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GENERAL CLASSES OF TAYLOR-MACLAURIN TYPE FORMULAS
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B. A. SAHAKYAN"

Chair of Mathematical Analysis YSU, Armenia

In the present paper the results of [1] are generalized, more general systems of
operators generated by Riemann—Liouville integral and derivative. General systems
of functions generated by Mittag—Leffler type functions are introduced as well.
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§ 1. Preliminaries and Lemmas. Let a €[0,1), 1/p=1-a (p=1), f(z)

is a complex function satisfying f(re”)e L(0,/(¢)) for fixed p(-wr<p<m),
0<r<+wo, where (0,/(¢))={z; argz=¢, 0<|z|<] <+o0}.

Then the function D™ f(z) —mf( —&* T f(&)dE, where the

integration is taken along the line segment connecting points 0 and z,
arg(z—&)*" =(a—1)argz, is called the Riemann—Liouville integral of order o of

f(2), and the function D"”f(z)= d D"“ f(z) is called the Riemann—Liouville

derivative of order 1/ p of f(z).

The operators D°'? f(z)= f(z), D"’ f(z), D"* f(z)=D""D"™V"? f(z),
n>2, are called the Riemann—Liouville operators of successive differentiation of
order n/p, n=0,1,..., of function f(z).

It is known, that if & €(0,1), then D”f(z)= D @) £(2).

If f(x)eL(0,]), then for any «e€ (0,+oo), ae. DD f(x)=f(x). If

a €(0,1],D% f(x) e L(0,]) and [D"""* f(x)]._, =0, thena.e. D*D“ f(x) = f(x)
(see[2], chap. IX, (1.11), (1.12")). These formulas are true also for complex variable z .
Let ,u >0, a > 0. Then the following formula is true:

@ )I(Z & E, (8" g dE =2 E, (A2 s i+ ) (I.)
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(see [2], chap. III, (1.16)), where A is an arbitrary parameter, the integration

is taken along the line segment connecting points 0 and =z, and
k

E (z;p)= zﬁ (p>0) is the p order entire function of Mittag—
k=0

Leffler type for any value of parameter . We put
e, (zA)=E, (-2z""; )", e, | (2 A)=E,(-Az7:1/ p)z'* T = e, (z:2).
Lemma 1.1.Let p21, 1/p<u<l+1/p, A is an arbitrary parameter.
Then the following formula holds:
(u=1/p) . _ .
DY P e, (z: 1)} =e,(z;2). (1.2)
Proof. Since 0< u—1/p<1, then according to the definition of operator

DWW P ysing formula (1.1) we have
DYW P Me  (z;4)} = = A prasie- “Me, (z:2)} =

d

1/ p-u _agl/p. u-l _
dZ{F(lﬂ/p u)j( —8) HE, (=2 g dé}

1p. Vpy _ 1p. 1p-1 _ )
:E{Ep(—lz Pil+1/p)z' Py =E (=22 751/ p)z 77 =e (1),

z=re¥,E=1e",0<1 <r<I<+om.
Lemma 1.2. Let p21, 1/p<u<l1+1/p, A is an arbitrary parameter.
Then the following formula holds:

D WPDWIRe  (z )} =e, (z3A). (1.3)

Lemma 1.3. Let p21, 1/p<u<l1+1/p, A is an arbitrary parameter,

f(2)eL(0;/(p)), —r<@p<m, is continuous on (0;/(p)). Then the following
formula holds:

p”) {f € (z—.»:;z)f(é)dé}=f ¢ (2 =& Df (©)dS,
J ) (1.4)

z=re¥, E=1e",0<1<r<l<+o0.
Lemma 1.4. Let p>1, 1/p<u<l+1/p, A is an arbitrary parameter,
f(2)e L(0;/(p)) is continuous on (0;/(¢)). Then the following formula holds:
p e {{ep (z —é;l)f(é)dé} = {ep,y (z=&A)f(6)de, (L.5)
z=re”, E=1%,0<1 <r<I<+om.
We note that these Lemmas for z =x €(0,+00) are proven in [4]. We remark

also that these Lemmas are true for u>1+1/p, but then D“ P f(z)=

d - {D (PPt £(2)Y, where P is an integer satisfying P—1<u—1/p<P.
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Lemma 1.5. Let a€[0,1), l/p=l-a(p=1), 1/p<u<l+l/p,
A is an arbitrary parameter. Then in the class of functions satisfying
DH P y(re?) e L(0,I(p)), DD P y(re”)} e L(0 (), -7 <<, the
following of Cauchy type problem

D7+ DIy =0 DD =0
D+ - (1:6)
y(z)|z:0 =0

has a unique solution y(z)=0.

Proof. We put D“?) y(z)=j(z). Then the problem (1.6), according to
Theorem 2.1 [5], has a unique solution y(z)=0. Now we not that

DR y(2)=0. (1.7)

If we apply the operator D*“~"#) to (1.7), then, using (1.6), we will have y(z)=0.

Lemma 1.6.Let a€[0,1), 1/p=1-a (p=21), l/p<u<l+1l/p, A isan

arbitrary parameter, the function f(re)e L(0,/(¢)) is continuous on (0,/(¢)),

—7 <@ <. Then in the class of functions satisfying D™ y(re) e L(0,1(p)),
DYP{DW P y(re?)} e L(0,I(p)) the following Cauchy type problem

(D7 + D y(z) = [ (2), DD P23 =0,

1.8
D~ p=p) (z) (1.8)

z=0 = 0’

has a unique solution

¥(2) :jep,ﬂ(z—é;l)f(éj)déj, z=reé?, E=1e¥, 0<t<r<l<+0. (1.9)
0

Proof We put D“? y(z) = j(z). Then we get the following Cauchy type

problem
(D" +D)3(2)=f(2), D (z)|_,=0. (1.10)
According to Theorem 2.3 from [5], the problem (1.10) has a unique solution
H(2)=[e,(z=&A)f(E)dE . (1.11)
0

We apply operator D*“#) to (1.11). Then, by the Lemmas 1.2-1.4, we get

D—(u—l/p));(z) — D—(u—l/p)D(H—l/p)y(Z) = p~u-1/p) {Z[ep (Z —é,l)f(é)dé} , ie.
0

WD) =[e, (2~ E AV (E)E.
0

§ 2. Main Results. Let sequences {1,}7, {p;}o, {1}, satisfy the conditions
Jj=0,1,... 2.1
Consider the sequence of operators on an admissible class of functions f(z),
(A" f(2))5, (A" f(2)}y defined by

p;zl, Up,<p <1+l/p;, 0<A;<A

j+1>
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AV f(z)= f(2), A f(z)= {H D, }f(Z), nxl, 22)
j=0
A" f(z)= DT DI f(2), n>0, (2.3)

where (j=0)

L fe-o" ' reeae,

D,f(z)=(D"" +2,)D" 7 (), DU @= 5
Otj 0

D”p/f(Z)E%D'“/f(Z), o, =1-(/p,), D“‘/'“"”f(Z)E%D'Mp/'“”f(z}

Consider the sequence of functions {Q, (z;{4,,p;,4,})}, givenby
Q) (24, Py Ho}) =€, 4, (23 44) 5

Q(z 205 0%0) = [ e, 0 (2=t 2, , (63 4)dr
0

z 4
Q.(z{4;,p;5 1)) Efepo,ﬂo (Z_t1§%)dt1fepl,yl(tl — by Ay)dty x
0 0 (2.4)

n-1

X

—t,54,0)e, , (&, 4,)dt,, n22,

epn—l M-y (t"‘l

where z=re", t, =7,€” (k=0,1,..,n), 0<7, <7,  <..<7, <r<[<+w,

k_kip;
e, u(zA)=E, (_}“jzl/pf ;/lj)zyf_l = iLZ#i_ly J=0,1,..
" ! kZOF(:ujJ'_k/pj)

Note that for p, =p=1, u,=1/p, j=0,1,..., operators (2.2), (2.3) and the
system of functions (2.4) were introduced in [1], and for z =x € (0,+00)—in [3]. For
p;zl w21/ p;, j=01,.., z=xe€(0,40) these systems were introduced in [4].

Lemma 2.1.
1°. Forany n>0 the following relations hold:

A, (242,505,100 = AHQ(z4A 31, 30) =0, k2n+1, (2.5)

AN, (24205130 = E,, (<2,2"751). (2.6)
20 A® {.Qn(z;{lj;pj;/lj}g)}‘ =0, 0<k<n-1. 2.7)
30, D HeIAB (0 (2 {lj;pj;yj}g)}‘ =0, 0<k<n. (2.8)

The parts 1°, 2° of Lemma 2.1 can be proved in the same way as the Lemma 3.1 for
z=x€(0,40) (see [4]). So, we need to prove only (2.8). For 0< k <n denote

list

z
Q,, (Z;Mj:pja/lj}Z) = J‘epk,,uk (z =t A )dt, j . (Tt =l Apa )l g%
0 0

Lol
4. . — i — ip
X...X J‘ep"i]’ﬂ”?](tn_l tn,ln_l)ep”’ﬂ”(tn,ln)dtn, z=re?, t,,,=7,,€%,..,
0

— ip
t,=t1,", T,<7,,<..<tl, <r<+ow



24 Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2012, Ne 1, p. 20-26.

Qu (2425, 1,80) = 2, (244, P15 30)s 2, (244, ) =e, | (234,) .
Let 0<k<n—1. Using the definition of operator A*) and Lemma 1.6, we
easily obtain
AN, (24P 300} = 2 (242 Py 1110 2.9
Now applying the operator D™/~ to (2.15), we get
DRI (2342, 0,5 1,300y = DTN, (230, 0,01, 00)) =
z 2.10)
= J.ep“” o Gl )2, G 15 P Y )y
0
For k =n we will have
DA, (22 1)) = B, (2,2 51411 p, )z (2.11)

From (2.10), (2.11) the formula (2.8) follows.
Lemma 2.2. Let the function f(z) e L(0,/(¢)) be continuous on (0,/(¢)),

0</<+o0. Then forany n>1 the following formula holds
1,

n-l

z 4 t,
Ie%s% (Z_tl;ﬂ’oyitljeg,yl (tl _t25/11y11t2 I epn_l,%_l (tn—l _tn;/lh—l)dtnj.e okl (tn _tn+1;/1h)f(tn+l)dtn+l =
0 0 0 0

=I!%1(Z—tl;{ﬂj,pj,uj}g)f(tl)dtl, z=rd?, t, =1, k=0,...n+1, T, <T, <..<T, <r<+om.
0
Lemma 2.2 can be proved in the same way as Lemma 4.1 from [4] for
z=x¢€(0,+0).
Lemma 2.3.For any n>0 the coefficients {q,}, of the sum
P(2)= X a2 (2425, 1, o) (2.12)
=0
can be recovered by the formula a, = A“”F;l 0), k=0,,..,n.
Proof. Let 0< j<n—1. Applying the operator AY to function P (z) and
using (2.5)—2.8), we obtain
A(j)pn(z):ajEpi(_ljzl/Pf;1)+kzlak.Qk(z;{lj,pj,yj}ﬁ). (2.13)
=j+
But since E, (0;1)=1, then from (2.13) and (2.7) we obtain a; = AU)P,, (0),
j=01..,n—1. Now we apply the operator A" to (2.12):
AP (2)=a,A"Q, (242, 0, 1;30)} = a,E,, (=2,2"7;31), hence a, = A™P,(0).
Lemma 2.3 is proved.

Lemma 2.4.Let B(z)= 3 a,92,(z:{A;,p,,14;} ). Then for any n>0

m=0

D HVPOAD AP ()| =0, k=0,1,...n. (2.14)
We note that from (2.5)—2.8) it is easy to obtain (2.14). Now denote by
C,all0,l(p), <2, ><p,><u;>} the set of functions f(z) satisfying the

following conditions:
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1) the functions A® f(z), k=0,1,....n are continuous on [0,/(¢)), —7 < Qo<

2) the functions A¥) f(z) (k=0,1,...,n+1) are continuous on [0,/(p)) and
AP f(z) e L(0,/(p));

3) DMV AR £(2)] =0 k=0l (2.15)

Note that any function P,(2)=2 @, (z{4,,p;.1; 1£)  belongs to

k=0
Cn+1{[0’1(q)))’< /1] >,< ,D] >,< :u] >} .
Theorem. If f(z)eC, {[0,/(p)),<A,><p;><u;>}, then
[(2)= Y A f(0)2(z:42;,p,1;50) + R,(2) » (2.16)
k=0

where

_Z el ny A (n+1)
Rn(Z)—gﬂn(z SA) Py 10 )AL (S)dE, (2.17)

ze(0,[(p)), —w<@<rm, z=ré¥, E=1e", 0<1<r<+w.
Proof. Let P,(2)=> AY f(0)2(z;{4,,p,.11,}3), R,(2)=f(2)-P,(2).
k=0

We note that according to Lemmas 2.1, 2.3 and 2.4, from (2.15) we deduce
that function R (z) satisfies the following conditions:

AUIR (2)= A"V f(2)=p(2), ze(0,i(p), (2.18)
[A(k)Rn (Z)]‘ =0 = Oa k = 0,1,...,"1 > (219)
[D-(1+1/pA _.uk)Rn (Z)]‘ o 0, k=01..n. (2.20)

Using the definition of operator A"*" we can write (2.18) in the form
(D"Pr +2,) DV POADR (2)=y(2). (2.18")
Note that the function A(”)Rn (z) satisfies the conditions of Lemma 1.6, so,

the function A(”)Rn(z) is uniquely determined from (2.18') by means of the
integral formula

AR (2)= Tepn,yn (z—t, A Wt )t .., z=ré’, t  =1,.%, 0<1,  <r<l<+o,
Further we zonsider the equation
(DYP) 4 2, DU POACTIR, (2) = Tepn,yn (z=t, 34 W (@,.)dl,,,
Using Lemma 1.6 and (2.19), (2.20), weoget
z t,
AR (2) = .([ep,,,l,u,,,l (z—t,52,.,)dt, E[epn,,uh (4, =t AW (,)dl,

Repeating our argument successively exhausting all the initial conditions
(2.19), (2.20), we arrive at the identity
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z 4
R,(2)= fepo,yo (z _t1§%)dtlfepl,yl (ty =ty A4)dt, x
0 0

t}l

X I epn,,un (tn - tn+1;/ln)l//(tn+1)dtn+l = IQn (Z - tl 5 {/Ijv pj > :uj }S)A(n+1)f(tl)dt15
0 0

z=re’, t,=1,e", 1,,<7, <7 <r<l <+,

Theorem is proved.
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£ 2 Uwhwljwh Otnph-Uwlnpith whyh pwbwdlbph pughwinig guukp
Unuukpu inhpniyypenid k9. 20-26

Ubkpjw wpppmunwbpmd pughwipugdl Eu [1]-md  phpdwd  wpmynibp-ubpp,
ubkpunidyl) Lt oybkpuwwnnpubph wth punhwinp hwdwlwpgbp, npnup suynid
Eu  [*hdwiuh-Lhmghth hunbgpuyny b wbwgyuyny: ‘Ukpunisdlp G twb
dnrtujghmibph punhwinip hwdwlwpgbp, npntp Suynid i Uhpwg-LEditph
whuwh $mlilghubibpni;



