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In the present paper we will consider the behavior of Fourier coef-
ficients with respect to the Walsh double system after modification of func-
tions. We prove that for any function f(x,y) € L”[0, 1] one can find a function
g € L]0, 1]? coinciding with f(x,y) except a set of small measure such that the
non-zero coefficients of g(x,y) are monotonically decreasing over all rays in
absolute value.
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1. Introduction. We will consider the behavior of Fourier coefficients with
respect to the Walsh double system after modification of functions. Note that the
well-known classical theorems of N.N. Lusin [1] and D.E. Men’shov [2] are about
the “correction of functions”.

Further interesting results in this direction were obtained by many mathemati-
cians, and bellow we present some results having a direct relation to the present work
[3-5].

Let @ = {¢(x)} be the Walsh system and let f(x,y) € L” , p > 1. We denote
by cx »(f) the Fourier coefficients of f(x,y) with respect to the Walsh double system,
i.e. _—

cenlf) = /0 /O (1, 7)u(t) @u(T)dedr, where k,n=0,1,2,...

The spectrum of f(x,y) (denoted by spec(f)) is the support of cx ,(f), i.e. the index
set, where ¢, (f) is non-zero: spec(f) = {(k,n),cin (f) # 0}.

We will say that the sequence {by,}( br,, > 0)is monotonically decreasing
over all rays, if by, n, > b, n,, Whenky > ki,n, > ny and bkﬁnj #0, j=1,2.

In [4] was proved that for any 0 < € < 1, p > 1 and each function f € L”[0, 1]
one can find a function g € LP[0,1], mes{x € [0,1] ; g # f} < € such that the
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sequence {|ck(g)|,k € spec(g)} is monotonically decreasing, where c¢,(g) are the

Fourier—Walsh coefficients of g, i.e. cx(g) = / g(t)oi(t)dt, k=0.
0

In the present work we prove only the following theorem.

Theorem. Forany 0 <& < 1, p> 1 and each function f(x,y) € L”[0,1]?
one can find a function g € L?[0,1]2, mes{ (x,y) € [0,1]*; g # f} < € such that the
sequence {|ck,(g)|, (k,n) € spec(g)} is monotonically decreasing over all rays.

2. Basic Lemmas. The Walsh system, an extension of the Rademacher system,
may be obtained in the following manner. Let r be the 1-periodic function, deﬁ£1°ed

on [0,1) by 7(x) = Xj0,1/2) — X[1/2,1)- The Rademacher system, R = {rn(x)}n:0

is defined as follows: r,(x) = r(2"x) for all real numbers x and n = 0,1,..., and,

in the ordering employed by Paley [6], the 1" element of the Walsh system { ¢, (x)}

is given by @,(x H ), where Z ng2* is the unique binary expansion of n,
k=0

with each ny, either 0 or 1

Lemma 1. Let the numbers y#0, §€(0,1), €€ (0,
A=A;xA; C[0,1]*> be given. Then there exists aset E C A, mes(
and a double polynomial in the Walsh system of the form

M
y): Z Ck,n(Pk(x)(Pn()’)

k,n=N

1), N>1 and
) > (1-8)|A|

satisfying the following conditions:
L. |ckn| < € forall k,ne [N,M|;
2. Q(x7y) = YXA(x)y) for all (xay) €E;
_2 1 1
5.0l <45 el (545 =1)s
4. the sequence {|cr,|} is monotonically decreasing over all rays.

By virtue of the Lemma 3 of [4], one can find measurable sets E; CA;, j=1,2,
and polynomials

Z ar Py (x Z bn®u(y

where |ax| <€, |b,] <1 forall k,ne[N,M] and non-zero coefficients in
M M

{|ak\}k v and in {|bn|} y e in decreasing order, Q;(x)=vxa, (x),Vx € E,
— n—.

mes(Ey) > (1—§>\A1\, 0:(y) = 28, (v), Vx € Ea, mes(Ex) > <1—§)\A2\,

_1 _1
1011l <28 < [y2a ()l ps 1Qallp <287 4|22, (9] p-

We put
M

E=Ei xE, Q(x,y) =01(x)02(y) = Y cin@u(x)@u(y), cin = abn.

k,n=N
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It is easy to notice that E and Q(x,y) will satisfy to the conditions of Lemma 1 . [
Lemma 2. Letthe numbers p > 1, mg > 1, positive € and 6 and Walsh
double polynomial f(x,y) be given. Then one can find a set E C [0,1]2, mes(E) >
>1—48 and a double polynomial in the Walsh double system of the form
N

0,y)= Y cnPu()0u(y),

k,n=my

satisfying the following conditions:
1) |ekn| <€ forall k,n € [mgy,N],

2) O(x,y) = f(x,y) forall (x,y) € E,

_2 1 1
3 llol, <4375 1sl, (540 =1),
4) the sequence {|cy ,|} is monotonically decreasing over all rays.
Proof. Let

M Vo Vo
f6Y) =Y biea@x)@a(y) = Y waa, (x,y) » Y A =1,
k=0 v=1 v=1

where A, = Asl) X Agz)and A‘(,j) ,v=1,...,vp, aredyadic intervals .
Applying repeatedly Lemma 1, one can find a sequence of measurable sets
Vi

{EV} ’ E Ey, C Ay, mes(Ey) > (1—0)|Ay| and polynomials
V=

my—1
Qv(an) = Z Ck,n(Pk(x)(Pn(y) , V= 17"’5‘/0 3

k,n=my _

which satisfy the following conditions:
my—1

the sequence {‘ck’"|}k is monotonically decreasing over all rays and
=My

. —n
maxk.,se[m,,,l;m,l) ’Ck,s| < M0 s (m,myq1) |Ck,s‘ <2™e

Y ifxeE,,
Oy = .
0 : if x¢ Ay,

11 1/p s 1
0l = (| [ vt P asay) <453 14y 1

We define
Vo Vo N
E=JE.0wy) =Y 0xy)= Y ceatu®)@uy) . N=my,—1.
v=1 v=1 k,n=my

It is not hard to notice that the sequence {|cx,|} monotonically decreases over all
rays and

0(x,y) = f(x,y), for (x,y) €E, mes(E)>1-35 ,||Q]l, <48 i[|f[,. O
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3. Proof of Theorem.

Let p > 1, f(x,y) be an arbitrary element of L”[0,1]? , and let € € (0,1). It
is not hard to choose a sequence {f,(x,y)};_, of polynomials in the Walsh double

systems such that
N

Z fn(xay) _f(xay)

n=1

lim — 0., ||fulx,)||, < 1274040,
N—>oo0 p

p

1 1
n>?2 <+:1>.
P g

Applying repeatedly Lemma 2, we obtain a sequence of sets {E, }> , and
polynomials in the Walsh double systems { @y (x)@;(y) }

my—1

On(xy) = Y, ars@(x)@s(y) , n>1, m, /, which for all n > 1 satisfy the

kys=my_

following conditions:
2,2
Qn(xvy) :fn(xay) ) fOI' (xay) € Ena ’En| > 1_82_n7 ||Qn”p S 48 qquan[’ )

m, m, . .
the sequences {|a | } ol and {las|} k.s—m, , 4r¢ monotonically decreasing over
W —n ’ W tn—
3 —n
all rays and maxy scim, ,:m,) lags| < M0 g ) la,s| <27
We put

g(y) = ignw = Y aa090) -

k,s=0
Obviously, g(x,y) € L?[0,1]? ,

oo

g(x,y) = f(x,y), for (x,y) € ﬁ E,, mes(ﬂ E,)>1—¢.

n=1 n=1

1l
It is not hard to see that ai , = cx 4(g) = / / g(t, 7)o (1) @y (T)drdr,
' 0 Jo
k,n=0,1,2,... and {|ck.(g)|, (k,n) € spec(g)} decreases over all rays.

Received 20.02.2014
REFERENCES

1. Lusin N.N. Integral and Trigonometric Series. M.: Gostekhizdat, 1951 (in Russian).

2. Men’shov D.E. Sur la Representation des Fonctions Measurables des Series
Trigonometriques. // Mat. Sbornik, 1941, v. 9, p. 667-693.

3. Grigoryan M.G. Uniform Convergence of the Greedy Algorithm with Respect to the
Walsh System. // Studia Math., 2001, v. 198, Ne 2, p.197-206.

4. Grigoryan M.G. Modification of Functions, Fourier Coefficients and Nonlinear
Approximation. // Sbornik: Math., 2012, v. 203, Ne 3, p. 351-379.

5. Kobelyan A.Kh, Some Property of General Haar System. // Proceedings of the YSU,
Physial and Mathematical Sci., 2013, Ne 3, p. 23-29.

6. Paley R.E.A.C. A Remarkable Set of Orthogonal Functions London Math. Soc., 1932,
v. 34, p. 241-279.



