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In an earlier work of author a theorem on recovery of Franklin series from
its sum under some conditions was obtained. In present article it is shown that
to some extent these conditions are necessary.
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Introduction. Recall the definition of Franklin system. Let n = 2% + i, where

k>0and 1 <i< 2% Denote
Rk for 0<j<2i
™ (j—2i)/2k for 2i+1<j<n.

Let S, be the space of continuous and piecewise linear functions on [0; 1] with
grid points {s, ;}}_¢, i.e. f € Sy, if and only if f € C[0;1] and f is linear on each
[Sn,j—138nj], 7 =1,2,...,n. It is clear that dimS, = n+ 1 and the set {Sn,j}?:() is
obtained from {s,_;, j};?;é by adding the point s,5,_1. Therefore, there exists a
unique up to sign function f, € S,, which is orthogonal to S,_; and ||f,|l» = 1.
Defining fo(x) = 1, fi(x) = v/3(2x — 1), x € [0;1], we will obtain an orthonormal
system { f,,(x) }>°_,, which was first introduced in [1]].

Consider a series ) a,f,(x). Denote by
n=0

v
oy(x) = ;)anfn(x) and 0" (x) := 51‘1/p loy(x)].

|A| denotes the Lebesgue measure of a set A.
Let functions A,,(x) : [0, 1] — R satisfy the following conditions:

0 <hi(x) Sha(x) <-ov <hy(x) <oy Tim fy (x) = o0 (1)
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and there exists dyadic points 0 = t,,0 < 1 < ... < I, = 1 so that the

intervals I}" = [ty k—1,tmik), k= 1,...,sy, are dyadic as well, i.e. I} is of the form
S
é, % , and the function £,,(x) is constant on those intervals: /,,(x) = A" for
XEIM k=1, 5,
Moreover
inf [ f(x)dx = inf|I"|A" > 0, )
m,k g m,k
AN
sup| —— + ——— | < +oo 3
p ( e + 7 ) + 3)
" i
I
k k—1
sup + > < oo, 4)
mk <|Ilzn—1‘ |Ilzn|

In other words, for any function /4, the interval [0, 1] can be partitioned into dyadic
intervals, so that the values of the function on neighbouring intervals are equivalent
to each other and so are the lengths of neighbouring intervals. Moreover the integrals
of h,, over these intervals are bounded away from 0.

The following theorem was proved in [2].

Theorem A. Let the sequence hy,(x) satisfy conditions (I)-(3). If the

2V
partial sums o, = Z anf, converge in measure to a function f, and the majorant *
n=0
of partial sums oy, satisfies
Tim / () dx = 0, 5)

{x€[0,1]; o*(x)>hp(x)}
then for any n > 0
1

an=lim [ [f(0)], 0 a0, (®)

m—»oo 0
where [f(x)g(v)] is equal to f(x), if [ f(x)| < g(x) and O otherwise.

A similar theorem for Haar series was proved in [3]. Theorem A is a
generalization of an uniqueness theorem for Franklin series a.e. converging to O,
which was obtained in [4]].

The main goal of this article is the following theorem, which shows the
necessity of condition (3) to some extent in the Theorem A .

Theorem. Let functions h,,(x) satisfy conditions (1)), (2), @) and

L S & =+ (7)
sup QL,TI logA™ = A"-logA™, )

Then there exists a series Z anfy, converging a.e. to some function f, with a

majorant ¢* of partial sums Gv satisfying (5), but the coefficients a,, n > 0, are

not recovered by formulas (6)), particularly
1 1
limsup | [£(x)],, (1 fox)dx = limsup [ [£(x)], (v dx = +e.

m—eo  JO m—oo  JO
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Some Properties of Franklin Functions. It follows from the definition of
Franklin functions that each of them is linear on [s,, j—1,5n,j]. Therefore, the func-

tion f,() is uniquely determined by the values a = fu(sn,j). It is known that the

(n)

coefficients a; satisfy the following inequalities (see, e.g., [5]):

1

2
,aﬁ-’l)l Saﬁ" SZH for 1<j<2i—3,
(8)
Z|as| < |t g?‘ﬁ for 2i+1<j<n—1.
( ) [_ 8 )
“127 = 97 271 9702’;_1; ©)
(n) (n)
Ayia| = 107 2i—1]"
Moreover the coefficients a&”) are checkerboard, i.e.
(—1y 1l >0, (10)
I follp ~ 02712 for 1< p<eo. (11)
Note that it follows from (9) and (8)) that
1 fullo = a5 . (12)

The aim of this section is to prove the following lemma.
Lemma. Let n=2%+i, where k >0 and 5 < i < 2K — 4. There exists a
constant ¢ so that for any n > 16

Sn2i— 1
/ fulede| = [ a0y = cliflh.
Sn2i—2
1 Sn,2i—2
Proof. Since /fn(t)dt = /fn(t)fo(t)dt = 0, hence, / fa®)dt| =
0 0 0
/ fn(t)dt|. Therefore, it is sufficient to prove the inequality.

Sn,2i—
For brevity we will omit the parameter n and will write s;, a; instead of

)

Sn,j» a(." . Let us split the integral into three parts:
$2i+1 52i+3

= /fn — [ nwar+ [ f dr+/fn Odi = I+ L+ I,

§$2i-2 82i4+1 $2i+3
and estimate /; and I, from below and |I3| from above.
It is easy to notice that

azi—2+az—q azi—1+ap;
L = % - ($2i-1 — $2i-2) + % - (821 — $2i-1)+
A+ a2 (13)

5 - ($2i41 — $2i) = 2k=2. (ai—2 +2azi—1 +3az; +2ai+1).
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. . .. 66
One can infer from inequalities || that ar; _» > ———ap;_1 and 3ay; +2a2i11 =

107

5 120 .
= —3lag| +2|azi+1] > —3 lazi| > —57 @il So, applying 1| we get
I >0.02-2%ay . (14)

We get analogous to (13)
L= ((ais1 + a2it2) + (aziy2 +a2i13)) 277" = (@21 +2a0i 12+ ai43)27 " (15)
Applying inequalities (&) and (I0), we derive
@iy1 +2a2i 12+ axiys > |agiv1| —2|azi2| > 0.

Hence, from we get
L >0. (16)

In order to estimate /3 apply . We obtain

! max(|aj|, aj1]) _ 4 2\
Bl< [ Ap@ars Y, 2t EERAEHE <ok lgy ,
$2i43 ]§+3 2 123 7

and then from (9) we get

v 48 8
<271 o7l @i-1]- 54z <0.01-27 ka1

245
Therefore, from and we obtaln
I>5L+5L— B> C-Zikagl;l.

Recall that ||f|l. = a1 (see (12)) and 1/n ~ 27, therefore applying (11),
from the previous estimate we get

1
1> lfalle~n 2 =
Proof of Theorem. We will only consider the case
m
sup K My logl’" =t
lm
since the case sup,,, —*=1__ — 4o can be done analogously. Since 1 Jhm =0
Al -log A"
on [0, 1], without loss of generality we can assume that 4 (x) > 1 and
min A > 8m max hy,_ , 17
x€[0,1] m(x) 2 "o 1) {an
hence
Al >m! foranym>1, 1 <k <s. (18)
Moreover, passing to a subsequence of 4,,, we can assume that for some sequence &,
m
lim b — foo, (19)

(o} m . m
m— ;Lkm—l log?tkm

Am 1/2
Denote w(m) = (W) . Clearly (see |i

lim w(m) = oo (20)

m—yoo
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Let us choose n,, = 2% +i, 1 <i < 2% so that

ny Sw(m)A _y-log Ay < 2nyy, (21)
S22 = infI", (22)
and choose b,, so that
1
bun| failleo = b fi, (Sn2i-1) = ZA’I:Z (23)

Combining the last equality with the L, norm estimate and (21), we derive

1

| frnll1 ~ Afly - — ~ w(m) — oo, (24)

m

Applying (O), () and (I8}, from @]) we get
log A" 1 )
b fu,, ()] < CA <7> < o when [t — s, 2i 2| > log 4] - ~
2 4 . . . .

It follows from (21) that logA;" - — < ————— which combined with previous

My w(m)l,?:n _q
inequality gives the following estimate

1
|bmfnm( )| < , forz E 0 ySm,— Sm +71]a (25)
where s, + = sy, 2i—2 = ———— Since (see (2)—(4)
w(m ))Lk -1
1/)’/(11—1 <C1‘Ikm_1‘ <C2|Ik (26)

We claim that from (20)) for big enough m it follows that
Sm— €L, and sy €1} . (27)

The series Y. by, [y, (t) satisfies all the conditions of Theorem.
1

ho(t -
Denote 4,, := {t; | fo,, () m4( ) }, B, = U C;, where Cp, = [Sp,—, Sm,+] -
I=m+1

It follows from @ 27) that A, C G,y C I | UL, and taking into account

(26) and (23)), we get

4 -
Ap CI!_yand [A,] < | Kin il

WA = Cwlm)

(28)

k
Denoting by Sk (t) = Y. bify,(t) we have the following estimate from fork <m
i=1

k m—1
ISk < Y Bifu (1) < Y max hy(r),
i=1 i=1 t€[0.1]

hence, applying (I7), we get

1
<2 By 1(t) < — min hy,(t). 2
Sk (1) max. 1) < 7,min (t) (29)
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Therefore,
1
S ()] < b fn,, ()] + ‘Sm—l(t)| < Ehm(t) forz & Ap. (30)
Combining the last estimate with (29 ), for any k € N we get
1Se()| < hm )+ Z 2, < hy(t), whent & (A,, UB,,). (31)
I=m+1
Hence,
{t;0%(t) > hu(2)} C {t;5up|Sk(t)| > hm(t)} C Ap UBy,. (32)
k

Let us prove that
lim hm(t)dt = 0. (33)

M= JA,,UBy

Indeed, from |b we get A/ > 87LJI~, forl > 1,1 <1i,j < ny, therefore

= 8 o 8 10
Bu| < Y ——7— < ) < (34)
1 w( )Azf, 1 e 8 IWZLI | 11:',1,:1171
The last inequality and yield
4 1 10
hn(t)dt < A" _(|A hy(2)|B nh t)———— <
i, A2 1B < 5 it @) 7 <
4 1o, 10 410
w(m) * m}b hni =1 amtl 7y () + m 0

km+1 -1

It follows from (32)) and (33) that / I (2)dt < / hm(t)dt — 0, so the

{t;0%(t)>hn (1)} AnUBy,
condition () is fulfilled.
Now let us prove that the series Y. by, fn, () converges for a.e. € [0, 1]. Note
m=1

that for any m € N this series converges for any 7 € B,,. Hence, it also converges on the
complement of the set E = N},_, B, and from we have that |E| = Jim B =0

1 oo
It remains to check that / [f ()] (r)dt — oo, where f(t) Z m S, (1)
0 me1

Since |f(t) — Su(t)]| < Z 27 l=2"m forth'Bm,applylng , we get

I=m—+1
1

| L Olh, @t = /0 S0 e
<2 (ot 17(0) ~ Su(0ldr

[0,1]\(AnUB})

<2/ (1)dt +27" — 0, m — oo. (35)
WlUB"l

It follows from (29) that [S,,—1(¢)]5,() = Sm—1(¢) and, therefore,

/[Sml I ( dt /51111
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1
\/ | =| [ a0ttt = [ sl 2
‘/ (Sm(1) — S (£))dlt 2/h £)dt = ‘/ b (1)t Z/h
[071]/Am 7)1 /m

Combining this inequality with (35) and (33), we get that in order to complete the
proof it remains to prove

Hence from (30) we get

lim / b (1)dt| = oo. (36)
m=ree | J10,1]\Am
Write / b fo (1)l = / b fo (1) + b fo (1)t +
[0 1]\Am [Oasm,f] [Smfasnm.Zi—Z]\Am

bmfn, (t)dt =1 + I, + I3, and estimate |/;| and |L»| from above, while |5
(S 2i—2,1

from below. It follows from (23)) that
L <27, (37
and from that

4
L) < / ()t <21 (ni 2= ) =~ (38)

[S,”’, Snm ,2[—2} \Am
Applying Lemma and (24), we get
13| =13 = ¢ bul| fu,[l1 = c-w(m). (39)
Taking into account (20), from (37)-(39) we get

tim | [ b, (0dt] > lim (15|~ |1 = |]) =

m—soo
[0,1]\A,
This proves equality (36 completing the proof of the Theorem.
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