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MOBIUS-INVARIANT DIVISORS FOR THE SPACE A%
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In the paper we introduce new Mobius-invariant and efficient divisors for
A%, spaces. The method of construction of new divisors is shown.
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Introduction. Let B be a Banach space of analytic functions in the open unit
disk D={z€ C:|z] < 1} . For a sequence {a;}] C D let
By ={f€B: fla)=0, k=12,....},
{ax}7 is called a B-zero set, if By, # {0}.

An analytic function g, (z) in D is called an a-divisor for B, if g,(z) has a
single simple zero at a, and the divisor operator 7, : By,; — B defined by

(Taf)(2) = f(2) /8. (2)

is bounded.
The Blaschke factor for a generated by a point @ # 0 in D is defined as
la| a—z
b =— D
a (Z) al— dz? z€ ’

and for a = 0 we set by (z) = z.

A family of divisors g,(z), a € D, is called Mobius invariant, if g,(z) =
=80 (ba (2))-

A family of Mobius invariant divisors g, (z) (a € D) is called B-efficient, if it
has the following properties:

a) for every B-zero set {a;} the product g(,,} (z) = [1g4, (z) converges absolutely
k
on D and uniformly on compact subsets of D,

b) the divisor operator T{,,, (T{ak} @) =rk)/ 8{a;} (z) maps By, into B and
HT{ak} H < C, where C is the same constant for all B-zero sets {ay }.
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Let the normalized area measure in D be denoted by do:

1 1 .
do(z) = dedy = Erdrd@, z=x+iy=re?.

For 0 < p < +o0 and —1 < & < +oo, the Djrbashian space A} [1,2] is the space of
o
analytic functions in L? (D,d0y), where dogy (z) = (¢ + 1) (1 — |z|2> do (2).

1

If f € LP(D,doy), we write || f], o = (Jplf (2)|’do (2))7. For 1 < p < +eo
the space L” (D,do,) is a Banach space with the above norm; and for 0 < p < 1 the
space is a metric space with the metric defined by

d(f.8)=Ilf—glpa-
We define [3,4] the class ® of analytic functions ¢ in the unit disc D, satisfying
¢ (0) = 1 and such that the integrals converge fZ(pft)dt for every 0 < |z| < 1, where
the integral is taken along the contours in D wlith endpoints 1 and z that do not pass

through zero.
For ¢ € ® we define

ba(2) ba(z) {
W@ =ew) [ PVt =pewy [ 2Ok
1 1

where z,a € D and integrals are taken along the contours in D with endpoints 1 and
b, (z) that do not pass through zero for z # a.

In the case ¢ (1) = (1 —1)P (0 < B < +o), the function b (z) = bP) (z) is
the elementary factor of M.M. Djrbashian’s infinite products [1,2].

Note that for [m=1,2,...] we have

(1-ba(@) +u—mww}_

b (z):ba(z)exp{l—ba(z)—i- 5 -

In the case @ (t) = 2 (21—_tt) the function b’ (z) = ha(z) = by (2) (2— b4 (z)) is the

elementary factor of Horowitz’s infinite products [5].

For (1) = (1

2
> the function
1+t

b (2) = u (2) = ba (z) exp { W}

is the elementary factor of Korenblum’s infinite products [6].

Inthecase ¢ () = —— wehave b, (z) = p,(7) = ————.
=1 @=r@ = o
(9)

In general, one can write the functions b, (z) in the form

1
6 @) =ex _(1_1)“@)/ (P(11__)Eil—_bia(gil)dx - (1)
0
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Now for some 3 > 0 let

oWl =0(1=1f), 11, <1, 2)
It follows from (1) that

H—ﬁ
(9) ’ |1 —bq(2)]
logb, <O0(l)——————. 3
oetl?” (9 < 0(1) T T 3
1
IfaeD,|a|>%,\z[§r<l,weget
1—lal? 2
b @l = 9 < 2 (1 ja <. @

|1 —az| —
Now from (1)—(4) and taking into account the multiphclty of a;, we get:

1) if A= {a}7 is a sequence of points in D with ¥, (1— lag|)P ! < oo,
k=1

then the Djrbashian’s product B({I3 (z) = H bak (z) converges uniformly on every

compact subset of D, and the zero set of Bgﬁ )} (z) is exactly A;

2) if A = {@}7 is a sequence of points in D with ¥ (1 —|ai|)* < oo, then
k=1

the Horowitz’s product Hy,} (z) = H hg, (z) converges uniformly on every compact

subset of D, and the zero set of H{a y (2 ( ) is exactly A;

3)if A = {a;}T is a sequence of points in D with Y. (1 —|a|)” < +oo, then the

Korenblum’s product Qy,,} (z) = H da, (z) converges uniformly on every compact

subset of D, and the zero set of Q{a ( ) is exactly A;

4) if A = {a}T is a sequence of points in D with ¥ (1— |a])* < 4o, then

the product Py, (z) = [1 pq, (z) converges uniformly on every compact subset of D,
k=1

and the zero set of Py, (z) is exactly A.

Lemma 1. Let f € A} satisfy f(0) # 0, and let A = {a; }T be the sequence
of its zeros, counted according to their multiplicity. If a function ¢ satisfies (2) and
decreases in (0;1), then there exists a positive constant C = C (p, o, @) such that

SO
0 Hf”p a WhereB ( )= H bak (2) .
B{ak} (O)
Proof. We can assume f (0) = 1. Let n = ny be the usual zero counting func-
r
tionsand N =N (r) = fn( )dt
0
If f € A%, then there exists a positive constant C such that for all » € (0, 1)
1
1 5
n(r) < T Tog ©
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o+1 1
N(r)<C+——log : (6)
p 1—r
If {ax}T is a zero set for some f € AL, then for every § > 0
Y (1= )P < oo @
k=1
For the proof of (5)—(7) see [7, 8|.
We consider the expression
- |z 1 r dr
5= 2 o8 Ty — ——z/q» //«pm*
0
Using (5), (6) and twice 1ntegrat1ng by parts we will get
S= /(p t)dN (r /(p
Since f(0) = 1, Jensen’s formula gives N (r) = — f log |f (re®®)|d6. It follows that
/ 1
[1o8lf 2179’ (1) do (2) / o (1)log [ dr+
0
p 2\
+ [rog (1 @P (1= 1)) an (2
where (el)
b4
du(z)=-2 4o ). ®)
@' (Iz]) _

(8) is a probability measure on D, because — [ E do(z)=—[¢'(r)dr=
D Iz 0

Then we apply the arithmetic-geometric mean inequality
Jrog(1r@P (1-12) ) an @) <tog | [1r@1 (1= 1) an (@) |
D D

¢(r)

1
of 1 57dr < +eo and using (6) we
0 —r

i
note that 0 < — [ ¢’ (r)log
0

1
———dr =
(="
obtain the desired result.
Lemma 2. Let|z| < 1. Then

1) the inequality
1-2)° 1-2)f
exp<1z+( 2Z) +...+(Z)>|2

2 k
> exp <1—\ZH-(1_Z|) +...+7(1_’Z|) ),

)
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takes hold for k = 1,2 and is not true for k = 3, 4;

-z 1-|¢
2) Re— > .
) l1+z 7 147
Proof. 1) For |z] < 1, we have
lexp (1 —z)| = exp (1 —Rez) > exp (1 —|z]), (10)
1-2)° 1
exp <l—z+( 2Z) )‘ = exp3 (Re (> —4z+3)) >
1 1—2))?
2exp§<\z]2—4]z|+3>:exp <1—z!+(2’ZD). (11)

In the case k = 3 we have
(1-2* (1-2° 1

1- =— (-2 +9722 — 18z +11
R R 6(z+z z+11),
and the inequality (9) is equivalent to
2r? (1 —cos36) —9r (1 —cos260) + 18 (1 —cos ) > 0, (12)

where z =re®, 0 < r < 1.
T
The inequality (12) is not true, for example, when 6 = 3 and r = 0.95.

In the case k = 4 easy computation shows that

L —2)? L -2 L —z)" 374162 +3672 — 487425
T 3 4 12
Letz=ir, then Re (3z*—162° 4 367> —48z+25) =3r* —36r> 425 and the
inequality 37* — 36r% > 3r* — 161> + 36r> — 48r doesn’t holds when r = 0.9.

2) If |z| < 1, then we have
l—z _ 1- 1=z 11—
1+z  142Rez+|z* ~ 142z +z> 1+l

Theorem . Let f € AL has a zero set A = {a;}7. If a decreasing in (0; 1)
function @ satisfies (2), and

|ba(2)|
1
’bg‘P)(z)‘Zexp /(pt()dt Ll <1, (13)
1

then there exists a positive constant C = C(p, @, @) such that

@)y TT5®
f/ng;z} <C|fll,q> where B () —kI;IIbak (2)- (14)
Proof. For every w € D\Z let f,, = fog,, where g, (z) = 71W _j , 2€D.
— Wz

Then f € AL and its zero set is {@,, (ax)}7, which does not contain 0. Fix
any Y > o, and apply Lemma 1 to the function f,,. Then there exists a positive
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constant C =C (p, Y, (p) such that M

< Cll fll .y
k=1 GW(ZI{)

- = (0) = ]l (¢)
Since by (13) 1571, (0) = [exps [ “flas g)B{ak} (w))foranwep\z,

S

AU e (v+ 1)g|fw (Z)]"<1 - |z\2) de (z) =

(9)
B{(Zk}(w)

Y WP 742
=C”(7+1)/!fw(Z)|”(1 G0 Gy

’1 - WZ,Z}/—HL

we obtain

By continuity, the above inequality also holds for other w in D. Now we obtain
the norm estimate (14) arguing as in [7] (Theorem 1.7) or in [8] (Theorem 3.6).

It follows from Lemma 2 that functions 5% (B=1,2), h, g and p satisfy the
condition (13).

Corollary. The families {bé’”} (B=1,2), {ha(2)}{qa(@)}. {pal2)} are

Mobius invariant and AL -efficient families of divisors.

Remark. In [7] it is proved that the system {A,(z)} is a Mobius invariant
and A} -efficient family of divisors, and in [5] it is proved that {g, (z)} is a M&bius
invariant and A%—efﬁcient family of divisors (with C = 1).
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