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CONTACT PROBLEM FOR AN INFINITE COMPOSITE ELASTIC
(PIECEWISE-HOMOGENEOUS) PLATE WITH AN INFINITE ELASTIC
STRINGER GLUED TO THE PLATE SURFACE

H. V.HOVHANNISYAN"
Chair of Mechanics YSU, Armenia

The contact problem has been considered for an infinite composite elastic
(piecewise homogeneous) plate consisting of two semi-infinite plates having different
elastic characteristics, that are linked to each other along the common straight border. It
was assumed that an infinite elastic stringer (IES) is glued over its full length and width
to the upper surface of an infinite composite elastic plate parallel to the line of
heterogeneity of the mentioned two semi-infinite plates that have different elastic
propetties, the layer of glue being in the state of pure shear. The contacting triple
(plate—glue—stringer) is simultaneously deformed by a concentrated force applied to
IES and by uniformly distributed horizontal tension stresses of constant rate that act at
infinity on the infinite composite elastic plate. The solution of contact problem under
consideration is reduced under certain condition to the solution of functional equation
in the Fourier transform of required function. The closed-form solution of the contact
problem at issue is constructed in the integral form. The tangential contact and normal
stresses arising in IES have been determined. Asymptotic formulae describing the
behavior of stresses both near and far from the origin of force have been obtained.

Keywords: composite plate, contact, stringer, glue layer, pure shear, generali-
zed integral Fourier transform, asymptotics, singularity.

1. Let an isotropic elastic solid sheet in the form of thin composite elastic
(piecewise homogeneous) infinite plate of small constant thickness 4, consisting of
two semi-infinite plates having different elastic characteristics and interlinked along
the common rectilinear boundary, be strengthened along y=a(a <0) line on its
upper surface by sufficiently thin (%) and narrow (d;) infinite elastic stringer (IES) of
rectangular cross-section. It is assumed that IES is parallel to the boundary line
between the mentioned semi-infinite elastic plates, is continuously glued lengthwise
and widthwise to the upper plate and the contact between them is realized through
thin layer of glue of constant thickness 4, and width d,(d, =d,), and the abscissa
axis coincides with the dividing line of the mentioned semi-infinite plates.

The aim of the work consists in the determination of distribution intensity of
tangential contact forces acting along the binding line of the infinite stringer with
the upper semi-infinite elastic plate, and normal stresses arising in IES, when the
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contacting triple (of plate—glue—stringer) is deformed simultaneously by a concent-
rated force PS(x)d(y —a), applied to IES and by uniformly distributed horizontal
tensile stresses of constant intensity o,(y) that act at the infinity of infinite
composite elastic (piecewise homogeneous) plate.

As concerns IES in the problem under study, we accept the model of
uniaxial stress state in combination with the model of contact along the line [1-3],
i.e. it is assumed that the intensity of distribution of the unknown tangential contact
forces is concentrated along the medial line of the contact area, and accept that for
the plate the model of generalized stress state is valid, due to which it is deformed
as a plane. It also should be noted, that here it is assumed that during the deforma-
tion the glue layer is in the state of pure shear. Here it follows from the conditions
of problem under consideration that the function of intensity oy(y) of distribution
has the following form:

o,(y)=0,/E[EO(y)+ EO(-y)] (E;E;0,=const,—0<y<m, |x|>w). (1.1)

Now obtain the resolving equation of the contact problem in question. Since
in the uniaxial stress state the infinite IES is stretched or compressed in the
horizontal direction, the differential equation of equilibrium of IES element as
written in generalized functions will be

du (x;a)/dx=-1/E_F, J. O(s —x)z(s)ds+ PO(—x)/ E.F,+ 0,/ E (—0o<x<w), (1.2)

here boundary conditions and the condition of equilibrium stringer have the form

du,(x;a)/dx |M% =0,/E (a), J. 7(s)ds =P (b). (1.3)
Note that according to (1.2) the normal stresses arising in IES along y =a line are
calculated as follows:

o.(x;a)=-1/F, J. O(s —x)t(s)ds + PO(—x)/ F, + E.oy/ E (—o<x<). (1.4)

In (1.1)-(1.4) u,(x,a) are the displacements of horizontal points of IES on
y=a line, 7(h)=d t(x;a), where 7(x;a) are tangential contact stresses on y =a
line; E_ is the elasticity modulus and F, = d A, is the cross-sectional area of IES; P is
the intensity of concentrated force applied to IES at (0;a) point; £ and E, are
elasticity moduli of the upper and lower semi-infinite elastic plates; O(u) is the
Heaviside unit step function; o, is the intensity of uniformly distributed horizontal

tensile stresses acting at the infinity of the semi-infinite elastic plate.
Now, having in view the aforesaid when on y =a line the tangential contact

forces with intensity 7(x) (oo <x <o) and simultaneously uniformly distributed
horizontal tensile stresses of the constant intensity o, at the infinity of the upper

semi-infinite elastic plate are in action, we have for the horizontal deformation of
the plate

hldu(x;a)/dx=1/n J. K(s=x)t(s)ds+hloy/E (-0 <x<o). (1.5)

—00
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Let us introduce the notation [3]:

1 dit 8d,a’t  2dya’t(t* —124%)
= e Y Crar T @y (Foost<e0)
4 _ BB +v) +20 V)1 =) =GB~ (=) +v)] (L.6)
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2T kG-v)+l+v T B-vkB-v)+14v] B-v)1+v)’ uw’

where u(x;a) are the horizontal displacements of the points of the upper semi-
infinite plate on y =a line; (£;u;v) and (E;u,;v,) are the elastic characteristics of
the upper and the lower semi-infinite plates respectively; u and g are shear moduli;
v and v, are the Poisson coefficients of the material of elastic semi-infinite plates.

As during the deformation each differential element of the glue layer is in
the state of pure shear, then we have [2, 4, 5]:

u (a)—u(x;a) =y (x;a); ©(x)=dr(x;a) =d,Gy,(x;a) (—o<x<x), (1.7)
where y,(x;a) is the shear deformation of the glue layer, and Gj is the shear
modulus of the glue layer.

To obtain the resolving functional equation of the contact problem under consi-
deration, we use the generalized integral Fourier transform. Applying the generalized
integral Fourier transform to formulas (1.2), (1.5) and (1.7), we obtain respectively [3, 6]:
—icu,(o;a)=[P-7(0)][7né(c)—i/c]/ EF, +2nd(c)oy/E, —o0<0o <o, (18)
—ichlu(o;a)=hloy2rnd(c)/ E+ K(o;|o DT (o), u(o;a)—u(o;a)=h1(0)(G,d,), ’

—2dlo] .

where K(o;|o|)=—isgno +(d, —2d,a|c | +dsa’c )isgno -e >, 5(o) is the well-
known Dirac delta-function; o is the parameter of Fourier transform; 7 (o) = F[7(x)];
u,(o;a) = Flu,(x;a)]; u(o;a)=F[u(x;a)] are the Fourier transforms of functions
7(x); u,(x;a); u(x;a) respectively; and F[L] is the Fourier operator. Now, making
a comparison of formulas (1.8) and some transformations with respect to the

Fourier transform of the distribution function of unknown tangential contact forces
of 7(x) (—oo< x <) intensity, which is the basic unknown function of the contact
problem under study, we obtain the following functional equation:
[A+]|0|+ac’+B(o ) (c)=AP (-0 <o <). (1.9)
The following notations are introduced:
B(c|) =(~d,| 0| +2dyac? —~dya® | [)e ™!, A =hl/EF,, a=2(1+v,)hhl/E,d_, (1.10)
where E; and v, are the modulus of elasticity and the Poisson coefficient of the

material of glue layer. It is easy to see that in this case the condition (1.3(b)) of [ES
equilibrium is equivalent to the following condition:

7(0)=P. (1.11)
Solving (1.9) with respect to 7 (o) (— < g <o) under the condition (1.11), we obtain
T(0)=AP/(A+|c |+ac? + B(| o |)) (~0 < o <®). (1.12)

Here we must notice, that the function 7 (o) (—wo <o <o) defined by the

formulae (1.12) uniformly satisfies the condition (1.11) and is an even function
7(x) is also an even function.
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To determine the Fourier transformant of the function of normal stresses
o .(x;a) (-o<x<ow) arising in IES, we obtain by applying the generalized
integral Fourier transform to (1.4) with due regard for (1.12):
— P sgn0'+a0'+Bl(c|c|) E

o.(o;a)= —270,0(0) (—0o<0o<®© 1.13
H(030) = iF, at|o|rac’ +B(o))  E 02(@) (13

where B,(0;| o |) = (~d, sgno +2d,ac —dya*c | o |)e *°!; & (0;a) = Flo (x;a)].
If we apply the generalized integral inverse Fourier transform to (1.12) and
(1.13), then the unknown functions take on the form

(%) :AP/HJ.(COS(Gx) [(A+0+ac? +B(o))do (—w<x <®),

(1.14)
P (1+aa+Bl(62))Sln(Ux)d B oy (—0<x<w).
nF 3 A+o+ac’+B(o) £

o,.(x;a)=—

Thus, the considered contact problem under consideration is closely solved
in the integral form, and the unknown functions are given by (1.14).
Now consider some particular cases:
¢ An elastic composite (piecewise-homogeneous) infinite plate regardless of
the glue layer. In this case, from (1.12) and (1.13) we have [3] for the Fourier
transformants of unknown functions on the basis of (1.10):
AP P sgn0'+Bl(0'|G|)

e Elastic homogeneous infinite plate (E =E,,v=v,). In this case, on procee-
ding from (1.6) the formulas (1.12) and (1.13) accordingly take on the following form:

_ AP _ P sgno +aoc ES

e Elastic homogeneous infinite plate, without taking into consideration the
glue layer (E=E,,v=v, and ki, =0). In this case, based on (1.10), we obtain
from (1.16) [3, 7]'

— P sgno E
()— :

| | o, (o;a)= zF /1+| | ?272’605(6) (—o<o<w). (1.17)

o In the extreme case of a — 0,based on (1.10), we obtain from (1.12)
and (1.13):

7(0)=AP/(A+(1-d,) | o | +ac?); & (c;a)=—

P (I-d)sgno+ac
i /l+(1 d)|o|+ac?

o In the absence of concentrated force (P =0) we accordingly obtain from
(1.12) and (1.13):

% 276,6(o).(1.18)

7(0)=0; 6 .(0;a)=E 2nc,6(c)/E. (1.19)
From (1.19) it follows that 7(x)=0, o, (x;a)=E.c,/E, ie. there is no load
transfer from the elastic composite (piecewise-homogeneous) infinite plate to IES,
despite the fact that the base is not ceased to be deformed by tensions o, ().

Thus, the intensity of the distribution of unknown tangential contact forces
along the mounting line of the plate on IES and normal tensions arising in IES have
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been determined, when the contact triple was deformed by a concentrated force
applied on IES and at the same time by uniformly distributed stretching horizontal
tensions of constant intensity, acting at the infinity of elastic composite plate.

2. Let us investigate the behavior of the intensity functionz(x) (—o0 < x <)
of the distribution of unknown tangential contact forces and normal stresses
o (x;a) (o <x <o) arising in the infinite stringer, which characterizes their

behavior near and far from the application point of concentrated force. First obtain
the asymptotic formulae for 7(x) when |x|—> o . Notice that from (1.12) we can

obtain the following asymptotic representation for 7 (o) when |o|—>0:
T(0)=(-q|o|+a,0" —a|o [ +a,0"° —as|a[)P+O(c [') (|o|>0), (2.1)

where the following notations are introduced:

a,=(—=d)/ % a,=1/2(1-d,)* — Mo +2ad, +2ad,)],

a, =1/ 2°[(1-d,)’ —22(1-d, ) + 2ad, +2ad,) - A*a*(d, +4d, +2d,)],

a, =1/2[(1-d,)* =3AM(1-d,)* (a +2ad, + 2ad,) - 22>a*(1—d, )(d; +4d, +2d,) +
+A*(a+2ad, +2ad,)* —(2/3)A°d* (3d, +6d, +24d,)), (2.2)

a, =1/ 2°[(1—d,)’ —4M(1-d,) (a+ 2ad, +2ad,) -32>a*(1—d,)* (d; +4d, +2d,) +
+30%(1—-d, Yo+ 2ad, +2ad, )’ —(4/3)A’a’ (1-d,)(3d; +6d, +2d,) +
+21°a* (o + 2ad, +2ad, )(d, +4d, +2d,)— (2/3)A*a* (3d, +4d, +d,)].

If now we apply the generalized integral inverse Fourier transform to (2.1), we
obtain the following asymptotic representation for 7(x) function when |x|—> oo

t(x)=(P/7)(a,/x* —6a;/x* +120a/x°)+O(1/ x*). (2.3)
Then based on (2.3) for normal stresses o (x;a) when |x|— oo, we obtain
from (1.4) the following asymptotic formula:

P (a 2a; 24a Eo 1
Ux(x;a)z——[;l—x—;‘f‘x—SSj‘f‘sTo‘f‘e[ij. (24)

Now, to obtain the asymptotic formula for 7(x) when |x|— 0, note that one
can represent 7 (o) from (1.12) in the following form:

T(0)=APK (o )-K,(o])] (-0<o<x), (2.5)

where the functions K,(Jo |) and K,(|o|) are respectively

_ 1 1 1 1 1
K1(|G|): 2: = [ - )7
Mlo|+ac”  allo|+h)(o|+h,) ab,—b)\|o|+h |o]+b,
Ky(o)= B(e) P
? (A+|o|+ac?)A+|o|+ac® +B(o)) | Jl—dad+1 ° 1--4ald’

As in case of |0 |—> 0 the following asymptotic representation holds:

(2.6)

kl(k+|o )= i(—l)"(k/IO’I)"+1 ; (2.8

n=0
then on the bases (2.8) after application of the generalized integral inverse Fourier trans-
form to (2.5)—2.7), we obtain the following asymptotic formula for 7(x) when |x|— 0:
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(x)= Z( n"! LE] i - (o)™ (2n+3)+1nL -

(b b)n ‘ 220+ zn+2” \byx |

~ |b1x |2n+1 . (blx)2n+2 2n

22n+1)! 7(2n+2)! (2n)!
_ 1 < B(o)o*do

0(ﬂ+0+060 )(l+o~+aa + B(o ))

(2.9)
} (|x|—>0),

[1//(2;1 +3)+In | bl

X

Jm(b ~b)R,

where R,

; and w(x)is the well-known

psi-function.

It is easy to see from representation (2.9), that when |x|—0 7(x) has a finite
value, i.e. at the concentrated force application point the tangential contact tensions
have finite values due to the presence of a glue layer.

Now, on the basis of (2.9), we obtain from (1.4) the following asymptotic
formula for o (x;a) when |x|>0:

AP 2n+l1 1 (bzx)2n+l |b2x|

. s n+l x N SO i B
o e = T E 2 Z( D {“(b TR i T 2anr2)

2n+3 2n+1
BRI (PPN B NS BN Y- il - 2.10)
b, m(2n+3)! |b,x|) b 22n+2)!
2n+3
L O gy | |- Lo (x> 0).
b m(2n+3)! |bx|)| F
Notice, that the series (2.9) and (2.10) are convergent for any values of x.
Received 28.07.2011
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2 4 Z2mjhwbipuywd Untbunwlunuht uunghp' punungpuy (Yunp we Yuop
hwdwukn) win]kpy wpwdquljut vayh hwdwp, npp dwlbpbnyphtt unutdqus L
wbilipe wnwdquljub JEpunhp bo. 27-32

Ushiwnwipmud nhunwplyws b §nbnwlunughtt jpunhp’ pununpuyy (Yunp wn
Yunp hwdwubn) widkpy wpwdquljuit uvwh hwdwp, npp Juqdqus b tplne
Yhuwwidtpe uwtphg, npntp niukt pudwdwi pinhwinip ninnughé vwhdwt b
nuwppkp wpwdqujub hwnlnipnitutp: Gupunpdnud b, np pununpuy (Yunp
wn Junp hwdwubkn) wpwdquiut wbdbkpe uvuyh Jbphtt dwikpbnyphb, php
wdpnne bplupnipjudp b juwyimpudp wbpinhwwn  YEpynd unutdqus k
wnwdquljut wudkpe Ytpwnhp, npp gqniquhtn b wpwdquljut Jhuwwigtpg
uwbph pwdwbdwt gbhti b muh w)] wnwdqulwb pumpwqphstubp, huly
unubdwiympn quimd bt dwpnip uwhph dhdwlnid: Unnwljunughtt Eojulp
(uw—unuhd—Jbkpunhp) vhwdwdwiwml pEdnpdugynid £t widbpy wnwdquljub
JEpunhph ypu jhpunqus jEunpniwgdus nidny b wudkpe htinynid pununpyuy
(Yuunp wn Yunp hadwubn) widtpe wrwdquljut uwh Ypw wqynn hwunwnnt
hunkuhynipyudp, huwjwuwpwsmuth  puwppuyus  hnph-qnuwljub  4qnp
Jjupndkpny: dniphth punhwipugwsd htntigpuy dAuhnjunipjut oqunipjudp
nhunwplynn Yntunwljuughtt jungph nsnuwdp phpynud b npnubjh $nibghugh
bniphth wpwtudnpdwnh tjundudp $niuyghniiw] hajuuwpdut pisdwp’
npnowlh  wuydwih wnlunmpjut pbypmd: Ywonigqus b ghuwwplynn
Ynunuljunughtt jpunph thwl nusnidb hpinbgpuy mbupny: Npnodws L pnpwthng
ynunulunughtt jupnudubpp b widkpe wnwdqulijut yEpunhpmd wnwewgnn
inpuiw] qupnudubpp, npntg hwdwp uwnwgdl] i wuhdyununpl) pwbwdlbp,
npnlp pumpwqnpnid ki jupnudubph quppp nudh Yhpwndwb YEnh oppwljugpnid b
npuithg htinnt YEnbkpmd:



