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The famous Theorem of Yu. Lubich allows us in the language of the almost 
periodicity to get the criterion of completeness of the eigenvectors of a Hermitian 
compact operator in a weakly complete Banach space. In this paper this result is 
strengthened for the representation generated by the operation of the generalized shift. 
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Let S be a compact Hermitian operator acting on a weakly complete Banach 
space X. Then exp(itS) is an isometric representation of the group\ of the real 
numbers in the space X [1]. As it has been proved by Yu. I. Lubich, for the 
completeness in a weakly complete Banach space X of the eigenvectors system of 
the above mentioned operator S, it is necessary and sufficient that the function 
φ(exp(itS) x) be an almost periodic Bohr function on \ . Later a generalization of 
this results for the case of normal operators has been obtained in [2, 3]. In the 
present paper, using methods of [4, 5], we study the above-mentioned questions for 
the representations, generated by the generalized shift operator (g.s.o.) [6–8]. 

It is well known that the theory of almost periodic functions has been 
justified in [9], where is studied the integral equation 

                                       ( ) lim 1/ 2 ( ) ( ) ,
T

T T
s T f t s t dtλϕ ϕ

→∞ −

= −∫                           (1) 

where f(t) is an almost periodical Bohr function. 
Let B (\ ) be the Banach algebra of complex-valued bounded functions on 

\with respect sup-norm. In connection with the equation (1), a more general 
integral equation is considered in [10–12]  
                                                ( ) [ ( , ) ( )],s M Kf s t tλϕ ϕ=                                 (2) 
where M(f) is the generalized limit (in Banach sense) [13, 14] in the algebra B(\ ), that 

is ( ) lim 1/ 2 ( ) ,
T

T T
M f T f t dt

→∞ −

= ∫ and K (s, t) is a continuous bounded function on 2\ . 

Let Cb(\ ) ⊂ B(\ ) be the Banach subalgebra of all continuous bounded 
functions on \ . A family Φ ⊂ Cb(\ ) is called equicontinuous on\ , if all the 
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functions from this family are equicountinuous on each finite interval, and if for 
any ε > 0 there exists a finite partition {E1,…,En} of\ such that for all f ∈ Φ and 
for arbitrary x', x'' ∈ Ek (k=1,…,n) the inequality |f (x') − f (x'')| < ε holds. 

The following analogy of Arzela's Theorem about precompactness in Cb(\ ) 
[10] is true: the family Φ ⊂ Cb(\ ) is precompact in Cb(\ ), iff Φ is bounded in 
Cb(\ ) and is equicontinuous on \ .  

Hence, as a consequence one can obtain that the operator  
                                                  ( ) [ ( , ) ( )]Af s M Kf s t f t=                                        (3)  
is compact, if the family K (s, t) (where t is a parameter) is precompact in the 
Cb(\ ). In this paper we will consider such kernels K (s, t), for which the operator 
A defined by (3) is compact. First we introduce the g.s.o. in order to select almost 
periodic functions, connected with the integral equation (2) in the context of our study. 
We define the scalar product by the following formula: , [ ( ) ( )],f g M f t g t=  

, ( )f g B∈ \ , where M [φ (t)], as above, is the generalized limit (in Banach sense). 
The family of functions ( )f B∈ \  form a Bezikovich Hilbert space 

2 ( )MB \ with the norm 2|| || [| ( ) |]f M f t= . 
Let { }s

sτ τ ∈=\
\  be a family of a bounded operators, defined on the space of 

real variable functions f (t) depending on a parameter s. Thus, for every function f(t) 
we correspond  a function of two variables  ( ) ( , ).s f t K s tτ =  

We suppose that the family τ \  satisfies the following axioms: 
a) 0

0, s
t I Iτ τ= = , where I is the identity operator; 

b) the family of operators {τs} is bounded in a following sense: there exists a 
constant L independent of the function f and of the value of the parameter s such 
that 1| ( ) | sup | ( ) |, | ( ) ( ) | sup | ( ) |;s s

t tf t L f t f t L f tτ τ −≤ ≤  
c) sτ is linear, i.e. [ ( ) ( )] ( ) ( )s s s

t t tf t g t f t g tτ α β ατ β+ = +   for every , Cα β ∈ ; 
d) ( )s

t f tτ  is a real function, if f(t) is a real function; 
e) the following family of conjugate operators ( )τ +\ are well defined by the 

formula ( ), ( ) ( ),( ) , ( ) .s s
t tf t g t f t g tτ τ +=                                    

A continuous function f(t) is called τ-almost periodic, if the family of 
functions { ( )} ,{( ) , ( )}s s

t s t sf t f tτ τ +  are precompact on a real line in a uniform 
convergence sense. τ-Almost periodicity of the function f implies that ( )bf C∈ \ . 
We denote the space of all τ-almost periodic functions by ( )APCτ \ . This space form a 
closed subalgebra of the Banach algebra ( )bC \ . We will suppose that the family of 
operators τ \  satisfy the generalized shift conditions from [8] .We will also suppose 
that || ( ) || .s

t Lτ + ≤  Then 1( , )L μ\  will  become a symmetric  Banach  algebra, where 

                                      
1,|| || | ( ) | ( )

.
( ) ( ) ( ) ( ) ( ) ( )s

t

f L f t d t

f g t f t g s d s

τ

τ

μ

τ μ+

⎫=
⎪
⎬

∗ = ⎪
⎭

∫

∫
\

\

                               (4) 
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We denote  this  algebra by 1 ( )Lτ \  with  involution  defined  by the formula 

                                        ( ) lim ( ) ( ) ( ) ( ).s
t nn

f s f t e t d tτ μ+ +

→∞
= ∫

\
                                (5) 

By adding the unit function to the algebra 1 ( )Lτ \  we obtain a commutative 
symmetric Banach algebra ( )Tℜ \  and the maximal ideals of the algebra ( )Tℜ \ , 

different from 1 ( ),Lτ \  are given by the formula 

                                       ( )( ) ( ) ( , ) ( ),I f m f t t m d tλ λ ϕ μ+ = + ∫
\

                             (6) 

where ( , )t mϕ  is a continuous function on 
τℜ

×\ M satisfying  

( , ) ( , ) ( , )s
t t m s m t mτ ϕ ϕ ϕ= ⋅ , 

and 
τℜ

M is the space of maximal ideals of algebra τℜ . Conversely, every such 

function defines by (6) a maximal ideal of algebra ( ).τℜ \  

Let 1
0 0( ) and  \ { }.m L m

τ τ τℜ ℜ′= =\ M M Then there exists an unique 

measure υ  on 0 τℜ
′M  such that    

ˆ ( ) ( ) ( , ) ( )

,ˆ( ) ( ) ( , ) ( )

f m f t t m d t

f t f m t m d m
τ

ϕ μ

ϕ ν
ℜ

⎫=
⎪⎪
⎬

= ⎪
⎪⎭

∫

∫
\

M

  where  .m
τℜ
′∈M                     

Consider the integral equation ( ) [( ) ( ) ( )],s
ts M f t tτλϕ τ ϕ+=  where ( )Mτ ⋅ is the 

invariant mean with respect to g.s.o. τ \ , as a generalized limit in Banach sense, and let 
the kernel ( , ) ( ) ( )s

tK s t f tτ += be normal. Then the operator A defined by 

( ) [( ) ( ) ( )],s
tA s M f t tτϕ τ ϕ+= where ( )APf Cτ∈ \ , is a normal compact operator. Com-

pleting the algebra ( )APCτ \  by a prehilbertian structure, defined by the scalar product 

, [ ( ) ( )],f g M f t g tτ= we get the Hilbert space of τ-almost periodic Bezikovich func-

tions on \ , which we denote by 2 ( )Bτ \ . It should be noted that the eigen-functions 

{ ( , )}m Mm
τ

ϕ ∈⋅
\

are mutually orthogonal on the space 2 ( )Bτ \ , and the family of functions 

mχ , where 2( ) ( , ) / [| ( , ) | ],m t t m M t mτχ ϕ ϕ=  form an orthonormal basis in 2 ( ).Bτ \  
Let T : Aut( )X→\  be an isometric representation of \  in a Banach space X, 

generated by the g.s.o. τR, i.e. for all || ( ) || 1.t T t∈ =\  As it is accepted in the Banach 
representation theory, we will assume that the representation is strongly continuous. 

We will call a vector x ∈ X (x ≠ 0) an eigen-vector of the representation               
T, generated by the g.s.o.τ \ , if there exists a character ˆ

τχ ∈\  such that 
( ) ( )T s x s xχ=  for each s ∈ \ . 

T h e o r e m  1 . Let X be a weakly complete Banach space, and T is an 
isometric representation of \  in the space X, generated by the g.s.o. τ \ . Then for 
the completeness of the system of eigen-vectors of representation T it is necessary 
and sufficient that ( ( ) ) ( )APT t x Cτϕ ∈ \  for all x ∈ X and φ∈ X *. 
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Proof.  

Necessity. Let for 
1

0 we have || || , where ( ) ( )
p

k k k k
k

x x T t x t xε ε χ
=

> − < =∑  for all 

t∈\  and 1, , .k p= … Then 
1

|| ( ) ( ) || || ||,
p

k k
k

x x tϕ χ ε ϕ
=

− ≤∑  which implies that 

( ( ) ) ( ).APT t x Cτϕ ∈ \  
Sufficiency. Let for each *, the function ( ( ) ) ( ).APx X X T t x Cτϕ ϕ∈ ∈ ∈ \  We 

associate to the function ( ( ) )T t xϕ with his Fourier–Bohr series in the space 2 ( )Bτ \  
that is 

ˆ
( ( ) ) ( ),T t x C t

τ

χ
χ

ϕ χ
∈
∑
\

∼  where [ ( ( ) ) ( )] ( [ ( ) ( )]).C M T t x t M T t x tχ τ τϕ χ ϕ χ= =  

A weak  completeness of  the space X  implies the existence of  the weak  limit 
[ ( ) ( )]P x M T t x tχ τ χ= ⋅ . 

Let us prove that the family of operators ˆ{ }P
τ

χ χ∈\  satisfy the following properties: 

(1) ; (2) .P P P T P x P xχ χ χ χ χ χ χδ χ′ ′⋅ = ⋅ = ⋅  
First, we have ||Pχ|| ≤ 1, since T is an isometric representation of \ , 

generated by the g.s.o. τ \ . Let us prove the property (1): 
[ ( )( ) ( )] [ ( ) ( ) ] [ ( ) ( )]P P x M T t P x t M s s M T t x t P xχ χ τ χ τ τ χ χ χχ χ χ χ δ′ ′ ′′= = ⋅ = ⋅ . 

Next, we check the property (2): 
( ) ( ) [ ( ) ( )] ( ) [ ( ) ( )] ( ) .T s P x T s M T t x t s M T t x t s P xχ τ τ χχ χ χ χ= = =  

Thus, the vector ( )x P xχχ =  is an eigen-vector of the representation T. 

Let *Xϕ∈  be a functional satisfying ( ( )) 0xϕ χ = . Then we have ( )C P xχ χϕ= =  
( ( ) 0xϕ χ= = . The condition ( ( ) ) 0T t xϕ =  implies ( ) 0,xϕ = and, hence, 0,ϕ = since 

the family ˆ
τ\  forms an orthonormal basis in 2 ( )Bτ \ .                                     Q.E.D. 

Let ˆ
τχ ∈\ , then the subspace { : ( ) ( )X x X T t x t xχ χ= ∈ =  for each }t∈\  

is called an invariant subspace of the representation T. 
T h e o r e m  2 .  Let X be a reflexive Banach space and T is an isometric 

representation of \  in the space X, generated by the g.s.o. \ , all weighted 
subspaces X χ  for which are finite-dimensional. If the system of the eigen-vectors 
of T is complete in X, then there exists a complete system of functionals, which is 
biorthogonal to the union of bases for all weighted subspaces of the representation T.    ▲  

Proof. We consider the family of conjugate operators *{ ( )}tT t ∈\  in the space 
X*. Since ||T*(t)||= ||T(t)||=1 and T is a representation generated by the g.s.o.τ \ , this 
generelized shift operations generates g.s.o. δ \  such that the family *{ ( )}tT t ∈\  
will be an isometric representation of \  in the space X*, generated by the g.s.o. δ \  by 
the formula *( ( ) )( ) ( ( ) ).s s

t tT t x T t xδ ϕ ϕ τ=  It is easy to see that * * *( ) ( ) ( ).s
t T t T s T tδ =  

By Theorem 1 ( ( ) ) ( )APT t x Cτϕ ∈ \  for each x X∈ and *Xϕ∈ , since the 
system of eigen-vectors of representation T is complete in the space X. For each 
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**XΦ∈  and *Xϕ∈ we will have * *( ( ) ) ( ( ) ) ( ( ) ) ( ),APT t x X t T t x Cτϕ ϕ ϕΦ = = ∈ \  
since any continuous functional on *X is a vector x X∈ . 

Thus, the function *( )t T t ϕ→  is weakly continuous for all *Xϕ∈ . But then 
it is strongly continuous by De-Lu and Gliksberg's Theorem and, hence, it is a 
representation. By Theorem 1 the system of eigen-functionals of the representation 
T* is complete in the space X*. Let * * *{ : ( ) ( ) for each }.X X T t t  tχ ψ ψ χ ψ= ∈ = ∈\  

If ˆ, ,τχ χ χ χ′ ′∈ ≠\ , and * , ,X x Xχ χϕ ′∈ ∈ then , ( ) 0.x xϕ ϕ= =  It can be proved 

as in [4] that *dim dim .X Xχ χ=  Let {e1,…,en} be a basis of X χ . We choose some 

basis {ϕ1,…,ϕn} of *X χ  and reconstruct it to the biorthogonal basis to the system 
{e1,…,en}. Note that det( ( )) 0j keϕ ≠  and, consequently, the system of linear 

equations 
1

( ) ( 1, , )
n

j j k k
j

e a k nα ϕ
=

= =∑ …  is solvable for each right-hand side of 

equations, confirming the possibility to transform the basis {ϕ1,…,ϕn} to the 
biorthogonal basis to the system {e1,…,en}. The union of such bases on *X χ  gives 
us a desired system of functionals.                                                                   Q.E.D. 

Remark. As a nontrivial example of a g.s.o.τ \ one can take a family of 
operators { }s

sτ ∈\ , connected with the differential operator D : ( ) ,u u x uρ′′= −D�  
where ( )xρ is an even entire function, which is real function on \ . For the 
functions from (2) 2( )C \  this family can be defined as the solution ( , ) ( )s

tu s t f tτ=  
of the partial differential equation 2 2 2 2/ ( ) / ( )u s t u u t s uρ ρ∂ ∂ − = ∂ ∂ −  with the 
initial conditions 0( ,0) ( ), / | 0.tu s f s u t == ∂ ∂ =                                                         ▲                  

Note that the previous results remain valid, if instead of the real axis \  one 
consider a local compact space. 
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Ð³Ù³ñÛ³ å³ñμ»ñ³Ï³ÝáõÃÛáõÝÁ ÁÝ¹Ñ³Ýñ³óí³Í ï»Õ³ß³ñÅáí ÍÝí³Í 
Ý»ñÏ³Û³óÙ³Ý ëå»Ïïñ³É ³Ý³ÉÇ½áõÙ 

 
Úáõ. ÈÛáõμÇãÇ Ñ³ÛïÝÇ Ã»áñ»ÙÁ ÃáõÛÉ ¿ ï³ÉÇë ÃáõÛÉ ÉñÇí μ³Ý³ËÛ³Ý 

ï³ñ³ÍáõÃÛáõÝáõÙ Ñ³Ù³ñÛ³ å³ñμ»ñ³Ï³ÝáõÃÛ³Ý É»½íáí ëï³Ý³É ÏáÙå³Ïï 
¿ñÙÇïÛ³Ý ûå»ñ³ïáñÇ ë»÷³Ï³Ý í»ÏïáñÝ»ñÇ ÉñÇíáõÃÛ³Ý Ñ³Ûï³ÝÇß: îíÛ³É 
³ßË³ïÝùáõÙ ³Û¹ ³ñ¹ÛáõÝùÁ áõÅ»Õ³óíáõÙ ¿ ÁÝ¹Ñ³Ýñ³óí³Í ï»Õ³ß³ñÅáí 
ÍÝí³Í Ý»ñÏ³Û³óÙ³Ý Ñ³Ù³ñ: 
 
 

Почти периодичность в спектральном анализе представления, 
порожденного операцией обобщенного сдвига 

 
Известная теорема Ю. Любича позволяет на языке почти периодич-

ности получить критерий полноты системы собственных векторов эрмитова 
компактного  оператора в слабо полном банаховом пространстве.  
В данной работе этот результат усиливается для представления, 
порожденного операцией обобщенного сдвига. 


