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Approximation by poised sets of nodes
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In the present paper it has been shown that nodes of any finite set X < R’ can
be made independent by arbitrarily small perturbation, in other words, the set X

can be approximated by sets of independent nodes. In the case of #X =dim[]’
the set X can be approximated by sets of poised nodes.
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Introduction. Let Hf be the space of all polynomials in d variables

of total degree <n.
Definition 1. The interpolation problem with a set of nodes

X, =1{x; € R?:i=1,2,..s} and Hf is called poised (unisolvent), if for any data

{¢,....c,} there is a unique polynomial p e Hff such that p(x,)=c;, i=1,...,s.
n+d
This gives us a system of s linear equations with [ 4 J unknowns — the

coefficients of polynomial. The poisedness means that this system has a unique
solution for any right-hand side values. This implies the following necessary

+d
condition of poisedness: s =N = N’ =dim[[? = [n 4 j .

Thus, we consider poisedness, only if this condition holds. In the latter case
we have: the linear system is unisolvent for arbitrary right-hand side values
¢;, i=12,..,N, iff the corresponding homogeneous system has no solution except

the trivial one. So, we can state the following
Proposition 1. The interpolation problem with a set of nodes

X={xeR?:i=12,.,N} and [IY is poised, iff pell!, p(x,)=0,
i=1,.,.N=>p=0.

Consider a set of nodes X, ={x; eR?:i=1,2,..s}. A polynomial p is
called a fundamental polynomial for 4:=x, € X, and [1¢,if pell?, p(x,) =1,
p(x,)=0, 1<i<s, i#k.
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We denote fundamental polynomial of 4:=x, € X, by p, = P{*A X

Definition 2. The set of nodes X, ={x, e R?:i=12,..,s} is called
]_[ff -independent, if all fundamental polynomials p;k € Hﬁf , I=1..,5, exist.
Otherwise, X, is called dependent for [1¢,i.e. X, is dependent for [1¢, iff

pell;, p(x)=0, 1<i<s, i#iy= p(x,)=0.

The following statements are evident.

Proposition 2. Assume that a set of nodes X is Hff -independent. Then:

1. Any nonempty subset ¥ — X is [1? -independent.

2. #X < N=dim HZ ,and if #X =N, then set Xis HZ -poised.

In the sequel we use the following notation. Let us enumerate the monomials
in d variables and denote them by ¢,(x), x=(x,...,x,), j=12,... Numbering

is performed such that monomials of the same degree are numbered in
arbitrary order, e.g. lexicographical, and the monomials of different degrees are
numbered in increasing order. In particular, ¢ (x)=1. For example, if the

monomials of the same degree are numbered in lexicographical order, then
P (X) =Xy 04 (X) =2y, god+2(x):x12, Pua3 (X) = XX, ...
Thus, all monomials in d variables of degree not exceeding n are ¢;(x),
j=12,..,N.
Now let X ={x; eRY: i=1,2,..,5s} be a set of nodes with s<N. The
Vandermonde matrix V,(X)=[¢,(x,), ®,(x;),....¢y(x,)];; is an sx N -matrix

n+d
with s=#X rows and N =dim[[? =[ 4 ] columns. It is easy to see that

V,(X)is of full rank, i.e. rankV, (X)) =#X, iff the points of X are HZ -independent.

Approximation by Poised Sets of Nodes. In the sequel we use the
following [1]

Lemma. Let A=[a,,a,,..,a,]_, r=1 be a matrix of rank » and
02 cR? be a set such that for any k =1,2,... it contains points not lying on hyper-
surface of order k. Then, there exists a point x" € © such that the rank of matrix

a ay Ay

is r+1.
arl arZ a

@1(-"(1)) 2] (xP) - ("s(x(l))
Let £>0, x, € R? and B(x,,¢) be the open ball with center x, and radius
£ B(x,,6)=1{x,eR" || x, —x|<&}.
From Lemma we get the following
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Proposition 3. Suppose X ={x; eRY:i=1,2,...,s} is Hff -independent set
of points. If s<N, then for any £>0 and x,eR? there exists a point
x' € B(x,,&) such that the set X U {x'} is [1¢ -independent.

Proof. Consider the Vandermonde matrix V, (X). From Hj -independence
of X we have that rankV (X)=#X =s. Since any hypersurface cannot

contain a point with its neighbourhood in R?, then the condition of Lemma
holds for (2=B(x,,&). Thus, there exists a point x'e(2 such that

rankV, (X U{x'})=s+1. So, the set X U{x'} is [?-independent.

The following theorem shows that any finite set of nodes X c R? can be
approximated by a set of independent nodes.

Theorem. Let X, ={x, eR?: i=12,..,s}, s<N. For arbitrary £>0
there exists a Hf -independent set Y, ={y, eR?:i=1,2,.,s} such that
lx, -y ll<e, i=12,...,s.

Proof. We shall prove the statement using the method of mathematical
induction on s . Clearly, the statement holds for s =1. Suppose the statement holds

for all k, k<s. Consider the set X _, ={x; RY:i=12,..s —1} . The induction
hypothesis implies that for arbitrary ¢ >0 there exists a]_[j -independent set
Y, ={y,eR’:i=1,2,.,5—1} such that ||x,—y,|<e&, i=12,..,5—1. By the
Proposition 3 there exists a point y, € B(x,,¢) such that the set ¥, =Y, U{y,}
is [1¢ -independent.

Now we readily get the following

Corollary. Consider a set of points X = {xl. eRY:j= 1,2,...,N} . For
arbitrary € >0 there exists a Hj -poised set ¥ = {yl. eRY:i= 1,2,...,N} such that
lx, -y l<e, i=12,.,N.
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Q. U. Uduqul, L. [} radugbjjut. Unnwpynid hwugnygubph &oqphnn
puqunipnibtbpny ko. 60-62

Ukpju wohwnwipnid gnyg L wpdws, np guijugus x <R’ Jipowynp
puqunipjutt gwuljugwsd hwlgnygubp, nppwtt wubu thnpp swithny
nbknuowndtiny, wju Jupbh £ qupdul] wuwpj hwbgnygubph puquni-
pintl, Jud wy) YEpy wuws, pwuqunipniup jupbih B dnnwplb waupe
hwugnygutph puqunipniutitpny: Gpp #X=dim[1!, X puqunmipiniup Jupkh
E Unwnnuplty hwgnygutph £ogphwn puqunipmitpny:

I. C. Asazan, JI. P. Paghaenan. Tlpudan:xeHue MHOKeCTBAMHU KOPPEKTHBIX y3J10B
cTp. 60-62

d

B pa60Te AOKa3bIBACTCA, UYTO Y3JIbL M000ro KOHEYHOro MHOKecTBa X < R
IyTeM MnNepeMeluIiCHusl B CKOJIb YI'OJHO Manou OKPECTHOCTU MOXHO CACIaTb
HE3aBUCHUMBIMH WJIHA, APYTAMU CJIOBAMH, MHOKECTBO X MOXeT OBITh l'[pI/I6J'II/I-

’KEHO MHOXKECTBAMH HE3aBUCHUMEBIX y370B. B ciydae #X=dim HZ MHOXECTBO X
MOXeET ObITh IPUOIKEHO MHOKECTBAMU KOPPEKTHBIX Y3IIOB.



