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In the present paper we will consider the behavior of Fourier coef-
ficients with respect to the Walsh double system after modification of func-
tions. We prove that for any function f (x,y) ∈ Lp[0,1]2 one can find a function
g ∈ Lp[0,1]2 coinciding with f (x,y) except a set of small measure such that the
non-zero coefficients of g(x,y) are monotonically decreasing over all rays in
absolute value.
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1. Introduction. We will consider the behavior of Fourier coefficients with
respect to the Walsh double system after modification of functions. Note that the
well-known classical theorems of N.N. Lusin [1] and D.E. Men’shov [2] are about
the “correction of functions”.

Further interesting results in this direction were obtained by many mathemati-
cians, and bellow we present some results having a direct relation to the present work
[3–5].

Let Φ = {ϕk(x)} be the Walsh system and let f (x,y) ∈ Lp , p≥ 1. We denote
by ck,n( f ) the Fourier coefficients of f (x,y) with respect to the Walsh double system,
i.e.

ck,n( f ) =
∫ 1

0

∫ 1

0
f (t,τ)ϕk(t)ϕn(τ)dtdτ, where k,n = 0,1,2, . . .

The spectrum of f (x,y)
(
denoted by spec( f )

)
is the support of ck,n( f ), i.e. the index

set, where ck,n( f ) is non-zero: spec( f ) = {(k,n),ck,n,( f ) 6= 0}.
We will say that the sequence {bk,n}( bk,n ≥ 0) is monotonically decreasing

over all rays, if bk1,n1 ≥ bk2,n2 , when k2 > k1,n2 ≥ n1 and bk j,n j 6= 0, j = 1,2.
In [4] was proved that for any 0 < ε < 1, p≥ 1 and each function f ∈ Lp[0,1]

one can find a function g ∈ Lp[0,1], mes{x ∈ [0,1] ; g 6= f} < ε such that the
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sequence {|ck(g)|,k ∈ spec(g)} is monotonically decreasing, where ck(g) are the

Fourier–Walsh coefficients of g, i.e. ck(g) =
∫ 1

0
g(t)ϕk(t)dt, k = 0.

In the present work we prove only the following theorem.
T h e o r e m . For any 0 < ε < 1, p≥ 1 and each function f (x,y) ∈ Lp[0,1]2

one can find a function g ∈ Lp[0,1]2, mes{ (x,y) ∈ [0,1]2; g 6= f} < ε such that the
sequence {|ck,n(g)|, (k,n) ∈ spec(g)} is monotonically decreasing over all rays.

2. Basic Lemmas. The Walsh system, an extension of the Rademacher system,
may be obtained in the following manner. Let r be the 1-periodic function, defined
on [0,1) by r(x) = χ[0,1/2)− χ[1/2,1). The Rademacher system, R =

{
rn(x)

}∞

n=0
is defined as follows: rn(x) = r(2nx) for all real numbers x and n = 0,1, . . . , and,
in the ordering employed by Paley [6], the nth element of the Walsh system {ϕn(x)}

is given by ϕn(x) =
∞

∏
k=0

rnk
k (x), where

∞

∑
k=0

nk2k is the unique binary expansion of n,

with each nk either 0 or 1.
L e m m a 1 . Let the numbers γ 6= 0, δ ∈ (0,1), ε ∈ (0,1), N > 1 and

∆ = ∆1×∆2 ⊂ [0,1]2 be given. Then there exists a set E ⊂ ∆ , mes(E)> (1−δ )|∆|
and a double polynomial in the Walsh system of the form

Q(x,y) =
M

∑
k,n=N

ck,nϕk(x)ϕn(y)

satisfying the following conditions:

1. |ck,n|< ε for all k,n ∈ [N,M];
2. Q(x,y) = γχ∆(x,y) for all (x,y) ∈ E;

3. ‖Q‖p < 4δ
− 2

q ‖γχ∆(x,y)‖p

(
1
p
+

1
q
= 1
)

;

4. the sequence {|ck,n|} is monotonically decreasing over all rays.

By virtue of the Lemma 3 of [4], one can find measurable sets E j ⊂ ∆ j, j = 1,2,
and polynomials

Q1(x) =
M

∑
k=N

akϕk(x), Q2(y) =
M

∑
n=N

bnϕn(y),

where |ak| < ε, |bn| < 1 for all k,n ∈ [N,M] and non-zero coefficients in{
|ak|
}M

k=N
and in

{
|bn|
}M

n=N
are in decreasing order, Q1(x) = γχ∆1(x),∀x ∈ E1,

mes(E1)>
(

1− δ

2

)
|∆1|, Q2(y) = χ∆2(y), ∀x ∈ E2, mes(E2)>

(
1− δ

2

)
|∆2|,

‖Q1‖p < 2δ
− 1

q ‖γχ∆1(x)‖p, ‖Q2‖p <2δ
− 1

q ‖χ∆2(y)‖p.

We put

E = E1×E2, Q(x,y) = Q1(x)Q2(y) =
M

∑
k,n=N

ck,nϕk(x)ϕn(y), ck,n = akbn.
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It is easy to notice that E and Q(x,y) will satisfy to the conditions of Lemma 1 . �
L e m m a 2 . Let the numbers p ≥ 1, m0 > 1, positive ε and δ and Walsh

double polynomial f (x,y) be given. Then one can find a set E ⊂ [0,1]2, mes(E)>
> 1−δ and a double polynomial in the Walsh double system of the form

Q(x,y) =
N

∑
k,n=m0

ck,nϕk(x)ϕn(y),

satisfying the following conditions:
1) |ck,n|< ε for all k,n ∈ [m0,N],

2) Q(x,y) = f (x,y) for all (x,y) ∈ E,

3) ‖Q‖p < 4δ
− 2

q ‖ f‖p

(
1
p
+

1
q
= 1
)
,

4) the sequence {|ck,n|} is monotonically decreasing over all rays.
P r o o f . Let

f (x,y) =
M

∑
k=0

bk,nϕk(x)ϕn(y) =
ν0

∑
ν=1

γν χ∆ν
(x,y) ,

ν0

∑
ν=1
|∆ν |= 1 ,

where ∆ν = ∆(1)
ν
×∆(2)

ν
and ∆( j)

ν
, ν = 1, ...,ν0, are dyadic intervals .

Applying repeatedly Lemma 1, one can find a sequence of measurable sets{
Eν

}ν0

ν=1
, Eν ⊂ ∆ν , mes(Eν)> (1−δ )|∆ν | and polynomials

Qν(x,y) =
mν−1

∑
k,n=mν−1

ck,nϕk(x)ϕn(y) , ν = 1, ...,ν0 ,

which satisfy the following conditions:

the sequence
{
|ck,n|

}mν−1

k,n=mν−1
is monotonically decreasing over all rays and

maxk,s∈[mn−1;mn) |ck,s|< mink,s∈(mn;mn+1) |ck,s|< 2−n ε

Qν =

{
γν : if x ∈ Eν ,

0 : if x /∈ ∆ν ,

||Qν ||p =
(∫ 1

0

∫ 1

0
| Qν(x,y) |p dxdy

)1/p

< 4δ
− 2

q |γν | | ∆ν |1/p .

We define

E =
ν0⋃

ν=1

Eν ,Q(x,y) =
ν0

∑
ν=1

Qν(x,y) =
N

∑
k,n=m0

ck,nϕk(x)ϕn(y) , N = mν0−1 .

It is not hard to notice that the sequence {|ck,n|} monotonically decreases over all
rays and

Q(x,y) = f (x,y), for (x,y) ∈ E, mes(E)> 1−δ ,‖Q‖p < 4δ
− 2

q ‖ f‖p. �
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3. Proof of Theorem.
Let p ≥ 1, f (x,y) be an arbitrary element of Lp[0,1]2 , and let ε ∈ (0,1). It

is not hard to choose a sequence { fn(x,y)}∞
n=1 of polynomials in the Walsh double

systems such that

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣ N

∑
n=1

fn(x,y)− f (x,y)

∣∣∣∣∣
∣∣∣∣∣

p

= 0 , || fn(x,y)||p ≤ ε
2
q 2−4(n+1),

n≥ 2
(

1
p
+

1
q
= 1
)
.

Applying repeatedly Lemma 2, we obtain a sequence of sets {En}∞
n=1 and

polynomials in the Walsh double systems {ϕk(x)ϕs(y)}

Qn(x,y) =
mn−1

∑
k,s=mn−1

ak,sϕk(x)ϕs(y) , n ≥ 1, mn ↗ , which for all n ≥ 1 satisfy the

following conditions:
Qn(x,y) = fn(x,y) , for (x,y) ∈ En, |En|> 1− ε2−n, ||Qn||p ≤ 4ε

− 2
q 2

2
q || fn||p ,

the sequences
{
|ak,s|

}mn+1

k,s=mn
and

{
|ak,s|

}mn

k,s=mn−1
are monotonically decreasing over

all rays and maxk,s∈[mn−1;mn) |ak,s|< mink,s∈[mn;mn+1) |ak,s|< 2−n.
We put

g(x,y) =
∞

∑
n=1

Qn(x,y) =
∞

∑
k,s=0

ak,sϕk(x)ϕs(y) .

Obviously, g(x,y) ∈ Lp[0,1]2 ,

g(x,y) = f (x,y), for (x,y) ∈
∞⋂

n=1

En, mes(
∞⋂

n=1

En)> 1− ε.

It is not hard to see that ak,n = ck,n(g) =
∫ 1

0

∫ 1

0
g(t,τ)ϕk(t)ϕn(τ)dtdτ,

k,n = 0,1,2,... and {|ck,n(g)|, (k,n) ∈ spec(g)} decreases over all rays.
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