (iii) implies (v). The condition (v) means that each element
from h1(η) can be identified with some linear functional on h0(ϕ) by means of a
duality relation (4). More exactly, if we define a functional lv(u) = 〈u,v〉, u ∈ h0(ϕ)
for a given function v ∈ h1(η), then lv ∈ h0(ϕ)

∗. Conversely, for each functional
l ∈ h0(ϕ)

∗ there exist a unique v ∈ h1(η) such that l = lv. Besides, the norms ‖lv‖
and ‖v‖η are equivalent.

Indeed, according to the Holder’s inequality, |lv(u)|= |〈u,v〉| ≤ ‖v‖η ‖u‖ϕ .
Thus, lv ∈ h0(ϕ)

∗ and ‖lv‖ ≤ ‖v‖η . It remains to prove that there exist
a constant c such that each functional l ∈ h0(ϕ)

∗ is represented as l = lv, where
v ∈ h1(η) and ‖v‖η ≤ c‖l‖.
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Regarding h0(ϕ) as a subspace of C0(B) by identifying u ∈ h0(ϕ) with
uϕ ∈ C0(B), we can use the Hahn-Banach theorem to prove that there exist

ν ∈M(B) such that ‖l‖= ‖ν‖ and l(u) =
∫
B

u(y)ϕ(y)dν(y). Thus,

l(Rµ(x, ·)) =
∫
B

Rµ(x,y)ϕ(y)dν(y) = (Sν)(x).

Let v = Sν . By (iii), v ∈ h1(η) and ‖v‖ ≤ ‖S‖‖ν‖ = ‖S‖‖l‖. Also, by
Proposition 3, lv(Rµ(x, ·)) = 〈Rµ(x, ·),v〉 = v(x) = (Sν)(x) = l( Rµ( x, ·)). Thus,
the functionals l and lv agree on the linear subspace L( Rµ ( x, ·)) spanned by the
functions

{
Rµ(x, ·), x ∈ B

}
. By Proposition 4, l = lv. The uniqueness also follows

from Proposition 4, since v is determined by the reproducing kernel.
The proof that (ii) implies (iv) is similar, using the duality of L1(dη dσ) and

L∞(dη dσ) instead of C0(B) and M(B).
Assuming (iv), the Hahn-Banach theorem gives

‖Rµ(x, ·)‖η ≤ c sup
{
|〈u,Rµ(x, ·)〉| : u ∈ h∞(ϕ), ‖u‖ϕ ≤ 1

}
=

= c sup
{
|u(x)| : u ∈ h∞(ϕ), ‖u‖ϕ ≤ 1

}
≤ c

ϕ(x)
, x ∈ B.

Similarly, (v) implies (i). �
It follows immediately from the reproducing property of Rµ that, when

bounded, S is a projection from M(B) onto the subspace h1(η).
Now consider the operator T . If u∈ h∞(ϕ), then T (uϕ)= u. This follows from

the reproducing property of Rµ . Suppose T is bounded. Then ‖u‖ϕ ≤ ‖T‖‖uϕ‖∞.
Consequently, ϕh∞(ϕ) can be regarded as a closed subspace of L∞(dη dσ). Thus,
when T is bounded, we can regard the operator ϕT as a bounded projection from
L∞(dη dσ) onto the subspace ϕh∞(ϕ).
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